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Abstract

Intermittent unavailability of sensory signals due to sensor failure and/or latency is a problem encountered in
production environments such as in large manufacturing plants, for example. Deep reinforcement learning
offers a natural solution for process control and optimisation in such environments. However, a shortcom-
ing of conventional agent policy architectures in this instance is an inability to handle variable-sized inputs
composed of available sensory signals, thus requiring the imputation of unavailable sensory signals with
data which necessarily constitutes noise. We explore self-attention-based policy architectures as a solution to
this problem, demonstrating their robustness under conditions of high partial observability on different rein-
forcement learning benchmark tasks, and explore the advantages and disadvantages offered by our solution
over conventional policy architectures. Additionally, we propose a novel hard attention mechanism, used in
conjunction with our proposed policy architecture, enabling the agent to attend to the most salient sensory
signals and allowing for greater interpretability of the agent’s decision-making.
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Summary of Notation

S The set of all environment states.

Ω The set of all environment observations.

A The set of all environment actions.

A(s) The set of all environment actions possible in some state, s ∈ S .

R The environment reward function.

P The environment state transition probability function.

O The environment observation transition probability function.

st The state of the environment at time step t.

ot A partial observation derived from the state of the environment at time step t.

rt The reward obtained by the agent after taking a given action in a given state at time step t− 1.

T The final time step of an episode.

Gt The return following time step t, computed as the discounted sum of rewards obtained following time step t.

γ The discount factor (in the range [0, 1]) used for computing returns.

π The agent’s decision-making policy which maps states to actions.

πθ An ANN modelling π parameterised by θ.

vπ The true state value function under a given policy, π.

v∗ The optimal state value function.

V An estimate of the true state value function maintained by an agent
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Chapter 1

Introduction

1.1 Motivation
Next time you’re out for a leisurely stroll (ideally not on a bustling street), try this simple experiment. After
taking a good look around, close your eyes and continue walking. You’ll find that you can move forward with
a certain level of confidence, visualising your surroundings in your mind and how they alter as you progress.
As the uncertainty builds, you’ll start to feel increasingly uncomfortable. Now, try opening and closing your
eyes quickly to recalibrate the scene in yourmind. You’ll likely find your sense of certainty somewhat restored,
allowing you to proceed. As you improve at visualising your surroundings, your confidence will grow, and
you’ll likely be able to extend the time between glimpses.

This seemingly child-like experiment illustrates a remarkable capability of the human brain: the ability to
integrate partial sensory information of variable quantities over time in order to act and accomplish tasks,
such as walking. Reflecting on this, it’s clear that humans constantly operate under conditions of partial
observability, both due to the physical limitations of our sensory apparatus and the fact that not all salient
information required for optimal decision-making is known to an individual at any given moment.

In contrast to the animal brain, conventional layers used in artificial neural networks, such as dense or
convolutional layers, can only process inputs of a fixed size 1. This is a peculiar design choice, given that
these networks are loosely based on the brain2 and that the data used for training neural networks often
contain missing values, necessitating meticulous pre-processing. The self-attention mechanism central to
the recently popularised Transformer architecture, the adoption of which has led to significant performance
gains in domains such as Natural Language Processing and Computer Vision, offers an alternative capable of
handling variable-sized inputs.

Deep reinforcement learning provides a framework for learning sequential decision-making tasks using
artificial neural network policies. In this dissertation, we aim to study the phenomenon outlined above, mod-
elled as a partially observable reinforcement learning task. Specifically, we will compare conventional policy
architectures, such as multi-layered perceptions and convolutional neural networks, to attention-based policy
architectures. Our goal is to demonstrate that attention-based architectures present a promising, generalised
alternative, better suited to tasks of this nature.

1.2 Problem Statement

1.2.1 Sensor Failure & Latency In Control Systems

Consider a sequential decision-making task, as depicted in Figure 1.1, characterised by a remote interaction
between a controller and a system. The system maintains an internal state and executes the decisions of the

1Note that in animal sensing, the information flow is a complex, multi-directional process [27] [28]. We include the motivating
example and the contrast between the animal brain and artificial neural networks not to draw hard parallels between them, but
simply to provide an intuition for the problem we’re trying to address.

2Generally speaking, not just the human brain.
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Figure 1.1.: An illustration of the problem of ‘sensor failure and latency’. A system and a controller commu-
nicate over a remote channel: the system constantly emits signals that collectively encode the
internal state of the system and form the basis for the controller’s decisions, which are emitted at
a fixed frequency in an effort to optimise the state of the system. A challenge arises when sensory
signals are unavailable at the time a decision is required from the controller due to either (a) signal
latency caused by variable sensor sampling rates, or (b) sensor failure, resulting in either a corrupt
or unavailable signal. In such scenarios, the controller should be able to make a decision based on
the limited information available.

controller which, in turn, influences how the state evolves. The system and the controller continuously ex-
change signals over a communication channel. The system emits a set of sensory signals which collectively
define the state of the system and, in response, the controller emits decisions, in the form of a control sig-
nal, which are required at a fixed frequency by the system. The task’s complexity arises from two primary
challenges associated with the sensory apparatus:

1. Asynchrony and Latency: The sensors may operate at different sampling rates and are subject to
intermittent latency variations. As a result, some sensory signals may not be available to the controller
when a decision is needed.

2. Sensor Reliability: The sensors are susceptible to occasional malfunctions, leading to the transmission
of distorted or noisy sensory signals.

These complications necessitate the development of robust control strategies capable of accommodating
asynchronous and potentially unreliable sensory inputs while maintaining effective system operation. A
real-world manifestation of these challenges can be found in the manufacturing sector. In preparation for
this dissertation, we consulted with an expert — a Senior Data Scientist at DataProphet, a company specialis-
ing in the development of deep learning solutions for process optimisation in large manufacturing facilities.
The expert confirmed that incomplete and compromised data are recurrent obstacles encountered in their
operational projects.

Note: for the sake of brevity, we will henceforth refer to this problem scenario as ‘sensor failure’.

1.2.2 Low-Bandwidth Communication

A distinct but related problem to the scenario of sensor failure arises when the bandwidth - the capacity in
bits per second at which data may be transferred - of the communication channel between the controller and
the system is significantly smaller than the total size of the complete set of sensory signals which collectively
define the state of the system (assuming the full set of sensory signals are available).

Under such conditions, the system must select a subset of the sensory signals to transmit over the commu-
nication channel. This selection may be determined in one of two ways. The first is via (uniform) random
sampling, where the controller has no say in which sensory signals are transmitted. In this case, the problem
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Figure 1.2.: An illustration of the problem of ‘low-bandwidth communication’. A system and a controller
communicate over a remote channel, continuously exchanging state and control signals at a fixed
frequency to optimise the system’s state. The challenge in this scenario arises from the channel’s
limited bandwidth — the rate at which it can transfer information between the system and the
controller. As a result, the channel cannot transmit the entire set of sensory signals, which col-
lectively define the system’s state, at any one time step. Consequently, the controller must send a
sensor query in addition to its control signals at each time step, instructing the system on which
signals to transmit. Ultimately, the controller faces the challenge of optimal sensor querying for
the purpose of process optimisation.

of low bandwidth communication is materially equivalent to the problem of intermittent sensor failure de-
scribed in section 1.2.1. In the second scenario, the controller must send, at each time step, a control signal as
well as a query that the systemmay use to select the subset of sensory signals to send back to the controller at
the subsequent time step. Given that certain sensory signals will likely be more useful than others in making
a decision at any given time, depending on the system’s state, the principal challenge in this problem setup
is that of optimal querying of the sensory signals under a limited bandwidth budget.

1.3 Research Questions
In this dissertation, we will investigate viable strategies for addressing the problem of partial observability
arising from intermittent sensor failure, as well as the problem of low-bandwidth communication, within the
domain of deep reinforcement learning (RL). To do so, we frame these scenarios as RL tasks, formalized as
partially observable Markov Decision Processes, in which the controller is a decision-making RL agent and
the system is a well-defined RL environment.

This research builds upon a few key findings in the literature, one of which comes from a recent paper
titled The Sensory Neuron as a Transformer: Permutation-Invariant Neural Networks for Reinforcement Learning
[25], in which the authors demonstrate the ability of Transformer-like-attention-based RL policy networks
to handle arbitrary permutations of sensory signals. To gain an intuition for the problem we study here, it is
useful to examine Figure 3.17, which illustrates the authors’ experimental methodology. This setup involves
both vector-based and vision-based tasks where the observations emitted by the environment are divided into
smaller components each of which constitutes an individual "signal" received as input by a single network
receptor, termed a "sensory neuron" by the authors. In the case of vector-based tasks, each sensory signal
is a single vector component (a real number). In the case of vision-based tasks, an observation, consisting
of a pixel grid (e.g. a video game screen), is subdivided into equal-sized patches, each constituting a sensory
signal. One finding of this researchwas that the attention-based policywas robust under conditions of extreme
partial observability wherein only a small subset of the sensory signals was made available to the agent during
training and inference - this is a key finding in the literature which we seek to build upon in this dissertation
through answering the research questions given below.

In the ‘sensor failure’ scenario, we will examine the dense and convolutional-based deep learning policy
network architectures conventionally used to process observations in vector and vision-based reinforcement
learning environments, respectively. We will then assess the manner and degree of performance degradation
suffered by these conventional policy architectures under the conditions of partial observability induced by
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different rates of sensor failure, which we will emulate experimentally with random masking. Specifically,
we will seek to understand the impact of three different methods of imputation utilised in such conditions to
maintain fixed-size observations, which is required by both dense and convolutional artificial neural network
layers:

1. Zeromasking: a naive method of imputation in which masked signals are imputed with zeros in order
to emulate missing sensory signals.

2. Noise masking: a method of imputation, wherein masked signals are imputed with Gaussian Noise,
designed to emulate noisy (corrupt) signals emitted by a faulty sensor.

3. Forward-fill masking: A method of imputation employed for handling missing values, as recom-
mended by the industry expert at DataProphet. It involves imputing masked signals with the most
recently observed value from the specific sensor.

We will then propose an alternative policy network architecture for addressing the specified problems,
which incorporates elements of the Transformer architecture, such as self-attention, which, by contrast with
the conventional policy architectures mentioned, is able to process variable-sized observations. We will seek
to ascertain the potential advantages and disadvantages offered by our attention-based policy architecture
over the conventional policy architectures across vector and vision-based reinforcement learning tasks, ulti-
mately arguing that, while more research is required, our approach presents a promising alternative which
offers the potential for enhanced robustness and efficacy as an architectural solution in such contexts.
Finally, in the ‘low-bandwidth communication channel’ scenario, where only a fixed proportion of the

sensors may be queried at each time step due to a limitation on the amount of data that may be transmitted
over the communication channel, we will seek to compare two variants of our attention agent - random vs
non-random - which differ according to the method in which they sample signals from the available sensors.
The ‘random’ variant samples signals according to a fixed, uniform probability distribution, whereas the ‘non-
random’ variant samples signals according to an explicitly generated probability distribution over all sensors
output from the agent’s policy network, theoretically allowing the agent to query the sensors which are most
salient for the purposes of optimal control. We seek to ascertain the advantages and disadvantages offered by
the non-random generation of sensor queries over the random alternative.
With this in mind, we pose the following research questions which will form the basis for our experimen-

tation and analysis:

1. In the ‘sensor failure’ scenario, what is the manner and extent of performance degradation suffered by
conventional policy network architectures using the imputation methods of zero masking, noise masking,
and forward-fill masking under different rates of sensor failure?

2. What advantages and disadvantages might self-attention-based policy network architectures offer over
conventional policy network architectures in such conditions?

3. In the ‘low-bandwidth communication channel’ scenario, what advantages and disadvantages are offered
by the non-random generation of sensor queries over the random alternative?

1.4 Hypotheses
Based on the research questions posed, the following hypotheses are proposed.

Hypotheses for Research Question 1:

• H1.1: Impact of Noise Masking. Noise masking, due to its non-constant nature and the out-of-
distribution observations it causes, is expected to have the most severe impact on performance, espe-
cially at high rates of sensor failure/masking.

• H1.2: Impact of Zero Masking. Zero masking is hypothesised to have a less severe impact on perfor-
mance than noise masking due to its constant nature, whichmay facilitate the policy network’s learning
to adapt to the noise constituted by the masking.
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• H1.3: Impact of Forward-fill Masking. Forward-fill masking is expected to be the most effective
imputation method at low rates of sensor failure, as it is likely to result in observations that are not
statistically novel to the agent.

• H1.4: Impact of Sensor Failure Rates. Performance degradation is expected to be more severe at
higher rates of sensor failure. However, equipped with a recurrent neural network layer, the policy
networks are expected to be able to learn to handle the additional noise to some extent.

• H1.5: Impact of Imputation Methods on Different Environments. The impact of different im-
putation methods is expected to vary between environments. In our vision-based test environment,
CarRacing-v2, imputation is expected to have a more severe impact due to the propagation of incor-
rect pixel values through the network. In contrast, in our vector-based test environment, Acrobot-v1,
the policy network may be able to consider high-level features independently, mitigating the impact of
imputation.

Hypotheses for Research Question 2:

• H2.1: Advantage of Attention-based Policy Architecture. The attention-based policy architecture
is expected to have a performance advantage over dense or convolutional-based architectures, espe-
cially at high rates of sensor failure/masking, due to its ability to process variable-sized observations
and eliminate the need for imputation.

• H2.2: Disadvantage of Multi-head Attention. However, based on the literature, the inclusion of
Transformer-likemulti-head attention in the policy networkmay result in lower sample efficiency, lead-
ing to potentially poorer performance under an equivalent computational budget. This disadvantage
is expected to be more evident in the vision-based task due to its increased computational complexity
relative to the vector-based task, as well as the fact that multi-head attention layers do not have a spatial
inductive bias, as is the case with convolutional layers.

Hypotheses for Research Question 3:

• H3.1: Advantages of Explicit Querying. Explicit (non-random) querying is expected to offer advan-
tages in terms of interpretability and the ability to query the most salient sensors for decision-making.
This is expected to lead to improved performance across both test environments.

• H3.2: Disadvantages ofHard Explicit Querying. However, hard explicit querying over a large num-
ber of sensors may make the learning task more challenging and computationally intensive. Combined
with the challenges in optimizing attention-based networks, this may negatively impact performance
in unexpected ways, especially in complex tasks such as the vision-based environment.

1.5 Contributions of Research
This research is expected to make the following contributions to the field of reinforcement learning and
control systems:

Empirical Evaluation of Sensor Failure Impact: This research will provide an empirical evaluation of the
impact of sensor failure on the performance of conventional policy architectures in reinforcement learning
tasks.

A Novel Attention-Based Policy Architecture: An attention-based policy architecture which represents
a novel approach to dealing with sensor failure in reinforcement learning tasks3. We hope this will contribute
to the development of more effective control strategies in environments characterised by asynchronous and
potentially unreliable sensory inputs.

A Novel Hard Attention Mechanism: A novel hard attention mechanism used in conjunction with our
attention-based agents for sampling sensory signals which we hope will contribute to the understanding of
3Note: we are aware of previously proposed attention-based policy architectures, many of which are examined in this dissertation.
Ours is novel with respect to its overall architecture, not with respect to the inclusion of the attention mechanism.
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the challenges regarding how such mechanisms might be effectively implemented in reinforcement learning
tasks.

Development of aNovel Experimental Framework: We plan to open-source the experimental framework
developed in this dissertation, alongwith the accompanying code used to simulate random sensor failure. This
framework is versatile and can be adapted to various environments and we hope that this contribution will
encourage further experimentation with different environments, beyond what we have been able to conduct
in this dissertation due to resource limitations.

Foundation for Future Research: The proposed attention-based policy architecture and the hard attention
mechanism represent promising avenues for further investigation and development. We hope this research
will provide a basis for future studies to build upon, contributing to the advancement of the field.

1.6 Dissertation Layout
The remainder of this dissertation will take the following structure:

• Chapter 2 – Background: This chapter covers the foundational theories and research necessary to
understand the remainder of the dissertation.

• Chapter 3 – LiteratureReview: This chapter reviews previous research related to partial observability
and attention-based policy architectures in RL.

• Chapter 4 – Methodology: This chapter describes the methodology that underpins our experiments,
including the specifics of our proposed attention-based architecture.

• Chapter 5 – Experiments: This chapter details the experiments carried out for this dissertation, in-
cluding an overview of the test environments.

• Chapter 6 – Results: This chapter presents the results of our experiments.

• Chapter 7 – Discussion: This chapter discusses the implications of our experiments’ results, as well
as how our work fills gaps in and contributes to the existing body of knowledge in the area.

• Chapter 8 – Conclusion: This chapter concludes our research findings by providing answers to our
research questions, detailing the limitations of our work, and suggesting possible directions for future
research.
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Chapter 2

Background

In the Background chapter of this dissertation, we lay the groundwork necessary for understanding the
complexities of attention-based policy architectures within the domain of partially observable reinforcement
learning. In section 2.1, we begin by establishing foundational reinforcement learning theory, encompassing
scenarios of both full and partial observability, and introduce rudimentary, tabular learning algorithms. This
foundational knowledge is necessary for grasping the more complex learning algorithms covered thereafter.

In section 2.2 we give an overview of artificial neural networks as function approximators, which is im-
portant for understanding deep reinforcement learning. Additionally, we provide a theoretical overview of
Multilayer Perceptrons and Convolutional Neural Networks, which underpin the baseline policy architectures
against which we measure our attention-based architecture in our experiments. Furthermore, we explore Re-
current Neural Networks, which we utilise to deal with the challenge of partial observability.

We then go on to review deep reinforcement learning algorithms that are fundamental to our research
in section 2.3. We give an overview of the Deep Q-Network algorithm, a canonical reinforcement learning
algorithm that provides a baseline for understanding subsequent methods discussed in the literature review
section. We also cover policy gradient methods, with a particular focus on Proximal Policy Optimisation
(PPO), the algorithm employed in our experiments. The contents of this background chapter will equip the
reader with the necessary information to understand the remainder of the dissertation.

Finally, in section 2.4, we give a detailed overview of the attention mechanism of the Transformer ar-
chitecture, which is central to our proposed policy architecture. Additionally, we discuss the adaptation of
Transformers and transformer-like attention in the domain of computer vision through Vision Transformers
and demonstrate how Masked Autoencoders demonstrate the proficiency of Vision Transformers — and by
extension, transformer-like attention — in handling partial observability.

2.1 Reinforcement Learning Theory

2.1.1 The Reinforcement Learning Problem

In the canonical reinforcement learning problem [1] an agent interacts with an environment by making ob-
servations and taking actions at each point in a sequence of discrete time steps to accomplish a predetermined
goal, or a set of goals, which constitute a task that is either finite in time or ongoing. The agent’s success (or
failure) in completing the task is quantified by a numerical reward received from the environment in response
to taking a specific action in a specific environment state at each time step over the duration of the task. The
agent’s ultimate goal is to learn, through experience, a decision-making policy - a mapping from states to ac-
tions - under which the cumulative reward obtained from the environment over some (finite or infinite) time
horizon is maximised. An illustration of the so-called ‘agent-environment interface’ [1] is shown in Figure
2.1.
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Figure 2.1.: The agent-environment interface [1]. At each time step, t, the agent receives an observation from
the environment - this may be a complete representation of the environment state, notated as st,
but it may also be an incomplete (partial) observation, notated as ot, that simply depends on the
true environment state - and performs an action based on its decision-making policy, receiving a
numerical reward in return, and a representation of the updated environment state.

2.1.2 Reinforcement Learning as a Markov Decision Process

Under certain conditions, the reinforcement learning problem may be modelled as a Markov Decision Process
(MDP) [29]; a mathematical framework for modelling decision-making problems comprising of a stochastic
(or deterministic) process wherein the state transition probabilities are determined in part by the present state
of the process and in part by actions selected by an external decision maker, or agent.

Formally, an MDP is a five-tuple (S,A, R, P, γ). Here, S is the set of all possible environment states. A(s)
is the set of all possible actions available in some state, s ∈ S1. R : S ×A× S → R is the reward function,
which produces a numerical reward given the present state, an action selected by the agent in that state,
and the resultant state 2. P : S × A × S −→ [0, 1] is the state transition probability function, which gives
a probability distribution over resultant states given a current state and action. Lastly, γ ∈ [0, 1] is a scalar
discount factor.

In an MDP, the agent interacts with the environment at each point in a sequence of discrete time steps t =
0, 1, 2, . . . . At each time step, t, the agent observes st ∈ S , a representation of the state of the environment,
utilising its decision-making policy, π : S×A → [0, 1], which gives a distribution over possible actions given
a state, to sample an action, at ∼ π(·|st)3, in response. At the next time step, t + 1, the environment then
transitions to a new state, st+1 ∼ P (·|st, at), sampled from the probability distribution over S as defined by
the state transition probability function, and the agent receives a numerical reward, rt+1 = R(st, at, st+1).
The objective of the agent is to learn a decision-making policy which optimises a quantity called the return;
The expected sum of discounted rewards following each time step, t:

Gt = Eτ∼π,P

[
T∑

k=0

γkrt+k+1

]
where the expectation is taken over trajectories, τ , which are sequences of alternating states and actions
beginning at some time step t and ending at some final time step, T . The probability of a given trajectory, τ ,
is determined by the agent’s policy (the probability of action selection in each state) and the environment’s
state transition probability function, P .

Episodes of agent-environment interaction are defined as a sequence of states, actions, and rewards, begin-
ning with some initial state (determined by the environment) and continuing in the manner described above.
Depending on the environment in question, the set S may or may not contain one or several terminal states.
A terminal state, s, is a state for which P (s′|a, s) = 0 for all s′ ∈ S and for all a ∈ A, which, if reached by
1For the sake of brevity, we will henceforth abbreviate this to A.
2Although rewards are technically a function of the present state, selected action, and resultant state, actions must be selected
based on the present state alone and so, as far as the agent is concerned, the reward function is a stochastic function of the form
R : S ×A → R

3Here we assume a stochastic policy, but in some cases, the policy may be deterministic, and denoted as π : S → A.
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the agent, constitutes the end of an episode. On the other hand, if S does not contain any terminal states for
a given environment, episodes may continue indefinitely.

Figure 2.2.: An example of a simple stochastic MDP with three states (green circles), two actions (orange
circles), and two non-zero rewards (orange arrows)[2]. State transition probabilities are indicated
on the lines connecting actions and states.

2.1.3 The Markov Property

In order for an environment that constitutes a reinforcement learning task to be modelled as an MDP, the
environment states must adhere to the Markov property:

p(st = s′|at−1, st−1) = p(st = s′|at−1, st−1, at−2, st−2, . . . , a0, s0) (2.1)

for all subsequent states s′ ∈ S and for all historical trajectories of state-action pairs, at−1, st−1, at−2, st−2, . . . ,
a0, s0. In words, this property states that the probability distribution over possible resultant states is fully de-
termined given the current state and action, observed and chosen by the agent, respectively. What this prop-
erty implies is that the current state captures in full the dynamics of the environment and that no additional
information is gained by looking backwards at states and actions from preceding time steps - if this were the
case, the implication would instead be that the ‘state’ observed by the agent was instead a partial observa-
tion, containing partial information, as opposed to a complete representation of the state of the environment
("complete" in the sense that the Markov property holds).

As an illustrative example, consider the simple ‘catch’ environment [3] 4 shown in Figure 2.3; a 10x5 grid
with a single block falling at constant velocity (tiles per time step) in a given column and a paddle (a second
block) on the bottom row of the grid. The agent can move the paddle left and write, with the objective being
to ‘catch’ the ball when it reaches the bottom row. Now, suppose the observation emitted by the environment
at some time step, t, consisted only of the x and y positions of the ball and paddle, respectively. In this case,
the Markov property would not hold since the probability over possible resultant states at t+1would change
given, for example, the y coordinate of the ball at time t− 1, which indicates the velocity at which the ball is
falling. In order to satisfy the Markov property, the environment would need to emit a representation of the
state which encodes the velocity at which the ball is falling at a given time step, in which case, observations
from previous time steps would not change the probability distribution over possible resultant states.

4The ‘catch’ environment is part of a set of environments proposed in the paper "Behaviour Suite for Reinforcement Learning".
published by Google DeepMind in 2019 [3] designed to measure diverse aspects of an agent’s problem-solving abilities.
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Figure 2.3.: The ‘catch’ environment [3]; a simple environment consisting of a 10x5 grid where during an
episode, the agent must move a paddle left/right along the bottom row to ‘catch’ a block falling at
a fixed velocity (tiles per time step) in a given column.

For a given reinforcement learning task, if the agent’s decision-making policy takes the form π : S → A,
it is essential that the Markov property holds, since the policy depends solely on the current state of the
environment at each time step, without any additional historical context. The assumption here is that the
current state contains all relevant information to determine the transition probabilities to future states, and
therefore to future returns, enabling the agent to learn a decision-making policy which can reliably learn to
select the optimal action in any given state.

2.1.4 Value Functions

The return, Gt, obtained by the agent over a given trajectory - a sequence of alternating states and actions -
following some time step, t, is a function of the actions selected by the agent over the course of the episode,
determined by its policy, π, as well as the environment dynamics, determined by the transition probability
function, P . So, return maximisation requires optimal action selection in any given state, meaning the agent
needs a means to quantify the ‘quality’ of each possible action in any given state (and therefore the ‘quality’
of the state itself) with respect to its effect on the future rewards the agent might obtain under a fixed policy.
This leads directly to the concept of state and state-action value functions, which we now formally define. The
state-value function - how ‘good’ it is, on average for the agent to be in a given state - computes the expected
return following a state, s, observed at some time, t, under some fixed policy, π:

vπ(s) = Eτ∼π,P [Gt|st = s] (2.2)

=
∑
a

π(a|s)
∑
s′

P (s′|a, s)
[
rt + γrt+1 + γ2rt+2 + . . .

]
(2.3)

=
∑
a

π(a|s)
∑
s′

P (s′|a, s) [rt + γ [rt+1 + γrt+2 + . . . ]] (2.4)

=
∑
a

π(a|s)
∑
s′

P (s′|a, s)
[
R(s, a, s′) + γvπ(s′)

]
(2.5)

The state-action value function - how ‘good’ it is on average for an agent to be in a given state and take a
given action - computes the expected return following an action, a, taken in a state, s, at some time, t, under
some fixed policy, π:
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qπ(s, a) = Eτ∼π,P [Gt|st = s, at = a] (2.6)

=
∑
s′

P (s′|a, s)
[
rt + γrt+1 + γ2rt+2 + . . .

]
(2.7)

=
∑
s′

P (s′|a, s) [rt + γ [rt+1 + γrt+2 + . . . ]] (2.8)

=
∑
s′

P (s′|a, s)

[
R(s, a, s′) + γ

∑
a′

π(a′|s′)qπ(s′, a′)

]
(2.9)

It is important to emphasise here that, as can be seen in the definitions above, both the state value and state-
action value functions are dependent on the decision-making policy, π, which makes sense since the action
choices determine the trajectory of the agent through the space of all possible states and actions, S × A.
Additionally, note that equations 2.5 and 2.9 above express the relationship between the value of states/state-
action pairs and their successor states/state-action pairs - these self-consistency properties, known as the
Bellman equations for the state and state-action value functions respectively, are fundamental properties of
value functions in RL and are widely used in RL algorithms, as we will demonstrate.

Since a given value function is defined only with respect to a given (fixed) policy, value functions in general
define a partial ordering over policies. A policy, π, is defined to be better than or equal to a policy, π′, if its
expected return is greater than or equal to that of π′ for all states (and hence for all state-action pairs). In
other words, if and only if vπ(s) ≥ vπ

′
(s) for all s ∈ S . There is always at least one policy that is better

than or equal to all other policies - this is an optimal policy. Although there may be more than one, we denote
all the optimal policies by π∗. By definition, all optimal policies share the same value functions, called the
optimal value functions. The optimal state value function is denoted as v∗ and defined as follows, ∀s ∈ S :

v∗(s) = max
π

vπ(s) (2.10)

= max
a∈A

q∗(s, a) (2.11)

= max
a∈A

Eπ∗
[Gt|st = s, at = a] (2.12)

= max
a∈A

∑
s′

P (s′|a, s)
[
R(s, a, s′) + γv∗(s′)

]
(2.13)

where q∗ denotes the optimal state-action value function, which is defined as follows, ∀s ∈ S,∀a ∈ A:

q∗(s, a) = max
π

Qπ(s, a) (2.14)

= E [rt+1 + γv∗(st+1)|st = s, at = a] (2.15)

= E
[
rt+1 + γmax

a′∈A
q∗(st+1, a

′)|st = s, at = a

]
(2.16)

=
∑
s′

P (s′|a, s)
[
R(s, a, s′) + γmax

a′
q∗(s′, a′)

]
(2.17)

Note that the value of a state under an optimal policymust equal the expected return for the best action from
that state, whereas the value of a given state-action pair under an optimal policy is equal to the expectation of
the sum of the reward obtained for the given state-action pair and the (discounted) return obtained thereafter
under an optimal policy. Additionally, notice that if q∗ is known, one obtains an optimal policy, π∗, by simply
acting in a greedy manner with respect to q∗.

Related to the Bellman equations 2.5 and 2.9, equations 2.13 and 2.17 are the Bellman optimality equations for
the state and state-action value functions, respectively. In a finite MDP - an MDPwhere S andA each contain
a finite number of elements - the Bellman optimality equations for each state/state-action pair constitute a
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system of non-linear equations; n equations with n unknowns corresponding to the values of states/state-
action pairs. One can theoretically solve this system of equations for the optimal value function in question,
provided the environment dynamics - meaning the transition probability and reward functions, P and R -
are known. However, for many problems of interest, the dynamics of the environment are not known, which
leads us directly to the idea of learning, via value function estimation, from experience.

2.1.5 Generalised Policy Iteration

If environment dynamics are unknown, it is impossible to compute the optimal value function(s) directly. The
question is: how do we begin with a random policy and iteratively improve it in an attempt to converge on an
optimal policy? Generalised Policy Iteration [1] (GPI), illustrated in Figure 2.4, provides a generalised frame-
work (algorithm) for iteratively improving an agent decision-making policy via two simultaneous, interacting
processes: policy evaluation, wherein the value function for a fixed policy is estimated, and policy improve-
ment, wherein the agent’s policy is updated to one which is greedy with respect to the newly estimated value
function. While GPI may be employed by learning algorithms which rely on complete knowledge of the en-
vironment dynamics, for our purposes we are interested in how GPI may be applied when the environment
dynamics are unknown.

Note: in what follows, we use vπ and qπ to denote the true state and state action value functions, respec-
tively, under some policy, π, and we will use V π andQπ to denote the respective estimates of these functions
(e.g. a lookup table with a value for each state or state-action pair) which may be maintained by an agent in
an RL algorithm.

Figure 2.4.: Generalised Policy Iteration [1]. An agent collects experience to estimate the true state-action
value function under its present policy - this is policy evaluation. Then, the agent improves its
policy by acting in a greedy manner with respect to the newly estimated action-value function -
this is policy improvement. The agent continues in this cycle, generating increasingly accurate
approximations of the optimal action-value function, q∗. Note: while qπ denotes the true state-
action value function under π, Qπ denotes the agent’s approximation of qπ .

In this scenario, then, GPI would work in the following way. The agent begins with a random decision-
making policy, π0. Then, during policy evaluation the agent collects experience in the form of transition
tuples (s, a, r, s′) by interacting with the environment in order to compute an estimate,Qπo , of the true value
function, qπ0 , under the policy, π0. Then, during policy improvement, the agent updates its decision-making
policy to π1; one under which actions are selected in a greedy or semi-greedy manner with respect to Qπ0 .
Under a greedy policy, the action with the highest estimated value in a given state is selected:

π(s) = argmax
a′

Q(s, a′)

However, in practice, a semi-greedy policy is employed in order to facilitate the exploration of possible
actions in any given state, as the best possible action under a given policy may not necessarily be the one
with the highest value estimate at any given time. The simplest of such policies is the so-called ϵ-greedy
policy, where in a given state the agent randomly (uniformly) selects an action with probability ϵ ≪ 1, but
acts according to a greedy policy otherwise. The degree to which the agent explores possible actions (in this
case, the magnitude of ϵ) as opposed to exploiting its present estimates of state-action values is the so-called
"exploration-exploitation" trade-off.
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The policy improvement step then leads to an updated policy, which necessarily means that a second round
of policy evaluation is required to estimate the new value function, Qπ1 , associated with the new policy. The
hope, then, is that this cycle of evaluation and improvement produces a sequence of policies and estimated
value functions which ultimately converge on an (approximately) optimal policy:

π0
eval→ Qπ0

improve→ π1
eval→ Qπ1

improve→ . . .
improve→ π∗

eval→ Q∗

The question then is: under which conditions, if any, can convergence to an optimal policy be guaranteed?
The policy improvement theorem, given below, is central to GPI, as it provides the theoretical guarantee that
the policy improvement step will yield a policy that is at least as good as, if not better than, the previous one.
By applying the Policy Improvement Theorem, it is possible to prove that certain algorithms will converge to
an optimal policy.

Theorem 1 (Policy Improvement Theorem). Let π and π′ be any pair of deterministic policies such that for
all s ∈ S :

qπ(s, π′(s)) ≥ vπ(s)

Then the policy, π′, must be as good, or better than, π. That is, it must obtain a greater or equal expected
return from all states s ∈ S :

vπ
′
(s) ≥ vπ(s)

Moreover, if there is a strict inequality for a given state in the first expression, there must be a strict inequality
for at least one state in the second expression.

The proof of the policy improvement theorem is straightforward - we simply expand the left-hand side of
the first expression and keep going until we get vπ′

(s):

vπ(s) ≤ qπ(s, π′(s))
= Eπ′ [rt+1 + γvπ(st+1)|st = s]

≤ Eπ′
[
rt+1 + γqπ(st+1, π

′(st+1))|st = s
]

= Eπ′
[
rt+1 + γrt+2 + γ2vπ(st+2)|st = s

]
...
≤ Eπ′

[
rt+1 + γrt+2 + γ2rt+3 + . . . |st = s

]
= vπ

′
(s)

We can show that the policy improvement theorem applies in the case of GPI in the following way. Suppose
we have a deterministic policy, π, and that we have computed perfect estimates, V π andQπ , of its associated
value functions. Then, we consider a new deterministic policy, π′, which is greedy with respect toQπ . Firstly,
we can show that π′ satisfies the conditions of the policy improvement theorem, since for all s ∈ S we have:

Qπ(s, π′(s)) = Qπ(s, argmax
a

Qπ(s, a)) ≥ V π(s)

so we know that π′ is at least as good, or better than π. Then, note that:

π′(s) = argmax
a

Qπ(s, a) (2.18)

= argmax
a

E [rt+1 + γV π(st+1)] (2.19)

= argmax
a

∑
s′

P (s′|s, a)
[
R(s, a, s′) + γV π(s′)

]
(2.20)

and suppose that the new greedy policy, π′, is as good as, but no better than, the old policy, π. Then V π = V π′

and from 2.19 it follows that, for all s ∈ S :
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V π′
(s) = max

a
E
[
rt+1 + γV π′

(st+1)|st = s
]

(2.21)

= max
a

∑
s′

P (s′|a, s)
[
R(s, a, s′) + γV π′

(s′)
]

(2.22)

which is equivalent to the Bellman optimality equation 2.13 and therefore V π′ must be V ∗ and both π and
π′ must be optimal policies. Therefore, policy improvement must give us a strictly better policy except when
the original policy is already optimal. Note that we have shown the above for deterministic policies, however,
it is easy to extend the policy improvement theorem and the ideas conveyed above to the case of stochastic
policies. Further details may be found in [1].

The critical assumption underlying the proof of convergence in GPI is that we can compute the state and
state-action value functions exactly for any given policy 5. However, when the environment dynamics are
unknown, we must estimate the value functions from the experience collected through agent-environment
interactions, which means we can typically only obtain an approximation of the value functions. This task is
further complicated if the state space is continuous or very large, or if certain states are rarely visited by the
agent. The specifics of how experience is collected and how value functions are approximated based on that
experience vary among algorithms. Below, we introduce two families of algorithms—Monte Carlo Methods
and Temporal Difference methods—which illustrate two different approaches to this challenge.

2.1.6 Monte Carlo Methods

In this section, wewill briefly introduce a class of RL algorithms calledMonte Carlomethods. This is especially
important for our purposes as the learning algorithm used for our experiments falls into this class of learning
algorithms.

Monte Carlo methods 6 are a class of RL algorithms in which an agent learns by gathering experience
through interacting with an environment, sampling entire trajectories - sequences of states, actions, and
rewards - in order to estimate the values of state and/or state-action pairs by averaging sample returns. To
ensure that well-defined returns are available, we assume that the agent interacts with the environment over
the course of episodes of finite length, that is, that the agent will always encounter a terminal state at some
final time step, t = T , regardless of which actions it selects. A single episodic trajectory is denoted as:

s0, a0, r1, . . . , sT−1, aT−1, rT

This means that, at each time step, t, the agent observes st, selects at according to its policy and obtains
a reward, rt+1. Once a trajectory, or batch of trajectories, has been sampled we can compute sample returns
for any given state or state-action pair in the sequence (the discounted sum of rewards following the time
step in which the state/state-action pair is observed) in order to estimate its value. Monte Carlo methods
rely on the fact that increasingly accurate value estimates can be computed the more experience is gathered
with which to estimate them. The question of how much experience is required to estimate the values for
state or state-action pairs with sufficient accuracy depends on the task (the size of the state space S and the
environment dynamics) and the learning algorithm.

Monte Carlo methods follow GPI in order to improve the agent’s decision-making policy. Policy evaluation
in the context of Monte Carlo methods is the process of sampling trajectories under a fixed policy, π, in order
to estimate the value function(s) associated with it. During policy improvement, the policy is updated to π′
which is greedy or semi-greedy with respect to the state/state-action values estimated under π.

Regarding action selection and the exploration-exploitation trade-off in the context of Monte Carlo meth-
ods: if we do not make the assumption of "exploring starts" - where the initial state of each trajectory is

5Note that, while it is possible to prove theoretical convergence of certain RL algorithms using the policy improvement theorem
and GPI, there are algorithms, such as Q-learning covered in section 2.1.7, for which theoretical convergence is provable without
perfect value function estimation.

6The term ‘Monte Carlo’ outside of RL refers generally to methods which rely on generating estimates through random sampling.
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sampled randomly from S - then we need to ensure that all actions have a non-zero probability of being se-
lected in a given state in order to facilitate exploration - policies which have this property are called ϵ−soft
policies.

We now present an example Monte Carlo (MC) algorithm called On-policy first-visit MC control - we will
refer to this algorithm as ‘MC control’ for brevity. ‘On-policy’ here refers to a class of RL algorithms which use
the same policy they are learning to collect experience, as opposed to ‘Off-policy’ methods in which agents
gather experience using a different policy to the one they are learning (i.e. iteratively updating). ‘First-visit’
methods are ones in which state-action value estimates are computed as the sample returns from the earliest
occurrence of a given state-action pair in a given trajectory/episode, which is contrasted against ‘every-visit’
methods which average the returns computed from every occurrence of a given state-action pair in a given
trajectory.

The MC control algorithm, as illustrated inAlgorithm 1, performs policy optimisation according to GPI as
follows. Consider an MDP (S,A, R, P, γ), where S and A are sets of discrete elements (the continuous case
will be addressed later). Initially, π(a|s) is an arbitrary ϵ-soft policy, wherein all actions in a given state have
a non-zero probability of being selected. Subsequently,Q(s, a) is initialized as a lookup table of arbitrary real
numbers, and Returns(s, a) as a lookup table of empty lists, one for each state-action pair. Then, during
each iteration of an indefinite loop, a trajectory of states, actions, and rewards is sampled. Using the sampled
rewards, the sample returns for the first occurrence of (s, a) in each trajectory are computed and appended to
the list of sample returns,Returns(s, a). This list is then used to update the approximation of the state-action
value in Q(s, a)—this constitutes the policy evaluation step. Policy improvement is subsequently performed
by incrementally adjusting the action selection probabilities in π(a|s) for each s encountered in the sample
trajectory. This adjustment increases the probability of selecting the (estimated) optimal action in s, according
to Q(s, a), and decreases the probability of selecting all other actions in s.

Notice that in the MC Control algorithm, value estimates for each state-action pair (s, a) are retained
in Returns(s, a) even though the agent’s policy is updated, meaning the value estimates in Q(s, a) may
be computed from trajectories sampled under several different policies. To understand why this works in
practice, consider that the probability of a given trajectory of states and actions being generated under some
ϵ-soft policy, π, always has a non-zero probability (provided it is possible under the dynamics of the MDP)
which can be decomposed into a product of state-transition and action-selection probabilities as:

P (s0, a0, ..., sT−1, aT−1, sT ) = P (s0)
T−1∏
t=0

π(at|st)P (st+1|st, at) > 0

where P (s0) is the probability of s0 being the initial state. So while any given trajectory might be unlikely
under a given policy, it is never impossible. Furthermore, as the policy converges as the cycles of policy
evaluation and policy improvement continue, the distribution of the sample returns for each state-action
pair in Returns(s, a) will converge since the trajectories with the highest probability under the converging
policy will increasingly be generated far more frequently than the low-probability trajectories sampled under
previous iterations of the policy.

2.1.7 Temporal Difference Methods

In this section, we will briefly introduce a second major class of RL algorithms called Temporal Difference
methods. This is useful for our purposes as much of the related research we will examine utilises algorithms
which fall into this class of methods.

Temporal Difference (TD) methods represent a second major class of algorithms in RL, stated by Sutton and
Barto in their canonical textbook Reinforcement Learning: An Introduction [1] as being an idea "central and
novel to reinforcement learning". LikeMonte Carlo methods, TDmethods estimate value functions based only
on experience, but unlikeMonte Carlomethods, TDmethods iteratively update value function estimates using
other estimates – a technique known as bootstrapping in the statistical literature. To understand precisely how
the value estimates are computed in this way, suppose that we are aiming to learn a state-value function, V (s),
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Algorithm 1 On-policy first-visit MC control
Require: ϵ≪ 1
Q(s, a)← R(arbitrary values) ∀s ∈ S, ∀a ∈ A
Returns(s, a)← empty list ∀s ∈ S, ∀a ∈ A
while true do ▷ (continuing indefinitely)

generate an episode following π: s0, a0, r1, . . . , sT−1, aT−1, rT
G← 0
for t = T − 1, T − 2, . . . , 0 do

G← rt+1 + γG
if (st, at) not in s0, a0, r1, . . . , st−1, at−1 then

append G to Returns(st, at)
Q(s, a)← average(Returns(st, at))
a∗ ← argmax

a
Q(st, a)

for st ∈ States do

π(a|st)←

{
1− ϵ+ ϵ

|A(st)| if a = a∗

ϵ
|A(st)| otherwise

end for
end if

end for
end while

under some policy in the context of a Monte Carlo method. After collecting a full trajectory of experience,
we can then compute the value estimate, Gt, for a given state, st, then, instead of averaging over all previous
value estimates for st we might adjust our current estimate, V (st), resulting in an updated V ′(st) by:

V ′(st)← V (st) + α [Gt − V (st)]

where α is a constant hyperparameter called the ‘learning rate’, with a value typically ≤ 1 in the case of TD
algorithms [1]. This will result in an increase in our value estimate for st if Gt is larger than V (st) and a
decrease (or no change, if precisely equal) otherwise. Notice then that instead of using the target, Gt, as is
the case in the Monte-Carlo update in Algorithm 1, we can create an update target which approximates the
true value of st using the reward, rt+1, obtained after just one-time step:

V ′(st)← V (st) + α [rt+1 + γV (st+1)− V (st)]

This bootstrapped target is the one-step temporal difference denoted TD(0) which is a special case of
the n-step TD(λ) methods which compute bootstrapped approximations using rewards obtained for n-steps
following the target time step. The critical idea here is that we are able to incrementally improve our value
function estimate of a state or state-action pair based on experience from a single environment transition.

We now present a well-known TD method called Q-Learning, one of the early breakthroughs in reinforce-
ment learning [1] proposed by Christopher Watkins in 1989 [30]. Q-learning is an off-policy TD algorithm
defined by the 1-step TD update:

Q(st, at)← Q(st, at) + α
[
rt+1 + γmax

a
Q(st+1, a)−Q(st, at))

]
(2.23)

An important aspect to notice in this expression is that the expression in brackets takes the form of the
Bellman Optimality equation 2.17, meaning that it results in an approximation of q∗. The form of this update
makes it simple to prove convergence, for which the only requirement in the case of Q-learning is the minimal
requirement under GPI for any algorithm which learns via policy improvement; that all state-action pairs
continue to be updated [1].

Q-learningworks in the followingway. AswithMC control, we consider anMDP (S,A, R, P )whereS and
A discrete sets. We set the hyperparameters of the algorithm: ϵ≪ 1, for stochastic action selection, and the
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learning rate, α ∈ (0, 1], for performing the 1-step TD updates onQ. We then initialiseQ(s, a) to be a lookup
table of arbitrary real numbers7. Then, as is required for convergence, we continue to simulate episodes
indefinitely in order to collect experience and iteratively update our estimate of q∗. Note that whereas with
MC control we required that each episode terminates after a finite number of time steps, we do not require
that for Q-learning, provided that the MDP is ergodic, that is, that all states are reachable from all other states
given a non-zero probability of selecting each possible action in all states - this ensures that all state-action
pairs will continue to be updated indefinitely, as required. For each time step, t, of each episode, st is observed
and at is sampled from an ϵ-soft policy derived from Q(s, a). Finally, we perform the 1-step TD update to
Q(s, a), which is repeated for each time step, as opposed to MC control which performs an update once per
sampled episodic trajectory.

Recall that Q-learning is an off-policy method; while we are aiming to learn an optimal policy via the
approximation of q∗, the policy used during training to select actions need not be an ϵ-soft policy, as the
only condition we require for convergence is, as far as the agent’s policy is concerned, that each action in
any given state has a non-zero probability of being selected. This means that the policy could be any policy
which satisfies this condition, including a policy which selects actions in a uniformly random way in any
given state, although this might result in tiny probabilities for reaching large subsets of the state space, and
might therefore make training (to a sufficiently accurate approximation of q∗) longer than is practical.

Algorithm 2 Q-Learning
Require: ϵ≪ 1
Require: α ∈ (0, 1]

Q(s, a)
R← R ∀s ∈ S, ∀a ∈ A except that Q(sterminal, ·)← 0 for all terminal states in S

while true do ▷ (continuing indefinitely)
for each time step, t, in the episode do

Select action at ∼ π(·|st) where π is a policy derived from Q (e.g. ϵ-soft)
Take action at and observe rt+1, st+1

Q(st, at)← Q(st, at) + α [rt+1 + γmaxq Q(st+1, a)−Q(st, at)]
end for

end while

It is worth noting here that, while Q-learning does not strictly conform to the GPI framework, it is in fact
possible to prove that the Q-learning algorithmwill converge on the optimal state-action value function based
on its own theoretical foundations [31]. If the assumptions that (a) the environment MDP is finite (meaning
that there are finitely many states and actions), and (b) that all state-action pairs are visited infinitely often,
are satisfied, convergence is theoretically guaranteed in the limit. A detailed proof may be found in [31].

2.2 Artificial Neural Networks For Function Approximation
Up until now, we have only explicitly considered the case where the observations emitted by the environment
are discrete elements, allowing us to representQ(s, a) in MC control and Q-learning, for example, as a lookup
table with a value for each state-action pair, of which there are finitely many. It’s worth noting that we
have also made the assumption so far that the number of all discrete observation-action pairs in a given
environment is small enough such that it is practical to store them in computer memory as a lookup table -
the methods described in this chapter may also be applied in cases where the size of the joint observation-
action space is so large that it becomes impractical to use tabular learning algorithms.

We now consider the case where the observations emitted by the environment are continuous8. One ex-
ample of such a state space would be S ⊂ RN , meaning each observation (in the case of an MDP) is an

7Note: the notation R← R means "sample a random element from the set of all real numbers".
8Note: Although these observations are theoretically continuous, it is important to acknowledge that their representation in com-
puter memory necessitates a finite set of values. Consequently, our implementation treats them as continuous for practical
purposes. However, for the sake of rigour, it is important to recognise that what we refer to as a ‘continuous’ observation space
is, in reality, a discrete space that approximates the continuous ideal.
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N−dimensional real-valued vector where each component might represent a quantity like position along
some coordinate axis, or velocity, and where the agent seeks to learn a policy, π, with the objective of opti-
mal control of some physical system, based on some well-defined reward function, which maps real-valued
vectors of size N to a probability distribution over the action space A:

π : RN ×A → [0, 1]

A second example might be the case where S ⊂ [0, 255]H×W×3, the space of all possible images of height
H , widthW , and 3 colour channels, and where each pixel in each channel is allowed a value between 0 and
255 - an example of such an environment might be a video game simulator where the agent takes on the role
of the player, seeking to learn a policy, π, which maximises the game score (i.e. the reward), and which, as
above maps to a probability distribution over actions:

π : [0, 255]H×W×3 ×A → [0, 1]

In practice, while the set of all possible observations arising from a theoretically continuous state space
is not truly infinite due to the constraints of computer memory, the number of potential observations that
could be stored in memory for approximation purposes is still exceedingly vast. This makes it impractical to
represent observation-action pairs in a tabular form. Consequently, we turn to Artificial Neural Networks,
which offer a viable solution for handling such extensive state spaces. We will now elaborate on the reasons
why neural networks are particularly well-suited for this task.

Figure 2.5.: The non-linear model of a neuron [4]; the output activation, yk, of the kth neuron in a layer is
produced by performing a weighted sum of the input vector, x, followed by the addition of a bias
term, with the result being passed through a non-linear activation function.

Artificial Neural Networks (ANN) are a broad class of models consisting of hierarchical layers of artificial
neurons which transform input tensors (multi-dimensional arrays) of real numbers to some output (tensor or
scalar) representation via a sequence of intermediate transformations between layers. Each transformation
typically consists of (at least) a matrix multiplication with amatrix of parameters, which are called the weights
of the network and which represent the strength of the connections between neurons in adjacent layers 9,
followed by a non-linear activation function transformation. The general idea underlying ANNs is that the
weighted connections between neurons can be tuned in order to optimise some objective function, perhaps
representing a task such as classification or regression, of the network output.

ANNs are inspired by networks of biological neurons in the brain connected by synapses which mediate
the interactions between neurons in order to process incoming stimuli (i.e. via the body’s nervous system)
transforming them into some useful output representation facilitating the functioning of the body and mind
[4]. Figure 2.5 illustrates the basic "nonlinear model of a [single] neuron"[4]; each component xi of the input
9It is not strictly the case that connections need only exist between neurons in adjacent layers; skip/residual connections in the
ResNet architecture [32] are an example of this.
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vector, representing the stimulus which might be external or the output of a preceding layer, is multiplied by
its corresponding weight wki - the ith component of the weight vector belonging to the kth neuron - which
models the strength of the synaptic connection between the ith input and the neuron. A bias scalar is added
to the output, and the result is passed through some non-linear activation function φ to produce the output,
yk.

Activation functions were designed to scale the value of the weighted sum computed from the stimuli and
the neuron’s weights and bias value into some permissible, finite range. Two of the earliest examples of
activation functions are shown in Figure 2.6. On the left, we have the Heaviside step function, a threshold
function which maps all positive values to 1 and all negative values to 0:

φ(x) =

{
1 if x > 0

0 otherwise
(2.24)

On the right, we have the sigmoid activation function which, instead of having a step change, has a smooth
slope which increases gradually from 0 to 1 about x = 0:

φ(x) =
1

1 + e−x

Note that, while the Heaviside step function is not differentiable at x = 0, the sigmoid function is, which
is a requirement for gradient-based optimisation methods which we will see shortly. At the time of writing,
the study of activation functions in the context of ANNs is a large and active area of research and there are
many different types of activation functions beyond the two mentioned here.

Figure 2.6.: Examples of activation functions [4] Left: the Heaviside step function Right: the sigmoid activa-
tion function

In 1943 Walter Pitts and Warren McCulloch proposed the first artificial neuron model in A logical calculus
of the ideas immanent in nervous activity [33] and were the first researchers to describe what would later
be referred to as an (artificial) neural network. In 1958, Frank Rosenblatt [34] introduced the Perceptron
algorithm; a single-layer neural network capable of performing binary classification which is equivalent to
the neuron model shown in 2.5 where the activation function is the Heaviside step function:

f(x) =

{
1 if x ·w + b > 0

0 otherwise
(2.25)

The functional representation of a single neuron shown here in 2.25 is a vector-to-scalar mapping f :
RM → R. This can be extended by combining several neurons to form a simple fully-collected layer, also
called a dense or linear layer; a mapping f : RM → RN , constructed by stacking together the weight vectors
from each neuron into a weight matrixW and the bias scalars into a vector b. A dense layer followed by an
element-wise activation function, φ, may be notated as:

f(x) = φ (Wx+ b) (2.26)

where φ is applied element-wise to the resulting vector. The layer is referred to as ‘fully connected’ because
all inputs are connected (via weighted connections) to all output neurons - note that it is possible to mute the
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connection between input i and output j by fixing the weight wij = 0, meaning that the ith input will not
contribute to the weighted sum of output j. The term ‘linear’ refers to the fact that each neuron computes a
linear combination (with a bias) of the input values.

Figure 2.7.: A multi-layered perceptron made up of three fully connected (dense) layers; two hidden layers
and an output layer [4]

In 1962, Rosenblatt went on to propose a "multi-layered perceptron" (MLP); a network with 3 layers of
neurons; an input layer, a hidden layer, and an output layer, however, it differed from modern MLPs in that
the weights belonging to the hidden layer were random and fixed [35]. Modern MLP networks, as illustrated
in Figure 2.7 [4], consist of a sequence of fully connected layers which feed into one another, with the output
vector from each preceding layer becoming the input for the subsequent layer. It is important to observe that
each output neuron in the MLPs final layer is a function of all the parameters - the weights and biases - of the
network, save those in the final layer which belong to the other output neurons - the hierarchical nature of
the network is such that each subsequent layer computes features (weighted sums of inputs followed by an
activation function) of the features computed in the previous layer.

While much research of multi-layered networks such as MLPs was conducted throughout the 1960s and
1970s, a major inflection point came when Paul Webros, in his 1974 PhD thesis, first described in full the back-
propagation algorithm for optimising multi-layered ANNs; an efficient optimisation method which utilises the
Leibniz Chain Rule to efficiently compute the partial derivatives of a so-called ‘loss function’, which defines
the learning objective with respect to each parameter in the network by recording the neural activation values
during a forward pass through the network and then propagating the errors backwards through the layers
[36]. David Rumelhart, along with Geoffery Hinton and Ronald Williams, would go on to further popularise
back-propagation when they published their Learning representations by back-propagating errors in which
they showed that interesting, meaningful intermediate representations of the input could be learned in the
hidden layers of a multi-layered ANN trained with gradient descent via backpropagation [37].

We now describe the optimisation problem for ANNs. Consider a standard regression problem where we
have a set of inputs, X ⊂ RN , a set of targets, Y ⊂ R, and an unknown joint probability distribution,
P (X,Y ), which determines the probability of a given observation, (x, y), occurring as P (X = x, Y = y).
Then, suppose we have a sample of observations, (xi, yi), for i = 1 . . .M drawn from P (X,Y ), where
xi ∈ X and yi ∈ Y are the input vector and target value of the ith sample, respectively. Given our sample
observations, we would like to model (approximate) the relationship betweenX and Y using a parameterised
ANN fθ : X → Y , where θ represents the vector of all the network parameters. To this end, we seek to
minimise the average value of the prediction error over all samples, (xi, yi), for i = 1 . . .M . The average
prediction error - the mean of the magnitude of the difference between fθ(x) and y over all samples, (x, y)
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Figure 2.8.: An illustration of a loss surface over two parameters [5]

- is calculated using a so-called loss (or ‘cost’) function. A simple example of such a loss function is the
mean-squared error (MSE):

MSE(θ) =
1

M

M∑
i=1

(fθ(xi)− yi)2 (2.27)

What we have then is an optimisation problem wherein we seek to tune the network parameters θ to
those values which minimise the expected value of a given loss function with respect to the joint probability
distribution over all inputs and outputs, P (X,Y ). As shown in [38], the full supervised learning problem
may be formally expressed as:

min
θ∈θ

J(θ) where, J(θ) :=
∫
X×Y

l(fθ(x), y)dP (x, y) = E [l(fθ(x), y)] (2.28)

where l computes a real-valued prediction error for a single example, for example, the quantity (fθ(x)− y)2
in the MSE loss function 2.27. Notice that the differential, dP (x, y), means that the contribution of the loss for
given values of x and y to the integral in 2.28 is scaled by the probability of the observation, meaning that an
optimal solution to 2.28 weights the contributions over all pairs (x, y) according to their joint probability. The
implication here is that, as in the example of the MSE, since the loss function approximates the expectation
of the prediction error over the joint distribution by averaging over all sample observations, the quality of
the approximation depends on the sample observations having a distribution which is representative of the
population.

How then should we go about optimising an ANN in practice? Notice that given a fixed set of sample
observations, a smooth loss function constitutes a so-called loss surface over all possible parameter values.
Optimising our network then requires navigating along the loss surface to find the lowest possible minima.
An illustration of a loss surface over two parameters is shown in Figure 2.8 - the indicated path along the
surface illustrates how one might begin with random parameter values - a point on the surface at which the
loss is high (sub-optimal) - moving downwards along the surface to a minima - this is the idea behind gradient
descent, which we now describe.

Again, consider the standard regression problem described above and the optimisation objective captured
by the MSE loss function 2.27. Supposing that we begin by assigning random values to each of the network
parameters; we would then like to iteratively optimise the parameters of our network fθ with respect to
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the MSE loss function by making incremental updates to our parameter values in order to move ‘downhill’
along the loss surface. To perform a single optimisation step using gradient descent, we first compute the
gradient vector of the MSE with respect to θ, which is equivalent to averaging the gradient vectors across all
N observations in the sample:

∇θMSE(θ) = ∇θ
1

M

M∑
i=1

(fθ(xi)− yi)2 (2.29)

=
1

M

M∑
i=1

∇θ(fθ(xi)− yi)2 (2.30)

=
2

M

M∑
i=1

(fθ(xi)− yi)∇θfθ(xi) (2.31)

=
2

M

M∑
i=1

(fθ(xi)− yi)
[
∂fθ(xi)

∂θ0
,
∂fθ(xi)

∂θ1
, . . . ,

∂fθ(xi)

∂θK

]
(2.32)

Note that the output layer of our MLP, fθ : RN → R, contains a single neuron, and so we can express the
gradient vector in 2.32 as a vector of partial derivatives of the network output with respect to each parameter
- however, it is straightforward to generalise to the case of a network with more than one neuron in the final
layer, given that the loss function combines the output values of all neurons in the final layer to compute
a real-valued prediction error. In practice, the gradient vector denoted in 2.32 may be computed using the
backpropagation algorithm [36], wherein each computation is performed in two steps; the forward pass and
the backward pass. During the forward pass, each input is passed through the network from layer to layer to
produce an output, during which all the values output by the activation functions of each neuron in each layer
of the network are recorded, and finally, the value of the loss function - the mean prediction error over all
observations - is computed. During the backwards pass, the error computed by the loss function is propagated
backwards through the computational graph constituted by the network via the Leibniz Chain Rule, using the
activation values recorded during the forward pass to efficiently compute the partial derivatives of the loss
function with respect to each network parameter 10. Once we have computed the mean gradient vector over
all our observations, we can perform a single optimisation step as follows:

θ′ ← (1− α)θ − α∇θMSE(θ) (2.33)

where α≪ 1 is the learning rate. This small update to each parameter in the network has the effect of taking
a small step along the loss surface in the direction of steepest descent, by definition, and therefore decreasing
the mean value of the prediction error over the batch of sample observations (given that α is small enough –
indeed, it is possible to take too large a step and end up going uphill!).

In the field of deep learning, ‘optimisers’ are a category of algorithms used for applying gradient updates
to ANNs in the context of gradient descent. Optimisers constitute a large and ongoing body of research
and as such there are hundreds of options, with the two most frequently mentioned in the literature being
‘Stochastic Gradient Descent’ (SGD) and ‘Adam’ [39]. SGD has its origins in stochastic optimisation research
done in the 1950s [40] and grew to be the de facto optimisation method for training ANNs by 2012 [41]; as
opposed to computing a gradient vector averaged over a batch of observations, SGD involves computing and
applying a gradient vector from each example in the batch independently, making for a sequence of updates
which are far more stochastic 11 than batch gradient descent - a feature which can, in fact, help, not harm,
the optimisation process as it makes it less likely that the optimiser will get stuck in a sub-optimal minima
[41]. Figure 2.9 [6] illustrates the effect of stochastic vs batch gradient descent on parameter updates over
the course of optimisation; as is evident, both algorithms converge approximately on the same region in
parameter space, but the SGD updates are far more noisy.

10A full explanation of the backpropagation algorithm is beyond the scope of this dissertation, but a brilliant explanation may be
found here: http://neuralnetworksanddeeplearning.com/chap2.html.

11As expected.

22

http://neuralnetworksanddeeplearning.com/chap2.html


Figure 2.9.: An illustration of paths through parameter space during optimisation arising from batch, mini-
batch, and stochastic gradient descent optimisation methods [6]. Batch gradient descent results in
more stable updates which converge on the optimal parameter values slowly, whereas stochastic
gradient descent results in noisy updates which bounce around the optimal parameter values. In
high-dimensional parameter spaces stochastic updates can offer an advantage by preventing the
optimiser from getting stuck in local minima.

The Adam algorithm [42], proposed in 2014 and shown to be clearly superior to the state-of-the-art opti-
misers at the time (see Figure 2.9), is part of a class of optimisers which, instead of computing updates from
the gradient vector arising from a single input or batch of inputs in an isolated fashion, uses an exponen-
tial moving average of gradients computed over time, meaning that the gradient updates maintain a kind
of momentum and are only partially determined by the most recently computed gradient. The Adam algo-
rithm maintains exponentially moving averages of the gradient (the first moment, or mean) and the squared
gradient (the second moment, or un-centred variance), computing the gradient update as the ratio between
the first vector (mean) and the square root of the second vector (variance), respectively, which has the effect
of normalising the values in the update vector and stabilising learning. Despite years of research efforts to
make progress, Adam remains widely used and is competitive, with no clearly superior algorithm having been
proposed since its invention [41].

At this point, it is worth asking if there are anymathematical guarantees regardingwhich types of functions
multi-layered networks like MLPs are able to approximate, and to what degree. To this end, several universal
approximation theorems (see [43]) have been proposed proving that an MLP with a single hidden layer can
approximate arbitrarily well any continuous function of n variables, given a sufficient number of neurons in
the hidden layer. Early results proved by Kurt Hornik [44] and George Cybenko [45] at a similar time required
that the activation function be of a certain form (e.g. a Sigmoid function), however, later proofs [46] [47] were
published which relaxed these requirements showing, for example, that having an activation function which
is piece-wise continuous and locally bounded is sufficient to prove the result. Below, we give a derivative of
the theorem proved in [46].

Theorem 2 (Universal Approximation Theorem for MLPs). Let C(X,R) denote the set of continuous func-
tions from a subset, X , of Euclidean space, Rn, to a Euclidean space, Rm. Let φ ∈ C(R,R) be a continuous,
locally bounded activation function.

Then φ is a non-polynomial function ⇐⇒ for every n ∈ N, m ∈ N, compact set K ∈ Rn, f ∈ C(K,Rm),
ϵ > 0 there exists k ∈ N,W1 ∈ Rk×n, b ∈ Rk,W2 ∈ Rm×k such that

sup
x∈K
∥f(x)− g(x)∥ < ϵ

where g(x) =W2 · (φ (W1 · x+ b)), and where φ is applied element-wise to each element in the vector.

In words, Theorem 2 says, given a few minor conditions are satisfied, that a continuous function from one
Euclidean space of arbitrary dimension to another can be approximated arbitrarily well (within ϵ) provided
the number of neurons in the hidden layer is sufficiently large. Without seeing formal proof this is difficult
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Figure 2.10.: An illustration of a 2-layered MLP (an ANN) approximating a non-linear function with 4 (left)
and 100 (right) neurons in its hidden layer [7]. In both diagrams the orange curve represents the
non-linear function, and the blue rectangles represent the ANN approximation of the function.

to believe, and even harder to intuit - Figure 2.10 [7] illustrates how increasing the number of neurons in the
hidden layer of a 2-layer MLP can improve the fidelity of the approximation.

While the universal approximation theorem shown above only applies to MLPs, equivalent results have
been proven for other types of ANNs, namely; convolutional neural networks [48] and recurrent neural net-
works [49]. We briefly describe both network architectures in the following sections.

2.2.1 Convolutional Neural Networks

Convolutional Neural Networks (CNNs) are a class of ANNs specifically designed for processing grid-like
data, such as images and videos, which can learn hierarchical spatial features directly from raw pixel values.
A typical CNN architecture may be viewed as having two sub-networks, as illustrated in Figure 2.11[8]: a
‘feature learning’ network composed of interleaving convolutional and pooling (aggregation) layers which
have the role of extracting spatial features hierarchically, and a ‘predictor’ network which is essentially an
MLP with multiple dense layers which transform the extracted feature information into a scalar or vector
output, the exact form of which is task dependent.

Figure 2.11.: An example of a convolutional neural network [8]. The feature learning section of the network,
made up of interleaving convolution and pooling layers, learns to extract visual features from
pixels in a hierarchical fashion, while the classification section of the network, made up of dense
layers, learns to classify the object in a given image using the extracted visual features.
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As with MLPs, the development of CNNs is not attributable to a single researcher or paper, but a few major
contributions were made to their development. In 1980, Kunihiko Fukushima, a Japanese scientist, proposed
a neural network architecture called Neocognitron [50]. While not a convolutional neural network (CNN) in
the modern sense, Neocognitron laid the groundwork for the development of convolutional networks. The
Neocognitron was designed to recognize visual patterns in an image and was inspired by the hierarchical
organization of cells in the human visual cortex. It consisted of multiple layers of artificial neurons, where
each layer had a specific role in processing visual information. The Neocognitron introduced the concept
of filters as local receptive fields with weights which were ‘shared’ amongst all input pixels, which are key
components in modern CNNs.
In the 1990s Yan LeCun (et. al) published seminal research proposing one of the pioneering CNN architec-

tures which represent modern CNNs and proved state-of-the-art for handwritten digit recognition tasks in
which the network learned directly from pixels via gradient descent [51] [52].
For the following decades, CNNs continued to outperform other methods on vision-based learning tasks,

such as image classification, with AlexNet (2012) [53], the first major breakthrough following LeCun’s archi-
tecture [52], dominating the ImageNet competition on large-scale classification tasks. In the following years,
further developments such as VGGNet (2014) [54] and ResNet (2015) [32] made it possible to train deeper
and deeper CNNs, each proving state-of-the-art on given tasks in the vision domain. The key feature of the
ResNet architecture worth noting is that of residual or skip connections; researchers found that while in the-
ory, deeper networks should lead to better performance, this was not always the case in practice and that a
remedy for this problem was to sum the output of a given layer with its input before passing it on to the next
layer, allowing the input to ‘skip’ the present layer - this seemingly minor development enabled performance
to continue improving with increasing depth up to hundreds of layers.

Figure 2.12.: Left: A single convolution operation between a 2 × 2 filter and a 2 × 2 patch in the input grid
Right: A sequence of overlapping convolutions between a 2× 2 filter and a 5× 5 2D input gird,
where filter moves horizontally and vertically across the image with a stride of 1.

To understand how CNNs work, we consider an input tensor, x ∈ RH×W×C ; a 3-dimensional array of
pixels where the first two dimensionsH andW correspond to the height and width of the image/frame and a
third dimension C which may correspond to colour channels or, for the purposes of reinforcement learning,
it may correspond to discrete time steps.

A single convolutional layer has a set of filters, also called kernels, F ∈ RHF×WF×C ; matrices of learnable
weights which have height and width dimensions which are only a fraction of the size of those belonging to
the input tensor, x. The convolutional layer transforms the input by sliding each of its filters over the image
(horizontally and vertically) computing a sequence of overlapping convolutions in which the filters’ weights
are multiplied by the pixel values in an element-wise fashion and then summed together, producing a scalar
output which is positioned at the x-y position of the output grid corresponding to the horizontal and vertical
position of the given filter over the input. In this way, each subsequent filter then produces a 3-dimensional
output tensor of its own.
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Pooling layers perform a down-sampling function by aggregating information in order to select important
features from across each channel in the output tensor from the preceding convolutional layer. This is also
done by sliding a window over the width and breadth of the output tensor selecting, for example, the largest
value in the region covered by the window ("Max Pooling"), or computing the average of all the values ("Mean
Pooling"). A secondary effect of the pooling operation is a reduction in the size of the tensor along the width
and height dimensions.
As the input tensor (e.g. an image) moves through the convolution and pooling layers of the CNN, lower-

level spatial features (e.g. edges) are combined to form higher-level spatial features (e.g. whole shapes). This
occurs because the convolutions computed between the filter and the pixels of each image in each local region
covered by the filters overlap, and so while a convolution in the first layer may cover a 6×6 region of pixels in
the input grid, a convolution with a filter of equivalent dimension in a latter layer might include information
from a 30×30 region of pixels in the input tensor. This means that the output of the final convolutional layer
can encode features corresponding to entire objects, which can then be fed into the predictor portion of the
network and used to produce the task-specific output (e.g. classification).
The overlapping of convolutions in a grid structure across a hierarchy of layers as described above, as well

as the fact that the same filters are applied across the entire input grid in each layer in order to extract local
features, have two important consequences. First, it equips CNNs with a spatial inductive bias, meaning that
the learning of spatial information - the positioning of features relative to one another on a 2-dimensional
grid and their hierarchical relationships - is facilitated by the network architecture itself. This makes it far
easier for CNNs to learn to identify visual features than it would be for MLPs (in the case that the input pixel
grid was flattened out into a 1-dimensional array). The spatial inductive bias of CNNs is believed to be a key
component contributing to the exceptional performance of CNNs on vision-based tasks [55].
The second consequence of the CNN architecture, in particular the overlapping convolutions, is that an in-

put pixel grid may not be divided up into square patches (of equal size) which might be processed individually,
as is the case with the Vision Transformer architecture[12], which we will cover later. For smaller images, this
might not be a problem, but in the case that the visual field is very large, and where only a limited number of
sensors are available with which to capture the visual information such that only a part of the field may be
observed at any one time, this requirement is restrictive for CNNs.

2.2.2 Recurrent Neural Networks

Feedforward neural networks is a term used to describe ANNs such as theMLP andCNN architectures discussed
above. In a feedforward network data flows only in one direction, from the input to the output with no
feedback loops. While suitable for certain tasks such as image classification, they are unsuitable for tasks
which involve sequential data, such as time series data, which require an architecture which is able to process
each element of the sequence in such a way that it incorporates information from other elements across the
sequence.

Recurrent Neural Networks (RNNs) are a class of ANNs designed for processing sequential data. Unlike
feedforward networks, RNNs have connections that form cycles within the network, allowing them to main-
tain a hidden state, represented as ht for a given time step, t, which aggregates information from preceding
elements in the sequence. This ability to capture temporal dependencies makes RNNs suitable for tasks such
as language modelling, speech recognition, and time series prediction.
The Elman Network, first proposed by Jeffrey Elman in 1990 [56], was one of the earliest RNN architectures

and formed the basis for many variations of the ’vanilla’ RNN architecture, an example of which is illustrated
in Figure 2.14(a). At each time step, t, the ‘vanilla’ RNN updates its hidden state by concatenating the input,
xt, and the hidden state from the previous time step, ht−1, and passing them through a dense layer with a
tanh activation function, for example, which maps values to within the range (−1, 1) - the hidden state might
then be transformed via a second dense layer into an output tensor suitable for a given task, for example, a
probability distribution or a real number. The major issue with the vanilla RNN is that, in order to compute
gradients over long sequences, the chain rule must be applied to compute partial derivatives going back
through the unrolled network (as illustrated in Figure 2.13) resulting in so-called ‘exploding’ or ‘vanishing’
gradients which cause numerical instability as well as an inability of the network to capture the effects of
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Figure 2.13.: An illustration of a recurrent neural network (RNN) ‘unrolled’ across time; at each time step,
t = 0, 1, . . . , T , the RNN processes each element xt in the sequence producing an output which
is conditioned on the hidden state, ht−1, from the previous time step

long-term dependencies across the sequence which grow exponentially smaller with increasing sequence
length and so are masked by short-term dependencies. Altogether, this makes it difficult to train vanilla
RNNs effectively with gradient descent. [57] [58].

Figure 2.14.: (a) A ‘vanilla’ recurrent unit comprising of a single dense layer with a tanh activation function
which produces a new hidden state, ht, given an input, xt, and the hidden state, ht−1, from
the previous time step (b) A Gated Recurrent Unit which updates its hidden state by passing it
through a reset gate, where rt determines which information to extract from ht−1 producing a
candidate hidden state, h̃t, and an update gate which combines h̃t and ht−1 via linear interpola-
tion using zt (and (1− zt))

The so-called "exploding/vanishing gradient problem" posed by vanilla RNNs was solved by the invention
of gated RNNs such as the Long Short-Term Memory (LSTM) RNN [59], proposed in 1997, and the Gated Re-
current Unit (GRU) [60], proposed in 2014, which utilise gating mechanisms comprising dense layers followed
by specifically chosen activation functions and element-wise operations allowing the network to ultimately
select which information to keep and which to discard during each update of the hidden state. The effect of
gating mechanisms in RNNs is to ultimately enable the network to better learn long-term dependencies.
The GRU, illustrated in Figure 2.14 (b), is a simplification of the LSTMwhich has been shown to bemore effi-

cient, but comparable to the LSTMwhich was previously considered state-of-the-art across various sequence-
related tasks (e.g. machine translation) [58] - it works in the following way. In updating the hidden state of
the GRU, the input, xt, and the previous hidden state, ht−1, are concatenated and passed through two dense
layers with sigmoid activations functions, σ(x) = 1/(1− e−x), called the ‘reset gate’, which outputs a tensor,
rt

12, and the ‘update gate’, which outputs a tensor, zt. A candidate hidden state, h̃t, is then computed by (i)
12Note: rt here is a tensor, not a scalar reward as denoted in RL - we will only use this meaning here as it is convention.
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taking an element-wise product of rt ∈ (0, 1)N with ht−1, determining which information is ‘remembered’
(multiplied by ∼ 1) or ‘forgotten’ (multiplied by ∼ 0), and then (ii) concatenating the result with xt and
passing it through a dense layer with a tanh activation function, mapping values into the range (−1, 1). The
new hidden state is computed via linear interpolation as ht = (1− zt)⊙ht−1+ zt⊙ h̃t which determines the
extent to which the values in the hidden state vector are updated - note that the effect of the tanh activation
function (the mapping of values to be within the range (−1, 1)) allows individual scalar components of the
hidden state to be increased or decreased, proportional to the scalar values in zt.

Two additional major developments in RNNs following GRUs were sequence-to-sequence (seq2seq) models
[61] and the introduction of an attention mechanism [62]. Seq2seq utilises RNNs in a special encoder-decoder
architecture which comprises an encoder RNN to read the input sequence and a decoder RNN to generate the
output sequence, enabling the model to handle input and output sequences of different lengths. The introduc-
tion of an attention mechanism used in conjunction with RNNs allowed the network to attend to explicitly
(focus on) different parts of the input sequence when producing each element of the output sequence. This
significantly improves the model’s performance on tasks requiring the transformation of long sequences.
RNNs were, however, ultimately superseded as the primary architecture for sequential tasks by Transform-
ers, a novel sequence-to-sequence modelling architecture proposed in 2017 based on a special self-attention
mechanism, that has since yielded significant improvements on sequence modelling tasks across the board
[11]

In RL problems wherein the state space is continuous, neural networks are able to serve as function approx-
imators for policies and value functions. In the case of partial observability, discussed in section 2.3.5, gated
RNNs present an important tool which allows us to deal with the ‘non-Markovness’ of the observations by
maintaining a hidden state which aggregates information from all preceding observations in a given episode,
which may be thought of as a latent representation of the agent’s belief over possible states optimised for the
purpose of solving the given task - more on this in section 2.3.5.

2.3 Deep Reinforcement Learning Methods
The application of ANNs in reinforcement learning dates back to the late 1900s. In 1989 Gerald Tesauro
proposed a method which used ANNs in order to learn to play backgammon [63]. Tesauro’s method used an
MLP to evaluate board positions, demonstrating the potential of neural networks in reinforcement learning
settings. In 1992, Ronald J. Williams introduced the REINFORCE algorithm [64], in which he proposed a
new gradient-based method for policy optimisation. In REINFORCE, policies, represented as parameterised
distributions over possible actions, are optimised by adjusting the parameters in the direction of the gradient
of the expected return, approximated in Monte Carlo fashion. In 1999, Richard Sutton [65] built on top of
Williams’ work proposing a new class of policy gradient methods inwhich policies are represented as function
approximators, such as ANNs, allowing REINFORCE to be applied to large, continuous state (and action)
spaces. In 2005 a method called Neural Fitted Q Iteration [66] was proposed; an algorithm that employed
MLPs for approximating the state-action value function by collecting 1-step transitions and optimising the
network weights in order to minimise the temporal difference error. This work further demonstrated the
feasibility of using deep learning techniques in reinforcement learning tasks and laid the foundation for later
research into the intersection of Q-learning methods and deep learning.

2.3.1 Deep Q-learning

While the foundations that had been laid in the preceding decades demonstrated the potential for applying
deep learning methods to solve reinforcement learning tasks, the introduction of the DQN (deep Q-Network)
algorithm in the seminal paper "Playing Atari With Deep Reinforcement Learning" [9] in 2013 13 represents
a major milestone and (arguably) an inflection point after which scientific interest in reinforcement learning
methods greatly increased.

13And the subsequent article published in the journal Nature in 2015 [10].
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Figure 2.15.: The Q-network architecture proposed in the DQN paper [9] in order to estimate state-action
values from pixel frames; two convolutional layers for feature extraction and two dense layers
for transforming features into state-action value estimates.

The authors of the DQN paper argue that while the application of RL methods had seen limited success
across a number of domains, their applicability had been limited to those domains with fully observable,
low dimensional state spaces (e.g. finite, discrete state spaces) or those domains with high-dimensional state
spaces in which useful features can be handcrafted. The novel contribution of DQN - which applied deep
learning methods in the context of RL in order to teach artificial agents to play Atari 2600 games - was that
it could learn successful policies directly from high-dimensional sensory inputs, such as the raw pixel grid
comprising a game screen. DQN broke all records set by previous artificial agents on 49 Atari 2600 games and
achieved scores comparable with a professional human game tester [10].

Before we formally define the DQN algorithm, we must consider the nature of the state space and the
observations belonging to an environment constituted by a vision task such as an Atari 2600 game. In any
such environment, the agent may observe only the game screen, selecting actions from a finite set in the usual
way. Now, at a single time step, the game screen, represented as a 3D tensor of pixel values consists of an
image of size 210 × 160 with three colour channels (RGB). However, a single image is unable to satisfy the
Markov Property since it holds no information about, for example, the velocity of objects on the screen, which
is assumed for all the RL algorithmswe have considered thus far. For this reason 14, each "state", s ∈ R84×84×4,
fed to the agent as input at a given time, t, consists of 4 game screens - each converted to grey-scale, resized,
and cropped to 84 × 84 - spanning the four most recent time steps, from t to t − 3 - a technique known as
frame stacking. Using frame stacking we are able to satisfy the Markov property, as each observation captures
the dynamics of the environment as well as its contents, giving us a Markov decision process (S,A, P,R, γ)
which represents the learning task posed by any Atari 2600 game to which DQN might be applied.

The DQN algorithm is based on the Q-learning algorithm [30] (Algorithm 2) in which the agent seeks to
learn, in an iterative fashion, increasingly better approximations of the optimal state-action value function,
q∗. Since the state space, in the case of a vision-based task, is theoretically continuous15 and therefore too large
for tabular methods such as tabular Q-learning, the authors propose using an ANN (as opposed to a lookup
table) to model the state-action value function, denoted Qθ : S × A → R and having parameters θ ∈ Rm.

14As well as other engineering-related reasons we won’t cover here.
15Again, due to how computers represent real numbers it cannot be truly continuous in practice.
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Qθ takes as input a 3D tensor of pixel values16 representing the state of the environment, producing a vector
of value estimates for each possible action. The proposed DQN architecture, shown in Figure 2.15, consists of
two convolutional layers which learn to extract visuospatial features, followed by two fully connected layers
which learn transformations from the feature vectors to a vector of state-action value estimates. Whereas,
in ordinary Q-learning, updates to Q are made by updating individual value estimates of state-action pairs
in a lookup table via the update rule 2.23, updates in DQN are performed by updating the parameters of the
Q-network, Qθ , according to some optimisation objective, a process which we now detail.

Figure 2.16.: A representation of state-action value estimates made by the Q-network of a DQN agent in Atari
Pong [10] where the agent plays against the environment and controls the green paddle. Time
goes from left to right. On the left, the agent is agnostic as to which action (up, down, or nothing)
is best. In the middle two frames, it estimates the value of the ‘up’ action to be higher than the
other two as the ball is above the agent’s paddle. In the final frame the agent is about to win,
regardless of which action it chooses, and so estimates a high action value for all 3 actions.

In optimising the Q-network, we begin with a vector of randomly initialised parameters, θ(0), where θ(k)

represents the parameters following the kth update. Then, the agent iteratively interacts with the environment
using an ϵ-greedy policy17 to collect experiences (st, at, rt+1, st+1) in a memory buffer B. At each step, we
sample a mini-batch B of transition tuples, (s, a, r, s′), from B to compute the TD-based loss function:

J(θ(k)) = Ea,s∼ρ(·)

[
(y −Q(s, a;θ(k)))2

]
(2.34)

which is an expectation over all state-action pairs distributed according to the so-called "behaviour distri-
bution", ρ(s, a); the joint probability distribution determined by the state-transition probability distribution
function and current ϵ-soft policy derived from Qθ(k) . Then, the DQN bootstrap target, y, in equation 2.34 is
computed for each tuple in the batch, B, as:

y = rj+1 + γmax
a′

Q(sj+1, a
′;θ(k−1)) (2.35)

where Q(s, a;θ(k−1)), the target network, is a time-delayed copy of the principle Q-network, updated every
C steps during training. The reason for using a time-delayed copy of the Q-network to compute the target, y,
is because the correlations that would arise naturally when attempting to use value estimates, determined by
θ(k) in the loss function used to update θ(k), cause instability in the learning (optimisation) process, which is
alleviated by the use of the target network. Notice that the objective function 2.34 has the same form as the
update rule 2.23, approximating q∗ in the same greedy manner. Finally, in order to update the parameters of
the Q-network, the gradient of the loss function 2.34 is computed as:
16Grey scale game screens stacked along the time dimension.
17Actions are selected randomly with probability 1− ϵ and greedily, according to argmaxa Q(st, a;θ

(k)), otherwise.
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∇θ(k)J(θ(k)) = Ea,s∼ρ(·),s′∼P (·)

[(
(r + γmax

a′
Q(s′, a′;θ(k−1)))−Q(s, a;θ(k))

)
∇θQ(s, a;θ(k))

]
(2.36)

where the expectation is typically approximated during training by computing and averaging out the in-
ner expression over the entire batch, B, of experience. The gradients computed over a single mini-batch
are typically applied using a gradient descent algorithm like Stochastic Gradient Descent (SGD) or the Adam
algorithm.

Algorithm 3 Deep Q-Learning (DQN) With Experience Replay
Require: γ ∈ (0, 1]
Require: ϵ≪ 1
Require: C ∈ N
B ← ∅ (memory buffer)
k ← 0
Initialise main and target Q-networks with random parameters θ(0)

for episode=1,M do
Observe s1
for t=1,T do

With probability ϵ select a random action at
Else select at = argmaxaQ(st, a;θ)
Execute at and receive rt+1, st+1

Store experience (st, at, rt+1, st+1) in B
Sample random mini-batch of transitions (sj , aj , rj+1, sj+1) from B

Set yj =
{
rj+1 if sj+1 is terminal
rj+1 + γmaxa′ Q(sj+1, a

′;θ(k−1)) otherwise
Update θ(k) using the gradient ∇θ(k)J(θ(k)) as per equation 2.36
Every C steps, update target network weights to be θ(k) and increment k by 1

end for
end for

There are two important points to note regarding the experience replay buffer, B, used in DQN to collect
transition tuples, as it is not used in tabular Q-learning. Firstly, the individual transition tuples are policy-
agnostic and may therefore be used to compute updates regardless of the policy under which they were
sampled. Second, the distribution of state-action pairs in B is non-stationary, tracking the behaviour distri-
bution, ρ(s, a), with each successive update to the Q-network and allowing accurate approximations of the
expectation 2.34.

The advent of the DQN algorithm was a transformative event in the field of reinforcement learning. By
successfully integrating deep learning techniques with Q-learning, DQN has demonstrated an unprecedented
ability to handle high-dimensional sensory inputs and learn directly from raw data. This breakthrough not
only set new benchmarks in the domain of video game playing, where it has performed on par with human
experts, but it also ignited a surge of interest and progress in reinforcement learning research.

2.3.2 Policy Gradient Methods

In the seminal REINFORCE paper by Ronald Williams [64], a novel method for reinforcement learning was
introduced that uses a policy gradient approach to policy optimisation. The policy, represented as a probability
distribution over actions given the current state, is adjusted in the direction of the gradient of the expected
return. This gradient is estimated by sampling trajectories using the current policy. A key insight of the
paper is that this gradient can be estimated without needing to know the explicit functions (and therefore
their derivatives) which govern the environment’s dynamics (i.e. the state-transition probability and reward
functions), making the algorithm widely applicable, since in many cases these functions are unavailable.

31



Williams also introduced the concept of using a baseline to reduce the variance of the gradient estimates,
thereby improving the efficiency of the learning process - more on this in section 2.3.3.

Richard Sutton extended Williams’ REINFORCE algorithm by incorporating function approximation into
the policy gradient framework [65]. This significant extension allowed the algorithm to be applied to prob-
lems with large or continuous state and action spaces, which were previously intractable with the original
REINFORCE algorithm. Sutton replaced the representation of the policy as a state-dependent, parameterised
distribution, with a parameterised function approximator, such as an ANN, which is differentiable with re-
spect to its parameters. He also improved on Williams’ baseline idea by proposing the use of value function
estimates 18 as a baseline to reduce the variance of the gradient estimates, leading to faster and more stable
learning. Sutton provided a rigorous proof of the policy gradient theorem, forming the basis for many mod-
ern reinforcement learning algorithms. We now cover the basic policy gradient algorithm (REINFORCE with
function approximation).

We consider an RL task modelled as an MDP (S,A, P,R, γ). In a policy gradient method, the objective is
to learn an explicit policy which maps states to a probability distribution over actions (as opposed to action
values), πθ : S × A → [0, 1], which we take to be an ANN with parameters θ ∈ Rm, where the probability
distribution is generated using a softmax activation function of the form:

softmax(zi) =
ezi∑K
j=1 e

zj
for i = 1, 2, . . . ,K

The primary difference between DQN (and its associated class of value-based methods) and policy gradient
methods lies in their approaches to action-value estimation. The Q-network in DQN directly estimates the
value of actions for each state, while policy gradient methods utilise a policy network, πθ(a|s), to output ac-
tion preferences as probabilities within a given state. These probabilities are conditioned directly on rewards,
allowing the policy network to implicitly learn the relative ‘value’ of actions in that state.

Figure 2.17.: A simple policy gradient network with an MLP forming the network body and a policy head
comprising of a dense layer with a softmax activation function to transform the outputs of the
final layer into a probability distribution over actions.

As usual, the objective is to learn an optimal policy which maximises the expected return received by the
agent. Policy gradient methods utilise Monte Carlo methods in order to sample trajectories of experience from
the environment and estimate returns for the purposes of policy optimisation. To this end, as with DQN, we
require an objective function in order to evaluate and optimise our policy network, which, for policy gradient
methods, takes the form:

J(θ) = Eτ∼ρθ(·) [R(τ)] (2.37)

which, in words, is the expected return over all trajectories τ through the state action space, S ×A, given
some fixed policy parameters, θ. Here, a trajectory, τ , is defined as a distinct sequence of states and actions
observed and chosen by an agent, respectively, when interacting with an environment:

18In practice, the baseline is estimated from observed rewards.
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s0, a0, s1, a1, . . . , sT−1, aT−1, sT

where sT is taken to be a terminal state. The probability distribution ρθ(τ) determines the probability of
a given trajectory through the state-action space under θ - equivalent to the "behaviour distribution" seen
in the DQN objective function above, it is simply a joint probability distribution determined by the agent’s
policy, πθ(a|s), used to determine action selection probabilities, and the state transition probability function,
P (s′|s, a). Now, in order to improve our policy with respect to our objective function, our strategy will be, in
a similar manner to the Monte Carlo method detailed above, for the agent to sample a number of trajectories
in order to sufficiently approximate J(θ) using sample returns. Then, using our approximation, we will seek
to compute its gradient, and perform the following optimization step (or something akin to this using a given
optimisation method, such as Adam):

θ ← (1− α)θ + α∇θJ(θ) (2.38)

where α ∈ (0, 1) is the learning rate. Note, as opposed to gradient descent, the update 2.38 is a gradient ascent
step; updating the parameters θ in this way should theoretically lead to more optimal agent behaviour, i.e.
action-selection which increases the expected return over all possible trajectories, and better approximation
of the optimal policy, π∗.

So, we seek to compute ∇θJ(θ), that is, the gradient of the expectation of the return over all trajectories
under a fixed policy, a task which is computationally intractable. To solve this problem, notice that the objec-
tive function 2.37, being an expectation, can be expressed as an integral over all possible trajectories where
the integrand consists of the product of the return for a given trajectory, R(τ), and the probability of that
trajectory being sampled under a given policy, ρθ(τ). Then, using the properties of the logarithm and the
form of its derivative, we can show that the gradient of the expectation of J(θ) is in fact the expectation of
the quantity R(τ)∇θlogρθ(τ) as follows:

∇θJ(θ) = ∇θ

∫
τ
R(τ)ρθ(τ)dτ (2.39)

=

∫
τ
R(τ)∇θρθ(τ)dτ (2.40)

=

∫
τ
R(τ)

∇θρθ(τ)

ρθ(τ)
ρθ(τ)dτ (2.41)

=

∫
τ
R(τ)∇θlogρθ(τ)ρθ(τ)dτ (2.42)

= Eτ∼ρθ(·) [R(τ)∇θlogρθ(τ)] (2.43)

Next, consider the expansion of the behaviour distribution, ρθ , for a given trajectory, τ , which is just the
product of probabilities for each state and action in the sequence:

ρθ(τ) = p0(s0)πθ(a0|s0)p(s1|s0, a0)πθ(a1|s1) . . . πθ(aT−1|sT−1)p(sT |sT−1, aT−1) (2.44)

= p0(s0)

T∏
t=0

πθ(at|st)p(st+1|st, at) (2.45)

where p0 gives the probability distribution over starting states, defined implicitly by the environment. Now,
it is not possible to compute the gradient of the state transition probability function, P (s′|s, a), since it is not
explicitly defined. However, expanding the gradient term in expression 2.43, we see that since P (s′|s, a) does
not depend on θ, all its corresponding terms disappear:
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∇θlogρθ(τ) = ∇θlog

[
p0(s0)

T∏
t=0

πθ(at|st)p(st+1|st, at)

]
(2.46)

=

T∑
t=0

∇θlogπθ(at|st) (2.47)

Finally, since Ex∼P (·) [f(x)] = limN→∞
1
N

∑N
j=1 f(xj)xj∼P (·) we can approximate the expectation of the

objective function in Monte Carlo fashion and, using our result from 2.47, we get:

∇θJ(θ) = Eτ∼ρθ(·) [R(τ)∇θlogρθ(τ)] (2.48)

≈ 1

N

N∑
j=1

[
T∑
t=1

(
∇θlogπθ(at|st)(

T∑
k=t

γk−trk+1)

)]
(2.49)

=
1

N

N∑
j=1

[
T∑
t=1

∇θlogπθ(at|st)Gt

]
(2.50)

where N ≫ 1 is the number of trajectories sampled from having the agent interact with the environment, T
is the number of time steps in each trajectory, and Gt is the return obtained following time step t. Note that
updating our policy parameters using the approximation 2.50 with gradient ascent optimisation will increase
or decrease the probability of a given action relative to other actions depending on the relative value of its
associated return - this was the observation made byWilliams in [64]. An example of a vanilla policy gradient
algorithm is given in full in Algorithm 4.

Algorithm 4 Vanilla Policy Gradient
Require: γ ∈ (0, 1]
Require: α ∈ (0, 1)
Initialise policy network πθ with random parameters θ.
for k = 1, 2, 3, . . . do

Sample trajectories τ1, . . . , τN , consisting of tuples (sj , aj , rj+1, sj+1) for j = 1, . . . , T , with policy πθ
Compute the approximation of the objective function∇θJ(θ) ≈ 1

N

∑N
j=1

[∑T
t=1∇θlogπ(at|st;θ)Gt

]
Update the policy parameters θ ← (1− α)θ + α∇θJ(θ)

end for

2.3.3 Deep Actor-Critic (A2C) Methods

In the original paper in which REINFORCE was proposed [64], Williams noted that a source of instability
when performing policy optimisation with gradient estimates of the form given by 2.50 is the high variance
which may be observed in the distribution of returns in a given task, as it is not a given that the rewards are
bounded (e.g. in the range (0, 1)) or normalised in any way. This can result in high-variance gradient estimates
which in turn translates to high-variance parameter updates to the policy parameters, and hence instability
in learning, which is undesirable. To address this problem, Williams proposes the idea of subtracting a real-
valued baseline from all empirical returns giving a new objective function of the form:

J(θ) = Eτ∼ρ(·) [G(τ)− b(τ)] (2.51)

where b(τ) is a real-valued baseline computed for each return, R(τ). Now, to approximately normalise an
empirical distribution, one might subtract the sample mean and divide it by the sample variance which, if
the distribution is normal, transforms it into something approximating the standard normal distribution of
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mean 0 and variance 1. Thus, we would like the baseline, b(τ), to be something akin to the expectation of
the returns computed during training, and since the mean is likely to change over time (hopefully the agent’s
performance improves as its policy is updated), we would like the baseline to adjust accordingly. Based on
this observation, Richard Sutton [65] extended Williams’s idea by proposing that a good candidate for the
baseline might be an estimate of the state value, V (s) ≈ E[Gt|st = s], the expected return from a given state,
s, over all possible actions (see 2.5). Given that the empirical return, the discounted sum of rewards obtained
at time t following the taking of an action at in some state, st, is an estimation of the state-action value, using
the state value as a baseline we arrive at a quantity known as the advantage estimate:

Ât = Gt − V (st) ≈ qπ(at, st)− vπ(st)

Notice that the advantage estimate approximates the difference between the expected return for taking a
specific action at in st and the expected return over all possible actions in st. As such, the advantage estimate
tells us whether the specific action chosen resulted in a better or worse return than what was expected for
the given state under a fixed policy.

In order to implement this in practice we require, in addition to a parameterised policy, πθ , referred to as
the ‘actor’ network, a parameterised state-value function approximator, Vω : S → R, known as the ‘critic’
networkwhichwe take to be an ANNwith parametersω. In practice, the actor-network and the critic network
may be separate networks, or they may share a network body which has an actor and a critic "head", as
illustrated in Figure 2.18. During training, Vω is conditioned alongside πθ in a supervised manner on the
returns estimated across each set of trajectories collected in order to minimise the loss function:

L(ω) = Es∼ρ(·)[(y − Vω(s))2] (2.52)

where y = Gt is simply the empirical (sample) return obtained for each observed state, s. As training proceeds,
the function approximator is constantly optimised to estimate the expected returns under the non-stationary
policy and may be used to compute an approximation of an adapted version of the policy gradient objective
function which uses the advantage as opposed to the observed return:

∇θJ(θ) ≈
1

N

N∑
j=1

[
T∑
t=1

∇θlogπθ(at|st)Ât

]
(2.53)

The class of algorithms which utilise value function approximation in order to condition the agent’s pol-
icy, known as Advantage Actor-Critic (A2C) methods, are the basis for many further developments in policy
gradient algorithms such as PPO, which we explore in the following section.

Figure 2.18.: A simple actor-critic network with an MLP forming the network body, a policy head, and a value
head which outputs a single number estimating the value for the given state.
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2.3.4 Proximal Policy Optimisation

Further to the challenge of instability in deep reinforcement learning, and deep learning in general, is the
phenomenon known as "catastrophic forgetting" [67] [68]; when optimising the parameters of an ANN with
gradient descent it can sometimes happen that a gradient stepmay occur toomuch in one direction in a portion
of the parameter space where the gradient is very steep (i.e. where the magnitude of the gradient norm is
large) and consequently one may observe a sharp, nearly immediate drop in performance. This phenomenon
is called catastrophic forgetting since the network appears to ‘forget’ - almost instantly - what it ‘learned’
earlier in the optimisation process. While this is an issue in the field of deep learning at large, it presents a
particular challenge in reinforcement learning as the learning task is non-stationary (as the agent learns it
explores new parts of the state space) [69] and the learning algorithms are often sensitive to hyperparameter
settings like the learning rate α [70].

Proximal Policy Optimization (PPO) [70], a policy gradient method proposed in 2017, seeks to address
this issue. PPO is, as with A2C, a simple variation of the classic policy gradient algorithm, which takes
inspiration from previously proposed methods seeking to solve the same problem, such as Trust Region Policy
Optimisation, which while effective had many shortcomings in the form of constraints (e.g. the value and
policy networks may not share weights) [70] [71]. PPO was developed with the objective of striking a balance
between ease of implementation, good sample complexity, and ease of hyperparameter tuningwhilst ensuring
more stable policy optimization by constraining the policy parameter updates at each optimisation step such
that the updated policy does not deviate too far from the current policy [70]. PPO achieves this aim by
optimising a specially designed objective function:

JCLIP (θ) = Et

[
min

(
rt(θ)Ât, clip (rt(θ), 1− ϵ, 1 + ϵ) Ât

)]
(2.54)

where ϵ ≪ 1 (say 0.2) is a hyperparameter, and the clip(x, llow, lhigh) function clips the value of x to be
within llow and lhigh. Optimisation according to 2.54 takes place over several mini-batch updates - as opposed
to a single update step as in vanilla policy gradient or DQN - wherein the policy prior to optimisation is held
fixed and the new version of the policy is generated via incremental, constrained parameter updates. The
magnitude of change between the updated version of the policy and the previous version is quantified by the
ratio of action probabilities, r(θ), between the fixed policy, πθold , and the policy undergoing optimisation, πθ ,
which is defined as:

r(θ) =
πθ(a|s)
πθold(a|s)

(2.55)

In words, the goal of PPO optimization is to maximise JCLIP with respect to θ but to ensure that the mag-
nitude of the gradient with respect to θ is bounded, both above and below. This is achieved in the following
way. Consider a state-action pair (s, a) from a batch of experience collected under πθold and the ratio, r(θ),
from the PPO objective function. Now, if for s and a we have Â(s, a) > 0, then the optimization process for
that single observation would result in an increase in r(θ), since we would want the agent to perform awhen
observing s more often on average. However, to ensure that the change is not too large, an upper bound of
(1+ ϵ)Â(s, a) is placed on the value of JCLIP . The result of this upper bound is that, at a certain point in the
optimization, the gradients of JCLIP with respect to θ for state-action pairs (s, a) (or similar) will become
zero, thus preventing any further gradient updates to θ in the direction in parameter space induced by (s, a).
Similarly, if Â(s, a) < 0 for some (s, a), the optimization process would attempt to decrease r(θ) - and so
increase r(θ)Â(s, a) - but this time JCLIP is bounded above by (1− ϵ)Â(s, a), that is, the negative quantity
would be prevented from getting too close to zero.
Figure 2.19 illustrates the effect of the clipping function used in JCLIP ; the red dot indicates r(θ) = 1, which
is the starting point for every optimization step during training. The important part to notice is that as r(θ)
changes in order to increase the expected advantage (for both positive and negative values of the advantage
estimate) the value of JCLIP is bounded above and thus the partial derivatives with respect to θ constituting
the gradient will be driven to zero if the magnitude of change in the parameters relative to θold is too large.
This simple change to the objective function often yields great performance improvement on tasks where
simpler policy gradient methods struggle to perform [70].
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Figure 2.19.: The PPO objective JCLIP as a function of the ratio, r(θ), which defines the magnitude of the
change of the agent policy during the optimization process.

2.3.5 Partial Observability in RL

While the ability to observe the full underlying state of an MDP is desirable for the purposes of optimal
decision-making, this is often not possible in many real-world problems, wherein only a partial observa-
tion is available, which is only probabilistically related to the true underlying state. Under such conditions,
the learning task may instead be modelled as a partially observable Markov decision processes (POMDP) - a
generalisation of the MDP first proposed by Edward Sondik in 1971 [72] where the underlying dynamics of
the environment are still determined by an MDP, but in which the agent receives only partial observations
probabilistically related to the true state, as opposed to the true state itself.

Formally, a POMDP is a seven-tuple (S,A, R, P,Ω, O, γ) having all the components of an MDP with the
addition ofΩ, the set of all possible partial observations, andO : S×A×Ω→ [0, 1], a probability distribution
over observations conditioned on states and actions. In an MDP, upon transition to a state, s′, after taking
action, a, the agent observes this state directly. In a POMDP the agent instead receives a partial observation,
o ∈ Ω, which depends on the new state, s′, and action, a, with probability O(o|s′, a) (or simply O(o|s′)
depending on the environment).

In a POMDP setting, the Markov property does not hold for the partial observations received by the agent,
that is, the probability distribution over subsequent observations changes depending onwhether you consider
only the most recent observation-action pair, or whether you incorporate information from the historical
sequence of observations and actions. As an illustration, consider the example of an observation comprising
a single frame from a video game screen with a moving object (e.g. a ball). As explained in section 2.1.3,
this is insufficient to deduce the velocity of the object, therefore making the observation non-Markov. Now,
consider how the probability distribution over subsequent observations (e.g. the position of the object at
the next time step) changes as you begin to consider historical observations and actions moving backwards
through the sequence. The most recent observation only gives you position making it impossible to even
deduce the direction of the object, the two most recent observation-action pairs allow for an approximation
of both the speed and direction of the object (and how the agent’s actions might have affected them), and the
three most recent might even allow us to get an approximation of acceleration. In this way, each additional
historical observation-action pair lends additional information allowing us to make a better guess at the true
underlying state, therefore altering the probability distribution over which subsequent observations wemight
expect the agent to receive.

To appreciate the challenge presented by partial observability in the context of RL, consider the following.
Say we have two distinct partial observations which are highly similar, but which have been drawn from two
different states of the underlying MDP. The first state is undesirable, having associated with it a large negative
reward, and the second state is desirable, having a large positive reward associated with it. How then is the
agent to learn to distinguish between these two observations when actions are selected on the basis of a single
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observation alone?
The following theory is thoroughly detailed in [73]. Given that considering the historical sequence of

actions and observations allows for a more accurate estimation of the environment dynamics, and so the
underlying environment state, the way to overcome the issue of distinguishing between atomic partial obser-
vations is for the agent to maintain a belief b - a probability distribution over all possible states conditioned
on the entire historical sequence of observation-action pairs - which forms the basis for value estimation and
therefore for the agent’s policy.
Assuming a discrete state space, and given that both the state-transition function, P , and the observation

probability function, O, are known19, the belief is the probability mass function b = {b(s1), . . . , b(s|S|)},
which may be iteratively updated as follows. Suppose the environment is in some state, s, and that after
performing action a, the agent receives an observation, o, with probability O(o|s′, a). Let b′(s′) denote the
probability that the environment transitions to some new state20, s′ ∈ S , then the belief update is computed
as:

b′(s′) = Pr(s′|b, a, o) (2.56)

=
O(o|s′, a)

∑
s∈S P (s

′|s, a)b(s)
Pr(o|b, a)

(2.57)

where Pr(o|b, a) =
∑

s′∈S O(o|s′, a)
∑

s∈S P (s
′|s, a)b(s). Note that the update to the belief incorporates

information from the existing belief, the action taken, and the new observation received - this is illustrated in
Figure 2.20.

Figure 2.20.: An illustration of a belief-space MDP. At each time step an observation is sampled based on the
environment state and the previous action. The agent then updates its belief based on the obser-
vation it receives and the previous belief, as well as its previous action, aggregating information
across the trajectory.

Formulated this way, we can convert POMDP into a so-called belief-space MDP in which the belief itself is
a state and which is no longer partially observable as the belief is always fully knowable by the agent [73].
Formally a belief-space MDP is a five-tuple (B,A, P̃ , R̃, γ) where B is the set of all beliefs over states, and
A the set of all actions, belonging to the underlying MDP. Actions are selected by the agent on the basis of
beliefs, as opposed to observations, using a policy, π : B×A → [0, 1], and the expected reward for taking an
action, a, given a belief, b, is then given by:

R̃(b, a) =
∑
si∈S

b(si)R(si, a)

19As is the case in the field of Dynamic Programming[1].
20Note: here wemean the probability as estimated by the agent which forms part of its ‘belief’, not the true state transition probability

as determined by the state-transition probability function P (s′|s, a) of the underlying MDP.
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Finally, the transition probability function between beliefs becomes:

P̃ (b′|b, a) =
∑
o∈Ω

Pr(o|b, a)1(b′ = ba,o)

that is, we sum the probabilities of all observations which will result in b′ being the next belief. Given the
transition probability and reward functions over possible beliefs, it is possible for us to define the belief-action
value function:

q(b, a) =
∑
b′

P̃ (b′|b, a)

[
R̃(b, a) + γ

∑
a′

π(a′|b′)q(b′, a′)

]
(2.58)

It is critical to note that as the value function in a POMDP setting is defined with respect to the belief,
it incorporates by definition information from the entire historical sequences of observations and actions
observed and taken by the agent, respectively. Now, even though it is often the case that the observation and
state-transition probability functions are unknown, making it impossible to compute belief updates explicitly,
this provides a strong theoretical basis from which to argue that value estimates, and therefore the agent’s
policy, should be conditioned on the entire historical sequence of observations and actions in order to take
advantage of all the information contained therein regarding the environment dynamics, and therefore the
state of the underlying MDP.

2.4 Transformers and Self-Attention

2.4.1 Transformers

In the seminal paper Attention Is All You Need (2017) [11], the authors propose a novel model architecture for
sequence modelling and transduction (sequence-to-sequence) tasks focusing on natural language processing
(NLP) tasks such as machine translation. The authors note that up until that time, RNN-based architectures
had dominated the space. Many state-of-the-art methods such as the one proposed in [61], utilise separate
multi-layered LSTM-based encoder and decoder networks which encode entire input sequences as latent
context vectors which can then be decoded into output sequences without needing to worry about differences
in sequence length or structure. Such encoder-decoder models were further improved with the inclusion of,
among other things, attention mechanisms, as with Google Neural Machine Translation System [74] which
incorporated a special attention mechanism allowing the decoder to ‘focus’ on different regions of the source
sequence when producing each subsequent element in the output sequence. Despite their success, however,
the authors [11] note that RNN-based models suffer from the structural constraint of sequential computation;
sequences need to be processed in order, which precludes the use of parallelism21 for speeding up training
time, giving rise to poor scaling.

In seeking a solution to these challenges, the authors [11] developed a novel architecture named the Trans-
former which dispenses with recurrence altogether and instead relies on a simple attention-based approach
which is able to process entire sequences in one shot, as opposed to sequentially, in a highly parallelisable
fashion, making them far more efficient (and far simpler) than the encoder-decoder models dominating the
field at the time.

Each architecture we have considered thus far performs specific functional mappings. MLPs map one-
dimensional (1D) input vectors to one-dimensional output vectors. In contrast, CNNs (Convolutional Neural
Networks) transform grid-like input tensors, such as three-dimensional (3D) image-like data22, into output
tensors of the same dimensionality via a convolutional operation, which typically reduces the size along each
axis23. Transformers, on the other hand, are functional mappings of the form f : RN×L → RN×M , designed
to process matrices where each row vector is an embedding (a vector representation) of a given feature of

21Memory constraints also limit batching across examples.
22While they can also process data in arbitrarily high dimensions, such cases are beyond the scope of this dissertation.
23Although techniques such as zero-padding can be employed to maintain an output of equivalent size
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the input. In the context of NLP the input might be a sentence, in which case the embedding vectors that
are processed by the transformer are vector representations of small character sequences, called ‘tokens’ 24
which together make up the sentence. In the context of computer vision, each embedding vector might be a
vector representation of a patch of pixels forming part of an image - more on this in section 2.4.2.

Figure 2.21.: An illustration of dot-product attention [11]. The input consists of Keys, Queries, and Values
which are matrices of embedding (row) vectors, each of which represents an element in a se-
quence or set (e.g. a sequence of tokens - smaller character sequences - which together make
up a sentence). A matrix of normalised attention values is computed via matrix multiplication
of the Key and Query matrices, followed by a softmax activation function. The final output is
produced by multiplying the matrix of attention weights with the Values matrix; ultimately a
weighted sum over the components of each embedding vector in the Values matrix.

The Transformer architecture comprises an encoder and a decoder network, each of which is comprised
of attention blocks, the core of which is a special multi-head attention layer and which also includes dense
and normalisation layers - more on these below. The multi-head attention layer itself comprises multiple
attention heads, each of which performs a special attention operation, termed "scaled dot-product attention"
by the authors, in order to transform sets of elements encoded as embedding vectors in the form of query,
key, and value, matrices into an output representation which captures the global interactions between each
pair of elements in the key and query matrices in an attention matrix which is subsequently used to perform a
weighted sum over the components of the vectors in the value matrix. Formally, scaled dot product attention
takes as input three matrices - a query Q, a key K , and a value V - consisting of an arbitrary number of
embedding vectors (one per row). The query and key matrices have embedding dimension dk and the value
matrix has embedding dimension dv , then the scaled dot-product attention is computed as:

Attention(Q,K, V ) = softmax
(
QKT

√
dk

)
V (2.59)

where the scaling factor of 1/dk is to counteract the effect of extremely small gradients arising in the case of
large dk due to the softmax function. Breaking it down step by step, as illustrated in Figure 2.21, scaled-dot
product attention 2.59 first computes a matrix of attention weights, where the weight in position (i, j) is the
dot product between the ith query vector and the jth key vector, which is then normalised by computing a
row-wise softmax such that each row in the resultingmatrix sums to 1. Finally, the value in each position (i, j)
of the output matrixM is computed as a weighted sum over the jth column of V with the weights coming
from the ith row of the matrix of normalised attention weights. In this way, the components of the value
vectors which are weighted most in each sum correspond to the largest attention values computed between
pairs of keys and query vectors. In the context of sequence modelling, scaled dot-product attention has the
desirable property of concurrent pair-wise computation over all elements in a single shot, which resolves the
issue of sequential computation.
In sequence modelling and translation tasks, a special version of scaled dot-product attention is imple-

mented called self-attention wherein the query, key, and value matrices are all linear projections of a single
matrix of embedding vectors,E ∈ RN×L, whereN is the sequence length andL is the embedding dimension.
The key, query, and value matrices are produced via matrix multiplication with learnable weight matrices
24These may be whole words or commonly occurring parts of words such as "ing".
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Q = EW q

K = EW k

V = EW v

where each weight matrix is an element in RL×dmodel , projecting the input embeddings into an embedding
space with dimension dmodel.

To provide an intuitive explanation of the attention mechanism in the Transformer architecture, let’s first
consider the problem it tries to solve. In sequence modelling tasks, such as language translation, it’s crucial to
understand not just the individual words but also the context in which they appear. Earlier models, like RNNs
and LSTMs, process sequences step by step, which canmake it difficult to maintain context over long distances
within the text. The attention mechanism, specifically the scaled dot-product attention used in Transformers,
addresses this by allowing the model to focus on different parts of the sequence when processing each word.
Imagine you’re reading a complex sentence, and you come across a pronoun like "she." To understand who
"she" refers to, you might need to look back at earlier parts of the sentence to find the relevant noun. This is
similar to what the attention mechanism does—it lets the model look at the entire sequence and decide which
parts are most relevant to understand at each step.

The scaled dot-product attention operates by taking three sets of vectors: queries (Q), keys (K), and values
(V ). The queries represent the current word the model is trying to understand, the keys correspond to all
the words in the sequence, and the values are the actual content of those words. The mechanism computes
attention scores by taking the dot product of the query with all the keys. These scores determine how much
focus to put on each value when constructing the output representation of the query. The "scaled" part of
the scaled dot-product attention comes from dividing the dot products by the square root of the dimension of
the key vectors (

√
dk). This scaling helps prevent the softmax function, which is applied next, from having

extremely small gradients when the dimensionality is high. Small gradients can slow down learning andmake
the model less effective.

After scaling, a softmax function is applied to convert the attention scores into probabilities, ensuring that
they all add up to one. This step is like deciding howmuch of your attention to give to each part of the sentence
when figuring out the meaning of "she." The model then uses these probabilities to create a weighted sum of
the value vectors, which forms the final output for the current word.

The power of this attentionmechanism lies in its ability to capture global dependencies within the sequence,
regardless of their distance from each other. Unlike previous models that process sequences in order, the
Transformer can handle all the words at once, allowing it to consider the entire context simultaneously. This
parallel processing not only makes the Transformer more efficient but also gives it a remarkable ability to
understand complex relationships within the data, making it a revolutionary tool for sequence modelling
tasks.

One important thing to note regarding self-attention for our purposes is that, due to the properties of
matrix multiplication, the dimensions of the weight matrices do not depend on the number of embedding
(row) vectors inE, meaning that the same self-attention layer can process, for example, sequences of arbitrary
lengths. Crucially, notice that this is not the case for dense layers, which have the formWx+b, and wherein
each column of the weight matrix corresponds to a single feature (a scalar value) in the input vector, x. In the
case of self-attention however, K, Q, and V are produced by taking the dot product between every column in
each projection matrix and every embedding vector - every feature - in E. In summary, in the dense layer,
there is a 1-1 relationship between the columns in the weight matrix and the features in the input vector,
meaning that dense layers require inputs with a fixed number of features which is not the case with dot-
product attention.

A second property of dot-product attention worth noting is that of permutation equivariance. That is, for a
given permutation, permuting the rows in E and then performing self-attention is equivalent to performing
self-attention and permuting the rows of the output matrix, which can be illustrated by:
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φ(QKT )V = φ

q1q2
q3

 [k1 k2 k3
] v1v2

v3

 (2.60)

= φ

q1k1 q1k2 q1k3
q2k1 q2k2 q2k3
q3k1 q3k2 q3k3

 v1v2
v3

 (2.61)

=

φ(q1k1)v1 + φ(q1k2)v2 + φ(q1k3)v3
φ(q2k1)v1 + φ(q2k2)v2 + φ(q2k3)v3
φ(q3k1)v1 + φ(q3k2)v2 + φ(q3k3)v3

 (2.62)

where qi/ki/vi represent the ith row vectors in each respective matrix, andφ represents the row-wise softmax
operation. Permuting the rows of each matrix by [1, 2, 3] → [3, 1, 2] (by swapping indices) and reordering
the summations yields:

φ(q3k1)v1 + φ(q3k2)v2 + φ(q3k3)v3
φ(q1k1)v1 + φ(q1k2)v2 + φ(q1k3)v3
φ(q2k1)v1 + φ(q2k2)v2 + φ(q2k3)v3

 (2.63)

which is equivalent to the matrix given by 2.62 with the rows permuted in the same way since the order of
summation doesn’t matter. The fact that the values in each row of the output matrix are not affected by a
reordering of the rows of E (as opposed to, for example, the ordering of elements in a vector being passed
through a dense layer) arises from the fact that there is no information inherent in the operations comprising
scaled dot-product attention regarding the relative positioning of the rows of E. Note that RNNs do not
suffer from this issue since, by definition, they process elements sequentially. To overcome this problem in
the case of tasks involving sequential data, the authors add fixed positional encoding vectors to the input
embeddings in the form of a positional encoding matrix Pos, where each row encodes the relative position
of the corresponding element in the input sequence using sine and cosine functions of different frequencies.
Formally, the value for the jth component of the positional encoding vector in Pos corresponding to the ith
element in the sequence is given by:

Posi,j =

{
sin(ωk · i) if j = 2k

cos(ωk · i) if j = 2k + 1

where

ωk =
1

100002k/dmodel

that is, the values for the components of each positional encoding vector are computed by interleaving
sine and cosine functions, the input of which is scaled by the integer value of the position of the element in
the sequence. In this way, the wavelengths across all sequence positions form a geometric progression from
2π to 10000 · 2π such that the inner product of a positional encoding vector at position i and a second at
position i+k grows proportionally to the size of k (elements closer together in the sequence have a larger dot
product than those further away). It is worth noting that increasing dmodel allows for higher fidelity positional
encoding which is useful for longer sequences.

Returning to the concept of multi-head attention, the authors found that instead of performing a single
attention function (equation 2.59) with dmodel-dimensional key, value, and query vectors it was beneficial to
linearly project the queries, keys, and values h times with distinct learnable weight matrices to dimensions dk,
in the case of the queries and keys, and dv , in the case of the values. Then, performing the attention function
in parallel for each of the h query, key, and value matrices, the h matrices produced from all operations are
finally concatenated and projected into an output space with a learnable weight matrix,WO:
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MultiHead(Q,K, V ) = Concat(head1, . . . , headh)WO (2.64)
where headi = Attention(QWQ

i ,KW
K
i , V W

V
i ) (2.65)

where WQ
i ∈ Rdmodel×dk , WK

i ∈ Rdmodel×dk , W V
i ∈ Rdmodel×dv , and WO

i ∈ Rhdv×dmodel . In their experi-
ments, the authors use h = 8 attention heads with dmodel = 512, where each head has dk = dv = dmodel/h =
64, as an example. The authors found that multi-head attention allows the model to jointly attend to informa-
tion from different representation subspaces at different positions, whereas this was inhibited by the weighted
averaging computed by the row-wise softmax operation.

Figure 2.22.: An illustration of the attention block, which is a core component of the Transformer architecture
[11]. Multi-head attention transforms an input matrix of embedding vectors, where each vector
corresponds to an element in an input sequence or set, by computing pair-wise scaled dot-product
attention between all embedding vectors. The multi-head attention operation is followed by a
residual connection (an element-wise sumwith the input matrix) and a LayerNorm layer. Finally,
an MLP performs a row-wise transformation of the output matrix, followed by a final residual
connection and a LayerNorm layer.

While many of the details of the complete Transformer architecture are not relevant for our purposes, there
are two final components of the Transformer architecture which are worth mentioning which will allow for a
complete picture of the attention block, the core component of the Transformer encoder, illustrated in Figure
2.22. First, an MLP follows each multi-head attention layer in order to compute intermediate, independent
transformations of the embeddings such that each embedding vector is transformed in isolation. Second, each
multi-head attention layer and each MLP is followed by a residual connection and a Layer Normalisation layer
[75] which performs a normalisation operation over the values of each sample input in a batch and has been
shown to stabilise and accelerate the training of ANNs via gradient descent. Suppose we have a batch of N
inputsB = {x1, . . . , xN} where each xi ∈ B hasK components (it could be a vector or a tensor of arbitrary
shape). We first compute the sample mean µi and variance σ2i for each sample in the batch:

µi =
1

K

K∑
k=1

xi,k

σ2i =
1

K

K∑
k=1

(xi,k − µi)2

Then, we normalize each sample such that the components in the sample have zero mean and unit variance:

x̂i,k =
xi,k − µi√
σ2i + ϵ
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where ϵ≪ 1 is for numerical stability. To allow the model flexibility, there is a final scaling and shifting step
performed using learnable parameters η and β as:

LayerNormη,β(x̂i,k) = x̂i,kη + β

Results reported by the authors in [11] demonstrate the superiority of the transformer in sequence mod-
elling and sequence transduction tasks, such as machine translation, over the state-of-the-art RNN-based
models at the time. Presently, Transformer-based architectures have largely replaced RNN-based models as
the defacto architecture for sequence-related NLP tasks [21] [12] and their superiority has been confirmed in-
dependently onmultiple benchmarks [76]. It should be noted, however, that due to the nature of Transformer-
like attention mechanisms, architectures in the broader Transformer family have been shown to perform
poorly on auto-regressive time series modelling tasks [77].

2.4.2 Extending Transformers To Vision-Based Tasks

While transfer learning - techniques for improving a model’s performance in a target domain by pre-training
the model in a related but different source domain - was an active field of research prior to the Transformer
[78], its inception sparked a wave of research into so-called foundation models [79] - massive25 generalist
models pre-trained on web-scale data sets - including BERT (Bidirectional Encoder Representations from
Transformers) [80] and GPT (Generative Pre-Trained Transformer) [81] [82] [83], each of which achieved
state-of-the-art performance in the domain of NLP.

The significant success of Transformers in the domain of NLP naturally prompted research into the applica-
tion of Transformer-like models in computer vision. To this end, the Vision Transformer (ViT) was proposed
in An Image is Worth 16x16 Words: Transformers for Image Recognition at Scale [12] in 2021. In it, the authors
aim to address the shortcomings of prior related research, which had applied the Transformer architecture in
conjunction with CNNs or only replaced certain components of CNNs while keeping their overall structure
in place, in order to improve on performance in computer vision tasks such as object recognition.

The ViT architecture, illustrated in Figure 2.23, is made up of three major components: an embedding layer
for transforming images into a matrix of embedding vectors; a network core which consists of a sequence of
"attention blocks" nearly identical in design to the encoder of the original Transformer, and a classification
head in the form of an MLP which produces a vector of probabilities over possible target classes for the
purpose of performing image recognition (classifying images as one of a fixed number of classes).

Image embeddings are produced in the following way. First, the image is segmented along the height and
width dimensions into a grid of square patches of equal size. Each patch is then flattened into a single, one-
dimensional vector and projected into a common embedding space of dimension dmodel by a shared dense
layer. In addition to the patch embeddings, the authors include a learnable [class] embedding vector which
occupies the first row of the embedding matrix, E. As with the original Transformer architecture, positional
encoding allows themodel to determine the relative position of features represented by the embedding vectors
in E; the authors experiment with various methods of positional encoding, with the default across experi-
ments being to maintain a set of learnable positional encoding vectors 26 - one for each patch - which are
optimised jointly with the model parameters along with the [class] embedding vector, and which are added
element-wise to their corresponding patch embedding vectors before being passed into the network core.

As mentioned above, the network core takes the form of a Transformer-like encoder consisting of several
attention blocks, each of which consists of a multi-head attention (MHA) layer and an MLP which maps a
set of input vectors to a set of output vectors of the same number identical to the Transformer. Like the
Transformer encoder, layer normalisation layers are included before the MHA and MLP components, each
followed by a residual connection to facilitate stable gradient-based optimisation for very deep networks with
several attention blocks. In the ViT, each MHA layer performs self-attention where the input to the layer is
used to produce the keys, queries, and values. In this way, MHA in the ViT facilitates the learning of the
global relationships between all patches in the image from the very first layer. This stands in contrast to the

25With respect to number of parameters and network depth.
26As opposed to the fixed positional encoding vectors used in the original Transformer.
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Figure 2.23.: The Vision Transformer architecture for image classification [12]. The input RGB image, a 3-
dimensional tensor of pixel values, is segmented into square patches of equal size along the
height and width dimensions. The patches are then flattened into 1-dimensional arrays and pro-
jected into a common embedding space using a shared dense layer. Positional encoding vectors,
which encode the relative horizontal and vertical position of each patch in the grid, are added to
each patch embedding vector element-wise. The embedding vectors, along with a special [class]
vector of learnable parameters, are stacked row-wise to form a matrix of embedding vectors E
which is passed into a sequence of L attention blocks. Finally, the first row of E (the row cor-
responding to the [class] vector) is passed through a final MLP in order to produce a vector of
probabilities over possible classes, with which image classification may be performed.

CNN where interactions between features in different parts of an image might only be modelled by the latter
layers in the network due to the nature of convolutional layers.

In order to produce class probabilities, the row vector corresponding to the [class] embedding vector in the
matrix produced by the ViT encoder core is passed through the classification head; a small MLP which maps
input vectors to vectors with a dimension equal to the number of possible classes.

Convolutions with a shared set of filters, in the case of CNNs, and self-attention using embeddings of
flattened patches, in the case of ViTs, constitute very different approaches to the task of extracting meaningful
features from images. Crucially, ViTs do not have the same spatial inductive bias inherent in the architecture
of the CNN and must rely entirely on the linear embeddings and the positional encodings in order to learn
the spatial relationship between pixels and patches, which it must do in order to successfully classify visual
objects with inherent spatial structure. The authors hypothesise that as Transformers have been shown to
excel when trained at scale (large models trained on very large data sets) in the domain of NLP, the same
might be found in the domain of computer vision.

In order to test this hypothesis, the authors perform pre-training with a set of ViT and state-of-the-art
ResNet (CNN-based) [32] architectures, with varying numbers of layers and parameters, on data sets of differ-
ent sizes, evaluating them on well-known image classification benchmark tasks, such as ImageNet. Based on
their results, the authors made a number of interesting observations. First, ViTs perform worse than ResNets
when trained on smaller data sets (O(1M) images), but reliably improve, at a faster rate than ResNets, as the
size of the data set grows, excelling in the case of very large data sets (O(100M) images). Second, while the
ResNets’ performance plateaued above∼ 30M input examples, the larger ViTs continued to improve reliably
up until ∼ 100M with the top-performing ViT beating the top-performing ResNet. Finally, when trained
with a fixed computational budget, ViTs were shown to outperform ResNets across the board, but especially
for lower budgets.

What is the theoretical relationship between ViTs and CNNs? Can we be sure that Self-Attention layers
are at least as expressive as Convolutional layers with respect to visual feature learning and representation?
In [84] the authors examine this question both theoretically and experimentally to ascertain whether self-
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attention is a viable alternative to convolutional layers with respect to visual feature learning, ultimately
arriving at a proof for the following theorem:

Theorem3 (The Relationship Between Self-Attention andConvolutional Layers). Amulti-head self-attention
layerwithh heads of dimension dk, output dimension dmodel, and a relative positional encoding of a dimension
≥ 3 can express any convolutional layer with filter size

√
h×
√
h andmin(dk, dmodel) output channels.

This implies that in order to have a theoretical guarantee that a given self-attention layer is able to express a
given convolutional layer, the number of attention heads must be proportional to the size of the convolutional
filter, and the smallest of the embedding dimensions must be at least the same as the number of output
channels (the number of convolutional filters).

Experiments conducted by the authors [84] yielded two observations worth noting. First, they observed
that fully attentional models appear to learn in a manner which appears to be a generalisation of CNNs where
the convolutional pattern is learned at the same time as the filter weights. Secondly, when trained to perform
image classification on the CIFAR-10 data set (just 60K images) compared to a ResNet baseline, the authors
find that their self-attention-based model (note: not a ViT) takes longer to converge than the ResNet - the
authors are inconclusive as to the reason for this, but one possible cause might be that the MHA layers need to
learn the spatial inductive bias inherent in convolutional layers, and that this lag is more evident for smaller
models trained on smaller data sets than in the case of the full ViT.

An additional finding regarding the comparison between CNNs and ViTs worth noting comes from a paper
titled "ConvNets Match Vision Transformers at Scale" [85], published by Google DeepMind in October 2023.
In the paper, the authors challenge what they say is a widely held belief among researchers that "ConvNets
perform well on small or moderately sized data sets, but are not competitive with Vision Transformers when
given access to data sets on the web-scale". To this end, the authors compare ViTs to state-of-the-art fully-
convolutional architectures on a massive image classification data set (4B images) under comparable compu-
tational budgets and conclude that "Although the success of ViTs in computer vision is extremely impressive,
in our view there is no strong evidence to suggest that pre-trained ViTs outperform pre-trained ConvNets
when evaluated fairly" and that what matters most, given a sensibly designed model, is the compute and
training data available.

2.4.3 Masked Auto-Encoders: Transformers & Partial Observability

A major challenge in efforts to make progress in training large models in a supervised manner is the ever-
increasing need for more labelled data, with the main issue being that manually labelling data (e.g. a human
being classifying images one at a time) is prohibitively expensive and time-consuming when done at scale
(i.e. for millions/billions of images). This challenge has been addressed in the NLP space by turning to self-
supervised learning methods, such as those used to train BERT [80] and the GPT family of models [81] [82]
[83], where instead of requiring an input, x, and a ground truth output, y, a target is constructed by masking
components of the input x - the model is then trained to predict the missing components, thus dispensing
with the need for a ground truth label/value altogether. A simple example might be masking the end of a
sentence, such as "The cat sat on the [mask]" and training the model to correctly predict the missing word at
the end of the sentence; "mat". This method of learning unlocks vast amounts of text data on the internet,
enabling the training of massive generative models like the GPT family, which have achieved state-of-the-art
performance across the board on NLP benchmarking tasks.

These ideas may be naturally extended to computer vision by training models to reconstruct partially
masked images, but research in the area has lagged behind that of NLP, leading researchers to ask the question
"What are the main differences between computer vision and NLPwhen it comes to the task of self-supervised
learning via masking?". In their paper titledMasked Autoencoders Are Scalable Vision Learners [13] the authors
ask this question and offer three observations in response:

1. CNNs were the dominant architecture in computer vision tasks over the last decade and implementing
masking in the manner it’s done in the NLP context is not straightforward or easy given the convolu-
tional architecture.

46



Figure 2.24.: The Masked Autoencoder architecture [13] consists of a large encoder and a lightweight decoder
which both take the form of the encoder of the original Transformer architecture, as used in
the ViT [12]. The encoder takes as input a matrix of embedding vectors corresponding to the
set of unmasked image patches which are sampled uniformly according to a fixed masking ratio
(e.g. 75% of patches are masked), producing an intermediate matrix of latent embedding vectors
which together encode the visuospatial features in the unmasked patches. Copies of a learnable
[mask] vector are added element-wise to the relevant positional encoding vectors and inserted
into the matrix output by the decoder at the indices corresponding to the masked patches - the
resulting matrix is then fed into the decoder which attempts to predict the values of the pixels
in the missing patches. During training, the MAE is able to learn to produce semantically mean-
ingful latent representations of images which may be used for downstream tasks such as image
classification.

2. Images are less information-dense than text, that is, a patch of missing pixels might easily be imputed
with the values of neighbouring pixels without much loss of meaning, which is not the case with words
in sentences.

3. The difference in semantic density between a word and a pixel makes the task of predicting masked
elements less straightforward in computer vision than it is in NLP.

In [13] the authors propose a method of self-supervised learning using a novel architecture called aMasked
Auto-Encoder (MAE) which attempts to address these challenges. At a high level, the MAE, illustrated in
Figure 2.24, consists of an encoder and a decoder which both take the form of the Transformer encoder used
in the ViT architecture. The encoder takes as input a partiallymasked image to produce a latent representation
of the image and the decoder attempts to reconstruct the image by predicting the values of the missing pixels.
In training the MAE to reconstruct the entire image from a partial observation, the model is forced to infer
the missing visual features and thereby learn useful latent representations of images which may be used for
downstream tasks such as image classification.

We now explore in detail how theMAE is trained. First, as with the ViT, the input image is segmented into a
grid of non-overlapping patches of equal size. A large subset of patches is then sampled randomly, in a uniform
manner without replacement, andmasked (i.e. excluded) - it is worth noting upfront that optimal performance
was achieved on downstream tasks at high masking ratios of around 75%. The remaining patches are then
embedded via linear projection to produce a matrix of embedding vectors, E. As with the ViT, positional
encoding vectors are added to each of the patch embedding vectors in E, however, the positional encoding
vectors are fixed throughout training, as opposed to being learnable vectors jointly optimised with the model.
The reason for this is that, since the majority of the patches are masked for a given image during each forward
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Figure 2.25.: An illustration of the cosine similarities between the fixed positional encoding vectors used for
encoding the relative positions of image patches when training the MAE [13]. The heat map at
position (i, j) in the grid illustrates the cosine similarity between the positional encoding vector
at row i and column j in the grid of image patches and all other positional encoding vectors -
the euclidean distance between patches in the grid is (approximately) proportional to the cosine
similarity between their associated positional encoding vectors.

pass through the model, the majority of the positional encoding vectors would only be subject to optimisation
in a small percentage of the optimisation steps if they were learnable, thus badly impacting the efficiency of
the learning process. As in the case of the original Transformer, each positional encoding vector is computed
using sinusoids wherein the frequency is a function of a positional index of the given image patch, with
the exception that the first half of the vector is dedicated to the vertical position and the second half to the
horizontal position of the patch, yielding a relative positional encoding in two dimensions. An illustration of
the cosine similarity between the fixed positional encoding vectors on the plane is shown in Figure 2.25.

Following the addition of the positional encoding vectors, the embedding matrix is processed by the MAE
encoder in the usual way, producing a matrix with the same number of row vectors as E. Now, the task of
the decoder is to use this latent representation of the unmasked patches, which contain information about
visual features at specific spatial locations, to predict the values of the missing pixels in each of the masked
patches. To this end, copies of a special learnable [mask] vector are added to the positional encoding vectors
associatedwith the positions of themasked patches and inserted into thematrix of latent vectors output by the
encoder before being passed through the decoder – this communicates to the model for which specific spatial
locations it should predict missing pixel values. It is worth noting that, due to the high masking ratios under
which the MAE is trained, the encoder-decoder design is asymmetrical, with the encoder having significantly
more attention blocks than the lightweight decoder, as it only has to process a fraction of the total number
of embedding vectors when producing the intermediate latent representation of the masked images, whereas
the encoder must process the full set of embedding vectors covering all patches in the image. The final MLP
of the final attention block of the decoder produces pixel predictions in the form of embedding vectors of the
same dimension as the flattened patches in order to compute a mean squared error loss over the pixels in the
masked patches, which is used to optimise the entire model via gradient descent.

The results reported by the authors showed (to their surprise) that the MAE, trained in the self-supervised
manner described above on the ImageNet-1K data set, was able to reconstruct the input images under high
masking ratios with surprising accuracy - the MAE’s reconstruction of images under various masking ratios
is illustrated in Figure 2.26. Furthermore, the authors found that the model excelled under higher masking
ratios, hypothesizing that the reason for this is because - per point 2 above regarding the information density
of pixels versus words - a high degree of sparsity forces the model to learn meaningful latent representations
of images as it is not able to resort to simply imputing missing pixels with the average of the values of pixels
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Figure 2.26.: An illustration of the trainedMAE predictingmissing pixel values belonging to themasked image
patches of images in a held-out test set. The original images (the ground truth) are shown in the
left-most column and each column to the right shows the unmasked patches alongside an image
with the predicted pixel values filled in for different masking ratios. As is evident, the model is
able reconstruct the input image to a surprising degree of accuracy even under very highmasking
ratios.

in neighbouring (unmasked) patches in order to minimise the loss function.

The authors tested the pre-trained MAE on image classification tasks by two different methods; linear
probing and fine-tuning. In both cases, only the MAE encoder is used and a dense layer is appended to it,
which produces class probabilities. In the case of linear probing, the encoder weights are frozen and only the
dense layer is optimised, whereas in fine-tuning the entire encoder is optimised along with the dense layer.
The authors optimised the pre-trained MAE using both methods under various masking ratios, the results
of which are illustrated in Figure 2.27. The authors found that linear probing performed best under high
masking ratios of around 75%, achieving a top accuracy of 73.5%, whereas fine-tuning demonstrated strong
performance over a large range of masking ratios from 40% to 80%, achieving a top accuracy of 85%. It is worth
noting for our purposes that the authors experimented with two different approaches to producing the input
vector which was fed into the dense (classification) layer - appending a learnable [class] embedding vector
to the input embedding matrix, as per the ViT approach, and simply averaging over all the latent vectors
produced by the encoder - no significant difference in performance was found between the two approaches.

The methods and results reported in [13] are highly relevant for this work, as they demonstrate that trans-
formers not only provide an architecture which is able to process variable-sized inputs (i.e. different numbers
of embedding vectors), but excel (in the case of vision-based tasks) under conditions of partial observability
in the form of high masking ratios.

2.5 Chapter Conclusion
In conclusion, this Background chapter has laid a comprehensive foundation in the essential topics of RL
and ANNs, including foundational RL theory in cases of both full and partial observability, ANNs as function
approximators, conventional ANN architectures, and the necessary deep RL algorithms required to appreciate
the remainder of this dissertation. Crucially, we have also provided a detailed overview of Transformer-like
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Figure 2.27.: An illustration of the accuracy obtained by the MAE encoder [13] adapted to the task of image
classification using fine-tuning (task-specific optimisation of a dense classification layer along
with the entire model) and linear probing (task-specific optimisation of a dense classification
layer only). Note that high masking ratios yield the best performance, especially in the case of
linear probing.

attention, the application of Transformers to vision-based tasks, and MAEs which underscore the proficiency
of ViTs — and by extension, Transformer-like attention — in learning to produce semantically meaningful
embedding vectors of images under high masking ratios.

In the forthcoming chapter, we will delve into pertinent research concerning the use of RNNs to handle
partial observability in RL. We will examine instances where RNNs and alternative attention mechanisms
have been employed to enhance interpretability and, critically, investigate the application of Transformer-
like attention within RL policy architectures, emphasising research that studies such architectures under
conditions of partial observability.
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Chapter 3

Literature Review

In this chapter, we discuss the prominent research that informs our work. In section 3.1, we examine the use
of RNNs as a memory mechanism to address partial observability in the context of RL, a concept integral to
our proposed attention-based architecture. In section 3.2, we explore the use of attention mechanisms, both
Transformer-like and non-Transformer-like, to enhance interpretability, which is particularly relevant to the
task of optimal sensory querying in the ‘low-bandwidth communication channel’ problem outlined in Section
1.2.2.

The main focus of this chapter, covered in section 3.3, is the application of Transformer-like attention
in RL policy architectures, especially in instances where it has been used to tackle the challenge of partial
observability. We cover three research sub-areas where Transformer-like attention has been employed in
the context of RL: (a) as a memory mechanism akin to RNNs, (b) for one-shot processing of sequences of
partial observations, and (c) for attending to either the input space directly or its abstract representation,
often in conjunction with RNNs or methods such as frame stacking to integrate information over time. Our
discussion will emphasise how our research not only addresses existing gaps but also advances the current
body of literature.

3.1 RNNs As Memory Under Partial Observability
In order to overcome the challenges presented by partial observability, we have shown how an agent may
form a Belief MDP by acting on the basis of a belief, b(s) - a probability distribution over possible states -
which is updated at each time step in a manner which aggregates observation and action information over
time. A restrictive assumption with this strategy (see the belief update rule 2.57) is that the state transition
probability function, P , and the observation probability function, O, are known (as they are in the field of
dynamic programming). However, in many cases, such as in the case of a video game, such functions are
defined implicitly in the environment and as such are not available to the agent. Additionally, if the state
space is very high-dimensional, such as a large pixel grid, maintaining a probability distribution over all
states becomes computationally and statistically impractical.

In general, the canonical approach to handling POMDP environments in the context of deep RL has been to
adapt the agents’ policy/value network architectures by incorporating a type of memory mechanism, giving
the agent the ability to ‘remember’, aggregating information from historical partial observations (and actions)
on which to condition the agent’s policy. The most widely used memory mechanism used to address partial
observability in deep RL has been the RNN (in particular, the LSTM) [21] whichmaintains a hidden state which
is akin to a belief in the sense that it aggregates information over time (e.g. observations and actions), except
that the RNN, along with the rest of the ANN, is optimised with respect to the expected return obtained by the
agent. In this section, we explore key research regarding the use of RNNs for addressing partial observability
in deep RL.
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3.1.1 Static Environments

Human beings process large amounts of visual information when deciding how to act in the world. However,
as we are unable to capture and process all of the visual information in our immediate surroundings at a given
time, we must aggregate visual information taken from small subsets of our surroundings over time in order
to make decisions. In Recurrent Models of Visual Attention (2014) [14] the authors address the issue of efficient
information extraction (e.g. image classification) from increasingly large images, making the observation that
the size of an ANN (in numbers of parameters) required for processing an entire image in a single forward
pass grows proportionally with the size image, and therefore so does the amount of computation. The authors
propose a possible solution to this problem, using the case of image classification as an example: instead of
classifying the entire image in a single forward pass, they propose converting the problem into a reinforce-
ment learning task where the agent is allowed to ‘query’ fixed sized patches (where each patch is a square
region over the pixel grid) of the image at each time step, using an RNN-based policy in order to aggregate
information across time and ultimately make a final classification decision. In this way, the authors argue,
the size of the network, and therefore the computation required, can be controlled independently of the size
of the input image.

In order to evaluate their proposed model, the authors test it on a number of image classification tasks
involving images of handwritten digits from the MNIST dataset: centred digits; translated digits, where the
digits were positioned off centre, testing the model’s ability to iteratively locate salient information, and;
cluttered images where the digits are surrounded by visual clutter (noise) in order to test the model’s ability
to focus on salient information in the image whilst ignoring noise. During each individual classification, the
image in question remains static and the agent is able to ‘query’ different parts of the image in order to make
a classification decision after a fixed number of time steps.

Figure 3.1.: The RNN-based policy architecture from the paper Recurrent Models of Visual Attention[14]. (A)
The so-called ‘glimpse sensor’ which extracts a retina-like glimpse centred at lt−1 comprising
of concentric patches, resized to be of the same dimensions, giving a low-fidelity view of the
more global region and higher-fidelity views of more local regions (B) the glimpse ρ(x, lt−1) and
location vector lt−1 are passed through fg to produce a joint embedding vector gt (C) A view of
the entire policy architecture - the RNN core fh retains a hidden state ht which aggregates past
information and present information viaht−1 and gt in order to produce a joint action ut = {at, lt}
at each time step.

The proposed network architecture - illustrated in Figure 3.1 - has three main components (which the
authors treat as sub-networks): A glimpse network, fg , for performing feature extraction, an RNN core, fh,
for aggregating information across time, and two actor heads: fa, for making classification decisions, and fl,
for deciding which region of the pixel grid to query.
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Given an input image, x, classification decisions are reached over a number of time steps. At each time
step, t = 0, 1, . . . , T , the x-y coordinate vector, lt−1

1, emitted from fl at t− 1 is used to extract a retina-like
‘glimpse’, ρ(x, lt−1), consisting of a number of concentric patches centred at lt−1 - each significantly smaller
than the entire image - resized to be of equal dimension so as to give a low-fidelity view of the region covered
by the largest patch and a higher fidelity view for regions covered by smaller patches contained therein.

Both the glimpse, ρ(x, lt−1), and the coordinate vector, lt−1, are transformed by separate linear layers in the
glimpse network fg , whereafter the resultant vectors are concatenated and passed through a final linear layer
in order to combine information from both to produce gt - in this way the agent has information regarding
both ‘what’ (from the pixel information) and ‘where’ (from the coordinate information). Then, gt and ht−1,
the hidden state from the previous time step, are passed through fh which updates its hidden state to produce
ht, which aggregates information from past observations and locations with information encoded in gt.

Finally, ht is passed through fa and fl to produce a joint action, ut = {at, lt}, where at ∼ p(·|fa(ht)) and
lt ∼ p(·|fl(ht)) are drawn from distributions parameterised by fa(ht) (e.g. a softmax for classification tasks)
and fl(ht) (e.g. a bivariate normal distribution with constant variance), respectively. After T time steps, the
agent makes a classification decision, obtaining a reward, rT = 1, for correct classification and 0 otherwise.
The full network, fθ , constitutes a decision-making policy, πθ(ut|ξ1:t) = π({a, l}|ξ1:t), which the authors
state may be optimised via policy gradient methods. The objective function used for optimising the policy
network, equivalent to 2.51, has the form:

J(θ) ≈ 1

N

N∑
j=1

[
T∑
t=1

logπθ(ut|ξ1:t) (Gt − bt)

]
where ξ1:t represents the information aggregated, for example via ht, over the interaction sequence

l0, ρ(x, l0), l1, ρ(x, l1), . . . , lt−1, ρ(x, lt−1)

emitted and observed by the agent respectively over the course of a given trajectory up to time t. The quantity
πθ(ut|ξ1:t) in the objective function is taken as the joint probability of sampling action at and location lt,
although the authors do not specify the details of how this should be computed.

The authors note that at the time of publication, CNNs were the dominant method for image classification
in the field. As such the authors compare their novel RNN-based method to a regular CNN baseline, which
was trained to classify images in one shot, in the usual way. The results demonstrated that their RNN-based
method performedwell across the board, with its ability to focus on specific local regions of an image enabling
it to significantly outperform the CNN baseline on the cluttered image task.

In addition to the static digit classification task, the authors additionally tested their method on a basic
dynamic task, which is nearly identical to the ‘catch’ task illustrated in Figure 2.3, where in order to catch the
ball the agent must track it over time by querying the associated locations on the game screen 2. The results
demonstrated that the agent was able to successfully learn to perform the task, catching the ball roughly 85%
of the time.

To our knowledge, this research was the first to demonstrate agent learning under conditions of partial
observability using an RNN-based policy. It is important to note two things regarding this work for the
purposes of this dissertation: first, due to the policy network architecture the glimpse observed by the agent
must necessarily be of fixed size and may not be expanded or contracted during either training or inference
and, second, the agent is only allowed to observe a single glimpse from a single local region at a given time.

A similar method to [14] was employed in In Show, Attend and Tell: Neural Image Caption Generation
with Visual Attention (2015) [15] where the authors used an RNN-based network and policy-gradient-style
optimisation in order to iteratively produce image captions based on partial observations gleaned from a
static image. Given an image, x, the model proposed by the authors produces a sequence of vectors, y =
{y1, . . . , yC} , yi ∈ RK , each of which encodes a word in the sequencemaking up the predicted image caption.

1l for "location"
2http://www.cs.toronto.edu/Ëœvmnih/docs/attention.mov
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Figure 3.2.: An illustration of the caption generation model proposed in [15]. A CNN extracts a feature map
from an input image comprising a set of feature vectors which encode visual features at the corre-
sponding spatial locations in the input image. An LSTM controller then iteratively samples feature
vectors, which may be thought of as partial observations of the static image, in order to generate
a probability distribution constituting a stochastic policy over possible next words.

The model proposed by the author is composed of two components, as illustrated in Figure 3.2; a CNN
feature extractor which produces a feature map which encodes spatial features extracted from the image,
followed by an LSTM which iteratively attends to local regions of the image via the feature map in order to
generate the word encoding vectors.

The CNN takes as input an RGB image, x ∈ RH×W×C , in order to produce a set of feature maps, x̃ ∈
RH̃×W̃×C̃ , with H̃ < H and W̃ < W , comprising of vectors v = {v1, . . . , vL} , vi ∈ RC̃ , each of which
encodes spatial features in a local region of x corresponding to its x-y position in x̃, constituting a partial
observation of the image, x.

In order to generate each word vector, the LSTM maintains a hidden state which aggregates data from
across the interaction sequence of partial observations and actions (word vectors generated). At each time
step, t, a distribution over each vi is computed using a simple MLP attention network, fatt, whose output also
depends on the hidden state from the previous time step, followed by a softmax distribution in the following
way:

eit = fatt(vi, ht−1) (3.1)

αit =
exp(eit)

ΣL
k=1exp(eit)

(3.2)

From 3.2 a feature vector, vit, is sampled, which is passed into the LSTM, along with ht−1, followed by a
final output layer in order to produce a probability distribution over possible next words, p(yt|yt−1, ht, vit),
conditioned on the previous word, the updated hidden state, and the sampled feature vector. Altogether, the
architecture comprises a stochastic policy which is conditioned on returns which are proportional to the log-
likelihood of the target caption being sampled under the given model parameters. The authors observed the
model’s ability to focus on salient local regions of a static image when producing associated portions of the
caption - the method achieved state-of-the-art on a number of image captioning benchmarks.

These early works demonstrated the effectiveness of applying RNNs to POMDP RL problems with static
environments in order to aggregate information from local regions in the static state over time for the pur-
poses of optimal decision-making. The two limitations of this work are (i) the limited application to dynamic
environments and (ii) the fact that the architectures in each case require the partial observations to be of a
fixed size - in the case of [14], for example, it may be beneficial to sample a different number of concentric
patches in order to expand or contract the size of the region observed by the agent, perhaps starting off ob-
serving a wider region, but focusing entirely on a local region at a later time step. We explore the extension
of these methods to dynamic environments below.
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3.1.2 Dynamic Environments

Early research conducted into applying LSTMs to solving POMDP RL tasks involving dynamic environments
includes using an LSTM (RNN) as both an advantage function approximator [86] and as a parameterised
policy [87], trained with policy gradient methods. In both cases the POMDP tasks were low-dimensional and
relatively simple, for example, the canonical Cart Pole control task. The paper Deep Recurrent Q-Learning For
Partially Observable MDPs [16] is, as far as we are aware, the earliest example of RNNs being applied to solve
high-dimensional, complex RL tasks, such as the Atari 2600 arcade games.

Figure 3.3.: An illustration of the Deep Recurrent Q-Network (DRQN) method being applied to the flickering
version of Atari Pong. At each time step the agent receives a single frame of the game screen
(an image), o, which is fully obscured (via zero-masking) with p(mask) = 0.5. The recurrent Q-
network maintains a hidden state, h, in its RNN, occupying the penultimate layer of the network,
which aggregates information from the noisy signal across time in order to estimate the value
of the underlying state over all possible actions, a. Note that the hidden state takes the role of
the agent’s belief regarding the true state of the environment and as such the state-action value
estimate in each case is a function of the hidden state, as opposed to the observation itself.

In [16] the authors extend the DQN algorithm to solve POMDP versions of 9 Atari 2600 games (e.g. Pong).
As explained in section 2.3.1, the authors begin by making the observation that a single frame of a game
screen is insufficient to satisfy the Markov property, as an agent is unable to deduce the direction or speed of
moving objects on the screen. In order to address this problem, there are two possible approaches. The first
approach, as implemented in DQN, is to stack the frames from the preceding K time steps (usually K = 4)
into a single 3D tensor to be processed in a single forward pass by the network. The second approach is to
include, as the penultimate layer in the Q-network architecture, a recurrent layer consisting of an RNN, as
is illustrated in Figure 3.3. In their paper [16], the authors choose to use an LSTM, which, they hypothesise,
should equip the agent with ‘memory’, giving it the ability to deduce the underlying dynamics at each time
step by integrating the features of the current observation with the information from previous observations
encoded in the hidden state of the RNN. Note that the Q-values are generated by a final dense layer which
takes as input the hidden state from the RNN layer.
As a baseline evaluation, the authors first compare DQN and their recurrent variant, named Deep Recurrent

Q-Network (DRQN), on the test set of Atari games wherein K = 4 for both agents (i.e. the observation
received by both agents includes the most recent 4 frames). The results obtained demonstrated that DQN and
DRQN are comparable, with DRQN outperforming DQN in 2 of the 9 games in which long-term memory is
required to make progress in the game. It is worth noting that long-term memory required for acting over
long time horizons (e.g. remembering something from several time steps ago in order to perform an action in
the present which yields high return), serves a different function than that of making the observing Markov,
which also requires aggregating information over time, but possibly over a shorter horizon.
The authors then compare both agents on the so-called ‘flickering’ variants of the Atari gameswherein each

frame is fully obscured via zero-masking at each time step with probability 0.5. For a fair comparison, the
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observations received by the DQN agent include the most recent K = 10 frames, where potentially several
adjacent frames are fully masked, and the DRQN agent is trained via backpropagation on sequences of 10
frames. In this way, both agents have access to the same information 3, but the DRQN agent must handle
the partial observability arising from the non-Markov nature of single-frame observations, from which it is
impossible to deduce object velocity, as well as that arising from the intermittent masking, requiring the agent
to ‘bridge the gap’ between masked frames.

The results of the second evaluation demonstrate that the DQN and DRQN agents perform comparably on
the flickering variant of the Atari games, with the only statistically significant differences being in Beam Rider,
where DQN outperformed DRQN, and Pong, where DRQN outperformed DQN. Importantly, the authors
examine the convolution filters in the 3 convolutional layers of Q-networks belonging to the trained DQN
and DRQN agents and observe that both agents, in spite of the DRQN agent observing only a single frame at
a time, are able to integrate noisy information over time in order to detect high-level events in Pong such as
the agent missing the ball, the ball reflecting off the paddle, and the ball reflecting off the wall. The authors
conclude from these results that DRQN, optimised over sequences of 10 frames (time steps), presents a viable
alternative to DQN with K = 10, demonstrating that recurrent networks can indeed integrate information
through time and serve as a viable alternative to frame-stacking.

The final comparison of DQN and DRQN was to evaluate the ability of each algorithm to generalise from
an MDP setting to a POMDP setting. In order to achieve this, the authors vary the observation probability in
the flickering variants of the 9 Atari 2600 games (inversely, increasing the probability of obscuring the frames
via zero masking), beginning with p = 1.0 (fully observable) and decreasing to p = 0.1 in increments of 0.1.
The results, illustrated in Figure 3.4 which shows the mean percentage of the original score achieved by each
agent, demonstrate that as the observation probability decreases, the performance of DRQN degrades at a
slower rate than that of DQN, with DRQN maintaining it’s performance at 50% of it’s original score between
p = 0.7 and p = 0.4, compared to the drop from 35% to 25% suffered by the DQN agent over the same
interval.

Given that production systems must account for potential software bugs as well as hardware failure, the
prospect of an agent which is able to resist performance degradation under an increasingly noisy signal is
desirable. The experimental work reported in [16] is the basis for the experiments conducted in this paper, in
particular, inspiration is taken from the idea of randomly obscuring the observation received by the agent via
masking to induce conditions of partial observability.

DRQN presents a solution to the problem of partial observability in a dynamic RL environment which is to
learn to estimate state-action values conditioned on the historical sequence of observations received by the
agent where the aggregation of information over time is captured by the hidden state of the RNN layer of the
Q-network. Now, as demonstrated in section 2.3.5, value estimates in the context of a belief-space MDP are
formed on the basis of a belief maintained by the agent which is conditioned on the historical sequence of both
observations and actions. This makes sense as state transition probabilities of the underlying MDP depend
explicitly on both states and actions giving rise to the intuition that value estimation might be improved by
considering the combination of observations and actions.

In the paper On Improving Deep Reinforcement Learning for POMDPs [17] the authors make precisely this
argument and propose the idea of extending DRQN [16] by conditioning value estimates on sequences of
observation-action pairs, as opposed to observations alone. To this end, the authors propose a newQ-network
architecture which they name Action-specific Deep Recurrent Q-Network (ADRQN). ADRQN, illustrated in
Figure 3.5, extends theDRQNarchitecture by adding a dense layer for encoding actions (in the form of vectors),
the output of which is concatenated with the latent representation of the observation output by the network
body (a CNN followed by an MLP) and passed jointly into the LSTM layer in order to update the hidden state
from which the action value estimates are produced.

The effectiveness of the ADRQN model is demonstrated by experiments carried out on several partially
observable domains, including the flickering version of the Atari games proposed in [16]. Results on the test
environments demonstrate improvements over DRQN, both in terms of the rate at which the agent learns
3However, (Karpathy, Johnson, and Li 2015) show that LSTMs can learn functions at training time over a limited set of time steps
and then generalize them at test time to longer sequences.

56



Figure 3.4.: An illustration of the mean percentage of the game score obtained by DQN and DRQN under
full observability, trained on the MDP versions of 9 Atari 2600 games and evaluated on flicker-
ing (POMDP) versions of the same games with decreasing observation probabilities ( increasing
masking probabilities) [16]. The results demonstrate that the inclusion of the RNN layer in the Q-
network compensates for the lack of information arising from the increasing partial observability
due to its ability to aggregate information gleaned from partial observations across time, allowing
DRQN to degrade more gracefully as the observation probability is decreased.

tasks and the maximum scores achieved. In addition, the architecture is stable and does not require extensive
hyper-parameter tuning. The authors also test the agent’s ability to generalise from an MDP setting to a
POMDP setting, as in [16], with results showingminor improvements over DRQNwith respect to performance
degradation as the masking probability is increased. The improvement was especially evident in the game of
Frostbite, an Atari 2600 game which requires memory in order to succeed.

Altogether, the results in [17] add evidence in support of the hypothesis that value estimation in the POMDP
setting can be improved by conditioning the Q-network on historical sequences of both observations and
actions.

While the inclusion of an RNN layer as a memory mechanism has been demonstrated by the above works
in the context of the DQN algorithm, it is straightforward to extend these ideas to the Policy Gradient setting.
For example, in [88] the authors discuss the technical details regarding the utilisation of RNN-based poli-
cies in PPO. It is worth noting that training a Q-network to predict state-action values based on sequences
presents technical challenges in DQN owing to the memory buffer - instead of sampling individual transition
tuples, one must sample random sequences of length K , which involves several statistical and engineering
considerations, often making recurrent policy gradient more straightforward as optimisation occurs directly
from sampled trajectories which are discarded after each network update.

As demonstrated in this section, RL agents require memory to operate under conditions of partial observ-
ability. While many of the examples above have utilised the LSTM, there are many other possible memory
mechanisms, including other RNNs and even rudimentarymethods such as frame stacking. In [89] the authors
conduct the largest benchmarking comparison of different ‘memory models’ 4 used in RL policy architectures
in POMDP tasks, including frame-stacking, Elman networks (vanilla RNNs), LSTMs, GRUs, and more. They
determined that GRUs are the best general-purpose memory model for RL tasks, performing consistently on
par, or better than, LSTMs, and with greater efficiency. Beyond RNNs, as noted in section 2.4.1, Transformers
have essentially replaced RNNs as the SOTA architecture for many tasks involving sequential data. Given this,
a natural avenue of research has emerged investigating the application of Transformer-like self-attention in
4The word "models" feels like an odd one here, but it’s the one used by the authors.
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Figure 3.5.: An illustration of the Action-specific Deep Recurrent Q-Network (ADRQN) proposed in [17] per-
forming value estimation on the flickering version of an Atari 2600 game. ADRQN takes as input
both the partial observation o′ and the previous action a (a vector), which is encoded via a dense
layer and concatenated with the latent representation of the observation output by the network
body (a CNN followed by an MLP), forming the input for the RNN layer which maintains the hid-
den state h used ultimately to estimate the values for possible actions a′. In this way, the hidden
state encodes information from the sequence of observations received by the agent and the actions
which gave rise to them, resulting in improved learning efficiency and higher game scores in the
experiments conducted by the authors.

RL, including in the partially observable setting, in the hopes of replicating something like the improvements
observed in other domains - more on this in section 3.3.

3.2 Recurrence & Attention For Interpretability In RL
While Deep RL algorithms such as DQN and PPO have shown to be effective approaches to solving complex
sequential decision-making tasks, one downside of using an ANN trained via gradient descent as an RL policy
is that the ‘logic’ by which the agent makes decisions is typically completely opaque. It is very challenging
to decipher exactly what certain weights in the network represent in a way that is concretely related to the
task at hand, and thus interpret how it arrives at certain decisions, which is crucial for many mission-critical
applications. For example, in the medical domain or in the case of self-driving cars, being able to explicitly
observe and interpret the decision-making process of software systems is critical in case something goes
wrong5. Much work has been done on this topic [90] and among the possible approaches, attention-based
methods present one avenue for improved interpretability, especially in vision-based RL tasks. We cover two
such methods in this section.

In [18] (2015) the authors address the issue in the domain of "interpretability in RL" by augmenting the
DRQN architecture with an attention mechanismwhich forces the agent to allocate a limited attention budget
to parts of the input space which it deems most important for the task. The authors trained their novel Deep
Attention Recurrent Network (DARQN) architecture on the canonical set of Atari 2600 environments. The
reason for this choice was that, for any given game, the salient visual features that require the attention of
a reinforcement learning (RL) agent are fairly unambiguous. For example, in Atari Pong, the agent needs to
attend to the ball and the two paddles, making it easier to assess the efficacy of the architecture. The so-called
attention weights are allocated by the agent at each time step andmay be projected back onto the input image,

5If only for legal reasons.
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Figure 3.6.: The Deep Attention Recurrent Q-Network architecture [18]. The authors extend the recurrent
Q-network by inserting an attention bottleneck g between the CNN core of the network and the
LSTM layer, which forces the agent to allocate a fixed attention budget over the input image based
on which information is most salient for the purposes of decision-making.

allowing for an interpretation of which visuospatial features are most salient for the purposes of (optimal)
action selection.

The DARQN architecture - illustrated in Figure 3.6 - is comprised of a CNN core which, in a manner similar
to the recurrent caption generationmodel [15] described in section 3.1.1, takes as input a single frame (or stack
of frames), xt, in order to produce a set of features maps of shape (H,W,C) where each of the L = H ∗W
feature vectors, vt = {v1t , . . . , vLt } (each having dimension C), corresponds to a visual feature located at its
corresponding spatial location in xt. In between the CNN core and the LSTM is an attention mechanism6

which acts as a bottleneck, forcing the agent to choose which parts of the input space to attend to, and which
to ignore. The authors propose two attention mechanisms; a ‘hard’ attention mechanism which samples
only a single feature vector at each time step, and a ‘soft’ attention mechanism which performs a weighted
aggregation of all feature vectors. We first consider the soft attention mechanism, g, which allocates a fixed
unit of attention by computing attention weights, αi

t, for each feature vector such that
∑L

i=1 α
i
t = 1. In order

to compute each weight, g takes as input a given feature vector, vit, and the previous hidden state, ht−1, of the
LSTM, transforming each by a set of linear layers, followed by a softmax function:

α̃i
t = fdense(φ(fdense(v

i
t) +Wht−1)) (3.3)

αi
t =

eα̃
i
t∑

j e
α̃j
t

(3.4)

where fdense represents a dense layer, φ represents the tanh activation function, and W is a weight matrix
matching the dimension of ht−1 along it’s column axis. The attention weights are then used to compute a
so-called context vector, zt, by performing a simple weighted sum over all the feature vectors:

zt =
∑
i

αi
tv

i
t (3.5)

The context vector is then fed as input into the LSTM and onto the value head which is used to estimate
state-action values in the usual way. Due to the softmax, the agent is forced to decide how to allocate the
unit of attention, using the temporal information in combination with the feature information in each feature
vector, vi, in order to decide which features to attend to and to what extent. In this way g forms an attention
bottleneck which forces the agent to assign the largest attention weights to the most salient features in order
to obtain the information required for decision-making. The attention weights αi may then be projected back

6Note: Both attention mechanisms are distinct from the one used in the Transformer architecture.
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onto the input image at each time step allowing for a (partial) visual interpretation of the agent’s decision-
making process.

Contrast against the soft attention mechanism which performs a weighted sum over all feature vectors in
vt to produce the context vector, zt, the hard attention mechanism is far more restrictive, allowing the agent
to sample only a single feature vector from vt, which is used as the basis for action selection.

While the results obtained by DARQN relative to the DQN baseline were mixed, with DARQN producing
superior results when trained on some Atari 2600 games and inferior results on others, the attention mecha-
nism provides novel insight into the agent’s decision-making in the form of the visual attentionmap described
above, an illustration of which is shown below in Figure 3.8.

Figure 3.7.: The recurrent attention-based architecture proposed in [19]. The authors propose an attention
bottleneck which forces the agent to select which parts of the input image to attend to based on
which visuospatial features are most salient for the purposes of decision-making. The attention
bottleneck works by deriving matrices of ‘key’ and ‘value’ vectors from the tensor output by the
CNN network core. A sequence of inner products between a ‘query’ vector, output by the LSTM
layer, and each of the key vectors is performed, followed by a softmax operation, to produce a
2D attention map wherein all values sum to 1. A final inner product and summation operation
between the attention map and the values matrix is performed to produce an ‘answer’ vector
which is fed back into the LSTM, the output of which is used to perform action selection and
value estimation.

Similar to [18], the authors of Towards Interpretable Reinforcement Learning Using Attention Augmented
Agents [19] (2019) use the Atari 2600 suite of games as a test bed for a novel attention-augmented architecture,
illustrated in Figure 3.7, which is also composed of a CNN vision core, for performing feature extraction, an
attention bottleneck7 which forces the agent to allocate attention over a set of visuospatial feature vectors,
and an LSTM layer which maintains a hidden state and produces a set of query vectors at each time step
which ultimately determines what the agent attends to.

At each time step, t, The attention agent takes as input an RGB image, xt, which is processed by the CNN
vision core to produce a set of feature maps of shape (H,W,C) which is split along the channel dimension
to form a set of keys, Kt ∈ RH×W×Ck , and values, Vt ∈ RH×W×Cv . A set of fixed spatial encoding vectors,
S ∈ RH̃×W̃×Cs , is concatenated to both Kt and Vt along the channel dimension. The reason for this is to
enforce a spatial structure which is necessary because the outcome of the attention operation is permutation
invariant with respect to the relative positioning of the feature vectors inKt and Vt. The hidden state of the
LSTM, ht−1, is then fed through an MLP ‘query network’ in order to produce a query vector, qt ∈ RH×W×Ck ,
7Note: once again, this attention mechanism is distinct from the one used in the Transformer.
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which is used to compute an inner product with each feature vector inK in order to produce a 2-dimensional
attention map, Ã ∈ RH×W , as:

Ãi,j =
∑
k

qlKi,j,k

The attention map is then normalised using a spatial softmax function:

Ai,j =
exp(Ãi,j)∑

i′,j′ exp(Ãi′,j′)

The normalised attention map is then broadcast along the channel dimension of the values tensor, V ∈
RH×W×Cv+Cs , multiplying point-wise and summing across the spatial dimensions in order to produce an
‘answer vector’, α ∈ R1×1×Cv+Cs , as:

αk =
∑
i,j

Ai,jVi,j,k

Finally, the query, answer and hidden state vectors, along with the action and reward from the previous time
step, are fed into the LSTM, the output of which is fed into the policy and value heads of the network.

One additional implementation detail to note is that the authors implementN attention heads which com-
pute the attention operation between N distinct sets of queries, keys, and values in order to produce N
answer vectors which are concatenated and fed back into the LSTM together. In this way, each attention head
may allocate attention to different foci in the input space, allowing the agent to more easily focus on many
entities/features at once.

Regarding the concatenation of the spacial encoding vectors; notice that this is different than the approach
taken in the Transformer [11] and Vision Transformer [12] case where spatial encoding vectors are summed
element-wise with the embedding vectors which are used to produce the queries, keys, and values. Notice
too that this stands in contrast to [18], where the authors do not use any spatial encoding in the computation
of the context vector. The reason for this choice is to allow the agent to produce separate ‘what’ vs ‘where’
queries which allocate more or less attention to the spatial location of a visual feature, as opposed to the
feature itself. This adds an extra layer of interpretability as, at inference time, the authors can compute the
relative attention allocated by the query vectors to the spatial and/or feature components of the concatenated
keys and spatial encoding vectors, projecting each over the input image separately in order to gain further
insight into the agent’s decision-making.

Examples of the spatial attention maps produced by the attention-augmented agent may be seen in Figure
3.8 - brighter areas mean a greater allocation of attention - for two Atari 2600 games; Seaquest, where the
agent pilots a submarine and must shoot enemies as they appear on the screen and rescue divers, and a second
game called Star Gunner. In both examples, the two rows show maps from two of the four attention heads
and examining each gives information regarding what the agent is attending to. In Seaquest, for example, the
attention head represented by the top row is attending to enemies on the screen whilst the attention head
represented by the bottom row is attending to the submarine (the player). To test whether the agent was
able to generalise, the authors introduced familiar-looking enemies into the game screen at the pixel level,
but in unexpected locations and at unexpected times. In doing so, the authors observed that, despite the state
being novel to the agent, it was able to attend to the artificially introduced enemies and respond appropriately
(i.e. by shooting at them), demonstrating a clear ability to generalise by adapting to previously unseen states.
Finally, the authors examined separately the ‘what’ vs ‘where’ components of the queries produced by the
agent in the racing game Enduro, observing that some attention heads weigh more heavily towards querying
‘what’ features - focusing on the player car and the score (which is useful for computing value estimates) - and
others towards ‘where’ features - focusing on the region just in front of the player car, acting as a ‘tripwire’
for upcoming cars in order to avoid a collision.

The results obtained by the attention-augmented agent were found to be competitive with state-of-the-art
baseline architectures, although the primary reason for investigating such architectures is not to produce a
superior agent, but rather to examine the issue of interpretability using attention mechanisms.
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Figure 3.8.: An illustration of the attention maps produced by the recurrent attention networks in [18] and
[19]. The bright areas represent areas of high attention. In this way, the agent’s decision-making
over time can be associated with objects tracked over the course of each episode by examining its
attention maps.

3.3 Transformer-LikeAttention&Partial Observability InRL
As noted in section 2.4, Transformers have shown breakthrough success in the fields of both NLP and com-
puter vision, owing to their ability to integrate information over long time horizons and scale to massive
amounts of data. Naturally, researchers have since attempted to ascertain whether the application of Trans-
formers in the domain of RL might yield similar gains. In this section, we review the papers relevant to our
purposes which explore this question.

One common theme echoed in much of the research cited in this section is that Transformers are difficult
to optimise. In one of the earliest research efforts made in applying Transformer-like self-attention in the
context of RL [91] (2017), the authors propose a simple meta-learner architecture which aggregates temporal
signals in order to better handle dynamically changing tasks - at the end of the paper they recount their
frustration in attempting to train a pure Transformer-like version of their proposed model by naively having
it attend across the temporal dimension:

"This model, which is equivalent to [the original] Transformer architecture, could not solve the ban-
dit or MDP tasks. In both domains, its performance was no better than random. To no avail, we
experimented with multiple blocks of attention and multiple heads per block. We hypothesize that
this architecture’s inadequacy stems from the fact that purely attentive lookups cannot easily process
sequential information. Despite their infinite receptive field, they cannot directly compare two adja-
cent time steps (such as a single state-action-state transition) in the same way as a single convolution
can. The TC layers are essential because they allow the agent to locally analyse contiguous parts of
a sequence to produce a better contextual representation over which to attend."

Much of the research covered in this section attempts to address challenges similar to these and attempts
to understand how the unique properties of the Transformer might be applied to solving specific challenges
in the RL domain.

3.3.1 Attention As Memory

In [20] (2018), the authors consider the role of neural memory mechanisms in partially observable tasks which
require reasoning regarding the relationships between entities observed over time. They begin by hypothe-
sising that existing memory-based ANNs, such as GRUs or LSTMS, whilst proficient at storing and retrieving
information across time, struggle to perform complex relational reasoning tasks on temporal data. That is,
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they struggle to reason about the relationships between entities encountered across time. The authors address
this issue by introducing the Relational Memory Core (RMC), which integrates partial observations over time
in a manner similar to RNNs, but instead uses a memory module based on Transformer-like multi-head atten-
tion, which, the authors argue, allows for improved relational reasoning between entities over the temporal
dimension. In this way, the authors bypass the issues encountered in previous research [91] when utilising
Transformer-like attention to attend over the temporal dimension directly.

Figure 3.9.: The relational memory core (RMC) proposed in [20]; an attention block comparable to that used
in the Transformer and ViT architectures. The RMC performs a memory function, maintaining
a memory matrix M which is updated with new information at each time step in the form of a
partial observation vector x via a multi-head attention (MHA) layer, followed by an MLP with two
interleaving residual connections, to produce a candidate memory matrix M̃ . M and M̃ are used
to compute an updated memory matrix via a gating mechanism, for example, an LSTM. In this
way the RMC leverages MHA in order to aggregate information over time in a manner similar to,
but distinct from, classical RNNs such as the LSTM.

The core component of the RMC, illustrated in Figure 3.9, is a memory module which takes the form
of an attention block equivalent to that of the Transformer encoder, with some minor modifications. The
RMC maintains a memory matrix, M , akin to the hidden state maintained by a GRU or LSTM RNN, which
aggregates information across time in a manner optimised for task-specific decision-making. At each time
step, the agent receives new information in the form of a partial observation, encoded in the form of a vector,
x. The RMC then computes a new candidate memory matrix, M̃ , which integrates the new information with
the historical information encoded inM via multi-head dot-product attention, in which each head computes:

M̃ = softmax
(
MWq [M ;x]Wk√

dk

)
[M ;x]Wv

where [M ;x] indicates row-wise concatenation, ensuring that M̃ andM are of equivalent dimensions. In
this way, x is projected byWk into the common embedding space, forming a key vector which interacts with
the historical information in the query matrix to produce the attention weights in the final column of the
matrix to which the softmax is applied. In this way, the authors hypothesise, the agent is equipped with the
ability to reason between entities across time encoded in the rows of the memory matrix.

Following the attention operation, the RMC design includes an MLP and two interleaving residual con-
nections (leaving out the LayerNorm layer used in the Transformer and ViT), which process the output of
the MHA layer to produce a new candidate memory matrix, M̃ . Instead of replacingM directly, the authors
propose a gating mechanism in order to integrate the information from M̃ . The specific gating mechanism
used by the authors in their experiments is that of the LSTM, wherein the memory matrix,M , plays the role
of the internal cell state, C , which the LSTM maintains, in addition to the hidden state vector, h. In order to
updateM , each partial observation, x, is used to compute special input, output and forget gates in the form
of vectors and used in combination with sigmoid and tanh activation functions to combine individual row
vectors fromM and M̃ in order to produce a new memory matrix, as well as a new hidden state vector. The
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use of gating in conjunction with self-attention is worth noting here as it is a recurring theme in the literature,
also employed in [21].

In sum, the agent maintains a relational memory matrix which it updates via a special attention operation
in order to incorporate new information from partial observations. Each new memory matrix is ultimately
produced via an LSTM-like gating mechanism which uses each new observation in the computation of gating
vectors which are used to blend information from each pair of row vectors from the current and candidate
memory matrices, producing a new matrix and new hidden state. The hidden state vector may then be pro-
cessed by downstream layers in order to compute the policy and/or value estimates.

The authors evaluate an agent with an RMC-based policy architecture on a POMDP version of the Mini
Pacman environment, wherein the agent must navigate a maze in order to collect food while being chased
by ghosts. Instead of the entire game screen, the observation emitted at each time step consists of a 5x5 pixel
patch which centres on the agent’s position in the maze. In this way, the task is made partially observable as
the agent’s view at each time step is insufficient to capture the full state of the environment. Crucially, the
agent must predict the dynamics of the ghosts in memory to avoid dying, planning its navigation accordingly,
in addition to remembering information regarding the location of food it has already consumed and has yet
to consume. The authors report their RMC agent was able to improve on the score obtained by an LSTM-
based agent in the POMDP setting by approximately 12%, nearly doubling the LSTM agent’s score when the
task was made fully observable. These results suggest that transformer-like attention may offer an advantage
as a mechanism for aggregating information over time (i.e. memory) over conventional RNNs, especially in
partially observable environments.

3.3.2 Attention Over Time

In Stabilizing Transformers for Reinforcement Learning [21] (2020), the authors note the limited success re-
ported in applying self-attention architectures in RL, making the observation that a key challenge is the insta-
bility of self-attention-based architectures during training, resulting in poor sample efficiency (slow learning)
and difficulty converging on optimal policy/value network parameters. The authors reiterate the successes
achieved in applying Transformers in the NLP domain, stating that in theory, Transformer-like policy archi-
tectures should yield similar gains especially when applied to partially observable RL tasks.

Figure 3.10.: The gated attention block proposed in [21]. The signal from the multi-head attention and MLP
components is modulated by the input in order to stabilise learning when incorporated into an
RL policy architecture.

In their introduction, the authors note that although superior memory mechanisms to the LSTM have been
proposed for dealing with partial observability in RL, they have not seen widespread adoption, likely due to
their complexity. The Transformer architecture, they argue, offers a simple alternative which is able to encode
the entire history of partial observations received by an agent in one shot, as opposed to maintaining a hidden
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state which is updated over time, which may make it harder for LSTMs to reason about relations between
entities observed at different points in time, as noted by [22].

However, as reported in [91], the authors find that naively applying self-attention over a sequence of em-
bedding vectors corresponding to discrete time steps is significantly more difficult to optimise, often resulting
in performance comparable to a random policy. They hypothesise that the instability which arises in policy
architectures which use self-attention in this way is due to the residual connections which occur after the
multi-head attention and MLP components. In order to address these challenges and test their hypothesis,
the authors propose a simple policy architecture - the Gated Transformer XL (GTrXL), illustrated in Figure
3.10 - which uses a modified attention block, replacing the residual connections with a gating mechanism to
modulate the signal produced by the multi-head attention layer.

The authors note that multiplicative interactions, such as the gating mechanisms in the LSTM and GRU
RNNs, have been successful at stabilising learning across a wide variety of architectures. Motivated by this,
the authors propose and experiment with a number of multiplicative gating mechanisms via which the input
signal is allowed to modulate the output of the multi-head attention and MLP layers. Among the gating
mechanisms tested by the authors, the top two performers - by a significant margin - were a simple output
gate, where the output connection is modulated by a dense layer with a sigmoid activation:

g(x, y) = x+ σ(Wgx+ bg)⊙ y

and a GRU gate which has a form equivalent to that illustrated in Figure 2.14 (b) where the GRU’s hidden
state, h, is replaced with the input signal, x, and the GRU’s input is replaced with the output signal, y.

The authors test their gated-attention policy architecture variants - trained using a policy gradient method
- on a suite of tasks; some partially observable and requiring memory on the part of the agent, as well as some
fully observable tasks. Their principle finding is that the gating mechanisms - the ‘output’ and GRU gates
in particular - enable stable learning on tasks where, without the gating mechanism, the transformer-based
policy fails to learn completely. What’s more, the authors find a significant improvement over the LSTM
baseline policy on the partially observable tasks and comparable performance on the fully observable tasks.

In sum, the gated variant of the attention block presented in [21] demonstrates that self-attention may
indeed be effectively utilised in an RL policy architecture in order to encode a temporal sequence of partial
observations. For our purposes, it is worth asking the question of whether such gating mechanisms might
provide a performance benefit when utilised in a policy architecture wherein self-attention is used to encode
a single partial observation.

In Deep Transformer Q-Networks for Partially Observable Reinforcement Learning [92] (2022) the authors
seek to improve on the challenges in training RNN-based Q-networks on POMDP RL tasks: catastrophic
forgetting, a relatively large number of parameters, and a poor ability to generalise leading to the need for
large amounts of training data and poor sample efficiency. In seeking to address these challenges, the authors
propose a novel architecture called the Deep Transformer Q-Network, which uses a self-attention mechanism
to encode historical sequences of partial observations - similar to the work proposed in [23] and [21] - in order
to estimate state-action values.

The proposed Deep Transformer Q-Network (DTQN) architecture takes as input the agent’s previous k
partial observations, linearly projecting each into the common embedding space and adding positional en-
codings - the authors experiment with both learnable and fixed sinusoidal positional encoding vectors, as
well as with not using any at all. The network body consists of several attention blocks applied in sequence,
producing k embedding vectors which are used in turn to predict the state-action values for each of the k time
steps simultaneously. A crucial detail regarding the attention block is that it implements causal masking, as
in the decoder of the original transformer architecture, which masks the attention values computed for obser-
vations 0, 1, . . . , j − 1 in the sequence when estimating the Q-value for the jth observation in the sequence
- this makes sense because at inference time, the agent will only be able to rely on historical observations in
order to estimate the value of the present state-action pair. The authors note that for this reason, the agent
must learn to estimate Q values at the beginning of the sequence with relatively little information, which they
claim makes for a more robust policy when trained on partially observable tasks.
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In their experiments the authors test their DTQN architecture on a number of partially observable vision-
based tasks against a number of baseline architectures including the DQN, to show the importance of memory,
and DRQN to show improvement over RNN-based architectures. Additionally, the authors compare DTQN
to a baseline attention network which is equivalent to the DTQN architecture, except it uses only a single
attention block in which the LayerNorm layers and residual connections are excluded, which is important
because (to the best of our knowledge) no prior work has experimentally confirmed the benefits of using
LayerNorm layers and residual connections in the attention block in the context of RL.

In the results reported in [92], DTQN outperformed the baseline models on all partially observable tasks.
DRQN showed comparable performance on many of the tasks but was slower to learn and suffered from
catastrophic forgetting, demonstrating the value of using attention to encode the entire observation history.
A pattern observed during training with the baseline attention network was that it learned quickly initially,
in a manner comparable to DTQN, but would become unstable and struggle to improve beyond a point,
demonstrating the benefit of LayerNorm, residual connections, and the use of multiple attention blocks for
more complex tasks. The DQN baseline failed to make any progress learning on nearly all POMDP tasks, as
expected since they all required memory.

Finally, the authors performed an ablation study testing several modifications to their architecture. First,
they experimented with swapping out the residual connection in the attention block with the GRU gating
mechanism proposed in [21], finding that it provided only minor performance improvements on one of the
three test environments, but performed comparably overall, which is surprising given the claim made in the
source paper. Secondly, the results from experimenting with different positional encoding methods showed
that, while all three encoding methods were shown to be comparable on average, an absence of positional
encoding altogether only produced significantly worse results in one of the three tasks, whereas the sinusoidal
positional encodings demonstrated consistent performance over all tasks.

3.3.3 Attention Over The Input Space

In the paper titled Relational Deep Reinforcement Learning [22] (2018), the authors identify two areas of weak-
ness in (then) conventional deep learning reinforcement approaches; the ability of agents to generalise to
novel tasks and interpretability. The authors seek to improve on these weaknesses, proposing an attention-
based policy architecture to enable the agent to reason directly about relations between visual entities globally
across the entire input space. Specifically, the authors draw on decades-old ideas from the field of Relational
Reinforcement Learning in which states, actions, and policies are represented using a pre-determined rela-
tional language. For example, the predicate above(s, A, B) could be used to indicate that in some state, s,
an object, A, is positioned above an object, B, in some coordinate plane - this relation could then be applied
generally to any two objects encountered by the agent to ‘reason’ about relative positioning. The authors
extend this idea by applying it in the context of deep learning where, instead of equipping the agent with
hard-coded relational predicates, the agent is able to leverage the inductive bias of the self-attention mecha-
nism, as applied in the case of the ViT, to learn abstract relations between visuospatial entities in the input
space.

As opposed to maintaining a hidden state in the form of a memory matrix and using self-attention to
integrate new partial observations [20], or performing attention over the time dimension in order to aggre-
gate information from the entire sequence of historical partial observations in a single shot [91] [21] [92],
the authors [22] proposed an attention-based policy architecture which computes self-attention over each
observation in isolation in order to model relations between abstract visual entities in the input space and
enable better reasoning and planning towards achieving the task-specific objective. The proposed policy ar-
chitecture, illustrated in Figure 3.11, is structured as follows. First, the visual input (e.g. tensor of pixel values
representing a game screen) is processed by a 2-layer CNN in order to extract a set ofC feature maps of height
H and widthW , each of which models visual features at corresponding x-y coordinates in the input, which
is subsequently reshaped to produced an embedding matrix E withH ∗W embedding vectors of dimension
C . This is similar to the image captioning method employed in [15] - each of the embedding vectors may be
thought of as representing abstract visual entities in local regions located at the associated spatial coordinates
in an input frame/image. In order to encode the relative positioning of the feature vectors in E, the authors
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Figure 3.11.: An illustration of the attention-based (relational) policy architecture proposed in [22]. Self-
attention is computed directly over feature vectors representing visuospatial entities in the input
in order to model abstract relations between them, enabling the agent to better reason and plan
towards solving task-specific objectives.

concatenate onto each vector a small positional encoding vector which encodes its relative x-y position. The
embedding matrix, E, is then passed through a relational module consisting of one or more Transformer-like
encoders, each of which includes an MHA layer and an MLP with interleaving LayerNorm layers and residual
connections - crucially, the MHA layer computes self-attention over E, as in the case of the ViT. The authors
hypothesise that, unlike CNNs which model interactions between local regions in an input image, the atten-
tion blocks are able to model global relations between entities across the entire input space. Following the
relational module, the authors include an optional RNN layer (not illustrated) in cases where the environment
is partially observable - as is the case in the StarCraft environment used by the authors in their experiments -
equipping the agent with memory. The final section of the network consists of an MLP followed by a policy
head and a value head - a structure similar to the actor-critic architecture illustrated in Figure 2.18.

Figure 3.12.: An illustration of the relations modelled by the attention heads in the policy architecture pro-
posed in [22] in the Box-World task. Each attention head appears to model sensible relations
between meaningful entities in the input space, such as those between locks and keys.

The authors test their proposed policy architecture against a baseline CNN policy on two environments
designed to test the agent’s ability to model relations between entities across the input space. The first en-
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vironment is a custom Box-World environment; a set of generated pixel grids containing pixels representing
keys, locks, gems, and entities specifically designed to distract the agent from the core task, which is to gather
as many gems as possible by finding keys and locks, all of which are positioned randomly throughout the grid.
It is worth noting that the agent does not require memory to solve this task as collected keys are represented
in the corner of the grid when they are collected by the agent, serving as an external memory mechanism
and ensuring the Markov property is satisfied. The relational agent was able to significantly outperform the
baseline agent on the Box-World tasks, demonstrating improved sample efficiency, interpretability, and gen-
eralisability to novel, more complex versions of the task. Upon examination of the attention weights, the
authors confirmed their hypothesis; as illustrated in Figure 3.12, each attention head in the multi-head atten-
tion layer appears to be modelling relations between specific visuospatial entities in the input scene in order
to complete the task. For example, the first attention head might model the relative spatial positioning of the
agent to all the important entities in the scene, whereas the second head might model the relations between
keys and locks. Furthermore, the relational agent was able to generalise far better to novel variations of the
original set of tasks than the baseline agent, suggesting that the relations learned by the agent are akin to
the set of hard-coded relational predicates used in traditional Relational RL algorithms, and which may be
applied to familiar entities encountered in novel situations.

The second test environment utilised by the authors in their experiments was a set of two miniature Star
Craft environments designed specifically to test reinforcement learning agents. In order to succeed, the agent
must coordinate the control of multiple entities on the game screen in a cooperative manner to achieve objec-
tives such as gathering resources or defeating enemies. Furthermore, the game is partially observable as the
agent might only see a portion of the game screen at any given time, requiring the inclusion of an RNN layer
in the relational policy architecture. The relational agent achieved state-of-the-art performance on both tasks,
once again demonstrating an ability to generalise to novel variations of the specific scenarios encountered
during training.
One noteworthy finding was that the inclusion of additional attention blocks in the relational module, used

to enable the modelling of higher-order relations, had a positive impact on performance up to a point on
more complex tasks but was shown to degrade the agent’s performance and its ability to generalise if too
many attention blocks were added. This leads the authors to hypothesise that the attention layers might be
overfitting to the vast amount of training data required to train an RL agent, concluding that more work is
needed to examine this effect.
In [23] (2019) the authors experiment with a similar self-attention-based architecture to [22], testing it on a

set of Atari-like game environments, but with a few minor implementation differences. Instead of processing
a single frame per time step and using an RNN to aggregate information from partial observations over time,
as in the StarCraft experiments in [22], the authors use frame stacking in the same way as in DQN [9],
concatenating frames along the time dimension to form an input which satisfies the Markov property. The
tensor of stacked frames is then fed into a convolutional layer in order to produce a set of feature maps, each
of which encodes visuospatial features from across the time frame spanned by the stacked frames. The tensor
of feature maps is then passed into an isolated self-attention layer (as opposed to multi-head attention or
a full attention block) followed by a residual connection, and finally two more convolutional layers, before
being passed on to the policy and value heads. The layers preceding the policy and value heads are illustrated
in Figure 3.13. In this way, the authors bypass the need to attend over time, which had been shown to be
a challenging task for transformer-like attention [91][21]. Instead, the authors choose to have the network
perform attention over the abstract input space occupied by the feature maps output by the first convolutional
layer, in a manner similar to [22].
Additionally, the authors experiment with including additional self-attention layers in between the second

and third convolutional layers. The hypothesis of the authors is that performing self-attention over a set
of embedding vectors which encode both spatial and temporal information will yield a performance boost.
Testing their attention agent variations against a regular CNN agent on a suite 10 of Atari-like environments,
including Ms Pacman and Breakout, the authors find that the top-performing variants of their attention-
based architecture perform comparably to the baseline agent in 50% of the environments, and significantly
outperform the baseline agent in the remaining environments. As in the StarCraft experiments conducted in
[22], the authors analyse the areas attended to in the input space by the attention agent, which demonstrated
an ability to reason about relations between entities globally across the input space, as well as the ability
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Figure 3.13.: The attention-based architecture proposed in [23] - H1, H2, and H3 are convolutional layers. In
order to handle partial observability, the authors utilise frame stacking to allow the attention
layer to attend over both spatial and temporal information.

to track and attend to multiple entities (hostile enemies) over time in both fully and partially observable
environments, which the authors claim was not equally demonstrated by the baseline CNN agent. In general,
the authors note that conventional neural network layers, such as CNNs, have typically been used by default
to extract features from observations in RL policy architectures and that further research into alternative
methods may yield promising results.

In the following two papers published by Google Brain, [24] (2020) and [26] (2021), the authors study
problem scenarios wherein partial observability arises due to only a given fraction of the full observation
being available to the agent at any given time step. Furthermore, both utilise Transformer-like attention in
the novel policy architectures they propose to solve the specific problems posed in each paper. In this way,
these papers are especially relevant to the problem we are studying in this dissertation and have greatly
informed the design of our experiments as well as our methodology.

Figure 3.14.: An illustration of the attention agent from [24] playing the CarRacing game wherein it is con-
strained to only be able to sample a fraction of overlapping patches from the game screen at
each time step. In each of the screens we can see the agent attending to critical visual features;
the edges and corners of the race track.

InNeuroevolution of Self-Interpretable Agents [24] the authors seek to address the challenges of interpretabil-
ity in RL. In order to address this, the authors design an attention-based agent which is constrained to only
be allowed to selectively sample a fraction of each input observation in order to perform action selection.

The policy architecture proposed in [24] - illustrated in Figure 3.15 - is remarkably simple. First, the input
image is segmented into N overlapping patches - this is accomplished using, for example, a square sliding
window of size 7 (pixels) and a stride of 4. The overlapping pixels ensure a high correlation between adjacent
patches, which supports the computation of semantically meaningful attention values, but ensures that the
patches are not mutually exclusive. It is important to note that this differs from problems in which sensory
signals are mutually exclusive (i.e. non-overlapping patches of pixels in this case), which is the focus of this
dissertation. The patches are then flattened and linearly projected to produce key and query matrices,K and
Q, respectively. The authors do not make use of a value matrix but instead compute an attention matrix,
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A, which is then summed along the row dimension to produce a so-called patch importance vector of size
N which represents the relative importance of each given patch for decision-making in the given state. The
patch importance vector is then sorted and the indices of the k < N patches with the largest mean attention
values are mapped to feature vectors, using a lookup table, which may be hard coded or vectors of learnable
parameters. The feature vectors are then concatenated and passed into an RNN controller which is used to
perform action selection. Two important things to note regarding the proposed architecture are as follows.
First, the index mapping operation is non-differentiable and so the network parameters are optimised using
evolutionary methods as opposed to gradient descent. Secondly, as the LSTM requires a fixed-sized input, the
agent is not able to process an arbitrary number of patches, as is the requirement for the problem laid out in
this dissertation.

Figure 3.15.: The attention agent architecture from [24]. The flattened patches of the input image are projected
into matrices of keys and queries in order to perform self-attention and produce an importance
vector over all patches. The indices of the top k patches are then mapped to a set of feature
vectors - the authors simply use x-y coordinate vectors - which are processed by a controller
network in order to produce an action.

Taking inspiration from the field of indirect coding [93] [94], the authors hypothesise that self-attention
presents a powerful mechanism for encoding a large input space into a far smaller representation and that it
should, in combination with the evolutionary learning approach, allow for the learning of an optimal control
policy with far fewer parameters as would be required when optimising a policy network via gradient descent.
Indeed, the authors demonstrate that their attention agent is able to achieve state-of-the-art performance on
the CarRacing task with 3,667 parameters, outperforming the baseline PPO agent which had 445,955 param-
eters. Furthermore, the authors constrain the agent by allowing it to select only k = 10 patches at each time
step. Remarkably, the feature vectors used by the authors consisted of only the x-y indices of each patch
on the grid of overlapping patches, meaning that the communication of "where", but not "what", from the
self-attention mechanism to the controller was sufficient for the agent to learn a near-optimal policy, which
it did after just 500 iterations of the evolutionary learning algorithm.

The main takeaways from [24] for our purposes are twofold. First, a single self-attention layer is suffi-
cient for computing semantically rich features which may be used to solve a complex pixel-based task like
CarRacing. Second, it is possible for the controller to perform optimal action selection with very limited in-
formation - in this case, simply the coordinates of the patches deemed most important by the self-attention
operation. It is worth noting however, that the self-attention operation receives the full observation which it
uses to compute the patch importance vector and, as such, it is unsuitable for the problem we consider in this
dissertation.

In the paper The Sensory Neuron as a Transformer: Permutation-Invariant Neural Networks for Reinforcement
Learning [25] (2021), the authors build on the Set Transformer [95], exploring systems wherein emergent
complex global behaviour arises from the collective local interactions of multiple identical, but independent,
agents. The study of such phenomena has inspired the development of artificial intelligence algorithms in
areas such as swarm optimisation and cellular automata. Additionally, the authors take inspiration from the
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Figure 3.16.: The Permunation-Invariant Neural Network architecture proposed in [25] as an RL policy. Sen-
sory signals, together making up ot, along with previous actions, are processed independently by
a shared network to produce embedding vectors which are fed into a self-attention mechanism
in order to produce a global latent code mt, used as input to the policy controller. The sensory
embeddings are not encoded in any way, and the network architecture is agnostic to their order-
ing.

phenomenon of sensory substitution - the ability of the brain to interpret sensory signals delivered through
the ‘wrong’ channels, such as being able to ‘see’ the patterns on a surface through touch, as opposed to sight.
Based on this, the authors seek to develop an RL policy architecture in which arbitrary sensory signals may
be processed independently and then combined in a manner agnostic to ordering (i.e. invariant with respect
to the mapping between sensory channels and signals) in order to produce a coherent RL policy.

In the experiments conducted in [25], the authors consider two categories of RL tasks: vision-based and
vector-based, as illustrated in Figure 3.17. In the vision-based tasks, each sensory signal corresponds to a
patch of pixels in a grid which together constitute the full game screen. In the vector-based tasks, each
sensory signal is a real number that may, for example, correspond to a physical quantity such as velocity or
horizontal position. In both tasks, the sensory signals are ordered arbitrarily and not explicitly identifiable
(e.g. the agent receives no information regarding the relative positioning of patches).

In seeking to design a policy architecture to solve such tasks, the authors propose Permutation Invariant
Neural Networks (PINNs)8, illustrated in Figure 3.16; a novel self-attention-based architecturewhich leverages
a modified version of self-attention in the following way. The authors begin by noting that the self-attention
mechanism, as illustrated in equation 2.63, is permutation equivariant, that is, a reordering of the rows of the
input embedding matrix results in an equivalent reordering in the rows of the output matrix. As established,
all that is required to make self-attention permutation invariant is to fix the rows of Q, as any arbitrary row
ordering applied jointly to K and V only results in a reordering of the summations in each row which is
by definition invariant to ordering. Having identified this, the authors opt to fix Q as a learnable parameter
matrix, yielding a modified, permutation invariant version of self-attention which forms the core of the PINN
architecture, which we now cover in detail.

The policy input as usual is an observation, ot, which is made up of a set of sensory signals - flattened
pixel patches for vision tasks and scalar values for vector tasks, denoted o[i] for i = 1, . . . , N . In order to
produce the key matrix and value matrices, K and V , each sensory signal is processed independently by
shared embedding layers, fk and fv . As the observations are not encoded with identifiers (e.g. positional
encoding) the authors find it beneficial to generate the embedding vectors in K (1) based on the historical
sequence of sensory signals, as opposed to a single signal from a single time step, and (2) by concatenating
the previous action with each sensory signal before feeding it into fk, which they find assists the agent in
identifying and encoding each signal effectively. The embedding function, fk, in the case of the vector task
is an LSTM which processes signals independently as a batch to produce distinct embedding vectors. In the

8Not to be confused with so-called ‘Physics-Informed Neural Networks’ [96].

71



Figure 3.17.: Two different RL tasks studied in [25]. (a) CarRacing - a vision-based environment in which the
agent must drive a car around a variety of tracks as quickly as possible - each sensory signal
corresponds to a patch of pixels in a grid which together make up the game screen, and which
have no positional encoding. (b) CartPole - a vector-based environment in which the agent must
apply horizontal forces to a cart in order to balance a pole vertically on its top - each sensor
corresponds to some physical quantity, such as horizontal position, or angular velocity, which
together describe the state of the physical system. The permutation-invariant neural network
policy proposed in [25] is able to process each set of sensory signals in amanner which is agnostic
to their ordering, that is, none of the signals are identified explicitly and the agent must learn to
act on their combination with no additional knowledge.

vision task, fk takes as input a number of stacked frames from preceding k time steps and computes the
first-order temporal difference between them by simply subtracting the pixel values point-wise in each frame
at time t with those at time t − 1 - the authors find this gives the agent information about the environment
dynamics in an efficient but effectivemanner. In producing V the authors simply use fv(x) = x for the vector-
based tasks, whereas in vision-based tasks, fv simply takes the stacked frames as input and returns a matrix
of flattened patch vectors. The latent global latent code,mt, is then produced via the modified self-attention
layer in the following way:

K(ot, at−1) =

 fk(o[1], at−1)
. . .

fk(o[N ], at−1)

 ∈ RN×dfk

V (ot) =

 fv(o[1]). . .
fk(o[N ])

 ∈ RN×dfv

mt = σ

(
[QWq]K(ot, at−1)Wk√

dq

)
[V (ot)Wv]

In the vector-based tasks, mt is a single column vector (dv = 1) which is then fed into a simple MLP
policy. In the vision-based tasks,mt is an embedding matrix (dv > 1) which is reshaped into a 3-dimensional
tensor and fed into a convolutional policy in order to force a spatial structure on the output of the modified
self-attention layer.
A secondary effect of fixingQ in the modified self-attention layer, in addition to being permutation invari-

ant, is that the network is also able to process an arbitrary number of signals in any forward pass through
the layer without affecting the shape ofmt - this is relevant for our purposes since, as outlined above, we are
seeking an architecture which is able to process a set of signals under various masking ratios, although we
take a slightly different approach - more on this in section 4.

72



Figure 3.18.: Permutation invariant outputs: an illustration of the 16-dimensional global latent codemt output
from a PINN RL policy trained to play the CartPole task. Yellow represents higher values and
blue for lower values. The values inmt are (nearly) identical when sensory signals are randomly
shuffled (right) vs when they are not (left).

The results of the experiments conducted by the authors revealed a number of important findings for our
purposes. Firstly, the authors confirm that, as expected, the PINN policy architecture is able to produce an
output unaffected by ordering and is even robust to reordering mid-episode9. Figure 3.18 illustrates the output
of the latent code produced by a PINN policy after being trained on the CartPole (vector) environment - the
latent code produced is (nearly) identical with and without shuffling of the sensory signals.

Figure 3.19.: An illustration of the PINN agent [25] trained to play Atari Pong in a modified version of the task
where a fixed random subset of the patches are masked during training (right). The authors also
evaluate the PINN agents under the same range of masking ratios and illustrate their returns in a
heatmap (left), finding that, when evaluated under lower masking ratios than those under which
they were trained, the agents are able to use the additional information in order to improve their
performance.

Secondly, the authors find that PINN policies demonstrate robustness, both under conditions of high mask-
ing and when additional random vectors, constituting noise, are included with the set of sensory embedding
vectors as part of the input to the policy network, which are findings particularly relevant for our purposes.
As illustrated in Figure 3.19, the authors trained PINN agents to play a variant of Atari Pong wherein a fixed
subset of patches are masked during training - the authors experiment with training under different masking
ratios, ranging from 0% to 90%. During evaluation, the agents are evaluated over the same range of masking
ratios, finding that (a) the PINN agent was able to win the game (a score greater than 0) when trained under
masking ratios of up to 60%, and (b) when trained on masking ratios between 10% and 90%, the PINN agent
was able to improve at evaluation time when evaluated under lower masking ratios, showing the agent more
of the game screen than what it had during training - we will show later on that this is not a property that
CNN policies have when trained under similar conditions.
9For an interactive demonstration see https://attentionneuron.github.io/
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In all experiments, the authors compared their PINN agents to baseline agents with MLP (for vector tasks)
and CNN (for vision tasks) policies. While they found that the PINN agents did not outperform the baseline
policies under normal conditions, they far exceeded the baseline policies when the task was modified by shuf-
fling or masking of the sensory signals, or when additional noise was added in the form of random embedding
vectors. In this way, the PINN agents were shown to be far more robust and able to generalise better to novel
states not encountered during training.

An important technical point to note is that the authors did not train the PINN agents using conventional
gradient-based learning methods, such as DQN or PPO, but rather with either (a) evolutionary methods, using
generated returns as a fitness function, or (b) behaviour cloningmethods, wherein the PINN agent was trained
in a supervised manner in order to ‘clone’ the policy of a second agent10 which has learned to play the game
proficiently. This is likely due to the fact that, as noted above, Transformer-like attention can cause instability
during training and is also slower to converge than an equivalently sized CNN-based policy, an effect which
would be amplified by the extreme conditions of partial observability imposed by the high masking ratios. A
second point to note is that, due to the lack of positional encoding, PINN agents must be trained on a fixed
subset of patches, and would likely not be able to handle a random sampling of patches during training – this
more general version of the problem is what we aim to address in this dissertation.

3.4 An Aside: Decision Transformers
A promising avenue of research into the application of transformers to RL is that of Decision Transformers
[26]. While the RL algorithms we have considered above seek to optimise policy networks via the fitting of
value functions or the computation of policy gradients, the Decision Transformer, illustrated in Figure 3.20,
abstracts the entire RL problem, casting it as a sequence modelling task, conditioning a self-attention-based
network on entire sequences of rewards, states, and actions. Action selection is performed via causal masking,
where the action for each given step ismasked and its associated desired reward is fed as input into the network
- the agent then selects an action in an attempt to achieve the desired reward, a strategy reminiscent of ‘Upside
Down RL’ [97]. The Decision Transformer has been shown to be highly effective when compared to other
state-of-the-art methods at both single-task RL and multi-task generalisation [98]. Additionally, adjacent
to the interests of this dissertation, Decision Transformers have recently been augmented with techniques
from Masked Auto-Encoders [13] demonstrating the effectiveness of training transformer-like policies using
masked token prediction in the RL context [99].

Figure 3.20.: An illustration of the Decision Transformer [26]. The Transformer policy is conditioned on entire
sequences (trajectories) of states, actions, and rewards. Action selection is performed bymasking
the next action token in the sequence and providing its associated desired reward as input - the
agent then attempts to select an action which will produce the desired reward

10The policy network of the ‘teacher’ agent in each case was always a standard feed-forward ANN (e.g. an MLP) which did not
incorporate attention mechanisms in any way.
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3.5 A Note Regarding Classical (Non-RL) Methods
In the classical statistical literature, there is a large body of research dating back to the mid-twentieth century
regarding solutions to the so-called ’filtering problem,’ which involves the estimation of true, hidden states of
a dynamic system based on noisy, partial observations or measurements [100]. The class of methods designed
to solve the filtering problem is called state estimation methods, the most notable of which is arguably the
Kalman Filter [101].

Since the filtering problem closely resembles the problem studied in this dissertation, it is worth acknowl-
edging the existence of this work and briefly explaining why these algorithms were not incorporated, either
as baseline methods or as part of the broader theoretical foundation. Our main motivation for this decision
was that classical statistical methods of this nature, developed before the era of modern deep learning, are
not designed to solve the reinforcement learning problem—learning an optimal control policy from reward
alone—posed by environments with high-dimensional state spaces and complex dynamics where the reward
and state transition probability functions are unknown.

For example, consider the Kalman Filter, designed to estimate the hidden states of an underlying dynamical
system based on partial observations and random noise [101]. This problem formulation is nearly identical
to the one studied here, and it has even been studied in variations of the problem where either part [102]
or all [103] of each partial observation is randomly omitted or lost. Firstly, the Kalman Filter in its original
form may only be used to estimate a Markov process’s true hidden state. Utilising the Kalman Filter to learn
an optimal control policy would therefore require its incorporation in a larger reinforcement learning-based
system that can learn policies from rewards alone, such as a larger ANN architecture. Additionally, the tra-
ditional Kalman Filter method requires a state transition model—a model of the environment dynamics—to
be known in advance. Models of this nature must typically either be derived from physical laws or estimated
from observation data, a task that becomes extremely challenging or even intractable when the dynamics of
the system are complex and the state space is very high-dimensional, such as in the case of a video game en-
vironment. Indeed, there is an entire sub-area of research in RL, called ’model-based reinforcement learning’,
which is concerned with the problem of learning so-called world models (state transition models) from data,
which is beyond the scope of this dissertation.

For these reasons, while it is important to acknowledge this adjacent area of research, incorporating these
methods in a meaningful way would require adapting them significantly to be able to solve the task at hand.

3.6 Chapter Conclusion
In conclusion, this chapter has explored the integration of RNNs and attention mechanisms within RL policy
architectures to address the challenges of partial observability. We began by examining the use of RNNs as a
memory mechanism, aggregating historical information over sequences of partial observations. We also ex-
plored the application of attention mechanisms, both Transformer-like and non-Transformer-like, to enhance
interpretability and facilitate optimal decision-making in the context of partial observability.

In particular, we highlighted the use of Transformer-like attention in RL policy architectures for handling
partial observability across three sub-areas of research: (a) as a memory mechanism akin to an RNN, (b) for
attending over entire sequences of partial observations and specific strategies used to stabilise learning in
this instance, and (c) for attending over the input space to perform relational reasoning over abstract entities
or to determine patch importance, often in conjunction with techniques to integrate information over time
such as frame stacking or RNNs. Importantly, we identified a gap in the research: the use of Transformer-like
attention to allow for variable-sized observations consisting of arbitrary subsets of the set of sensory signals
that make up the full observation, which we aim to address in this dissertation.

In the next chapter, we cover our methodology, wherein we will build upon the insights gained from this
review to inform the design of our experiments and the development of our attention-based RL policy archi-
tecture.
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Chapter 4

Methodology

In this chapter, we discuss the methodology that underpins our experiments. In section 4.1, we start by pro-
viding a detailed overview of the problems introduced in the Introduction (section 1). Initially, we address the
issue of intermittent sensory failure and latency, explaining how this scenario can be simulated in the context
of reinforcement learning through the random masking of sensory signals. This approach is applied in our
’Random Masking’ experiments. Subsequently, we explore the challenge of low-bandwidth communication,
demonstrating how this situation can similarly be emulated in reinforcement learning by requiring our at-
tention agent to explicitly request sensory signals from the environment at each time step. This method is
employed in our ’Generated Masking’ experiments.

In section 4.2, we present an overview of our proposed attention-based policy architecture, detailing its key
components. This includes the distinct embedding methods we use for generating embedding vectors from
sensory signals in the case of vector and vision tasks. Additionally, we explain how our architecture can be
modified to generate sensor queries in the form of bit masks.

Lastly, in section 4.3, we describe the baseline policy architectures against which we will compare our pro-
posed attention-based policy architecture. This includes a dense baseline policy for vector-based tasks and
a convolutional-based policy for vision tasks. We also clearly define the three methods of imputation—zero
masking, noise masking, and forward-fill masking—that we will employ in our experiments to ensure obser-
vations remain a fixed size, as required by the baseline policy architectures.

4.1 Problem Overview

4.1.1 Sensory Failure & Latency: Random Masking

We seek to study viable strategies in the RL domain for addressing the control problem outlined in section 1.2,
wherein a controller and a remote system continuously exchange control and sensory signals, respectively,
in order to optimise a given process within the system, and wherein a subset of the sensory signals, sent from
the system to the controller at a given time, may be:

1. Noisy: due to the intermittent malfunctioning of individual sensors.

2. Unavailable: due to intermittent variations in latency.

In order to study this problem in the context of RL, we consider the agent to be the controller and the
environment to be the system. We follow [25] and define ‘sensory signals’, as illustrated in Figure 3.17, to
be the components of a given observation emitted by the environment at a given time step. In the case of
vector-based tasks, such as CartPole, each scalar value in the observation vector represents a sensory signal.
In the case of vision-based tasks, such as CarRacing, the image comprising the observation is partitioned into
a grid of equal-sized patches, with each patch constituting a sensory signal.

In order to emulate the phenomenon of intermittent noisy and unavailable sensory signals, we consider
modified, partially observable versions of a set of vector and vision-based RL tasks in which a random subset
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Figure 4.1.: An illustration of random masking to emulate noisy or unavailable sensory signals (i.e. image
patches of pixels) in a vision-based RL environment.

of the sensory signals making up the observation is masked at each time step, according to a fixed masking
ratio. This approach is similar to, and inspired by, the modified flickering environments studied in [16] as
well as the partially observable version of Atari Pong, studied in [25] and illustrated in Figure 3.19, wherein
a fixed subset of the image patches were masked during training.

As illustrated in Figure 4.1, the masked sensory signals may be imputed with Gaussian noise, in order to
emulate noisy sensory signals, or zeros to emulate unavailable sensory signals. We will also study the impact
of the forward-fill method utilised by DataProphet, a South African company that builds machine learning
solutions for industrial manufacturing businesses, in which unavailable sensory signals are imputed with
their most recently observed values - pixel patches in the case of images, scalars in the case of vectors - more
on this below.
As we have discussed, ANN layers conventionally used for processing observations in policy networks

require fixed-sized observations. Dense layers (see Figure 2.7), typically used for processing observations in
vector-based tasks, perform the affine transformationWx + b and therefore require the input vectors to be
of fixed size since there is a 1-1 mapping between the columns of the weight matrixW , as well as the compo-
nents of the bias vector b, and the components of the input vector x. Convolutional layers (see Figure 2.12),
typically used for processing observations in vision-based tasks, are characterised by sequences of overlap-
ping convolutions between the input image (a grid of pixels) and a shared set of kernels. Furthermore, CNNs
are typically composed of a sequence of convolutional layers, producing a feature map which is reshaped
into a one-dimensional vector and fed into a Dense layer which, again, requires a fixed-sized input. Together,
these two facts mean that convolutional layers are unable to process disjoint subsets of unmasked patches
and require all inputs (images) to be of fixed size.
The requirement for fixed-size observations presents a distinct challenge for both dense and convolutional

layers in the context of the problem outlined above. An arbitrary RL agent trained on a task in which sensory
signals are subject to intermittent random masking must attempt to learn a coherent policy under significant
partial observability, which presents a challenge in itself. Imposing the additional condition that all observa-
tions must be fixed-size means that, in addition to the challenge of learning under partial observability, the
agent must learn to ignore the noise introduced by the imputed values.
In the case of Dense layers processing vector observations, consider a scenario wherein a missing sensory

signal, x ∈ [−1, 1], is a scalar value representing the horizontal position of an object, and where the objective
of the RL task is to keep the object as close to x = 0 as possible (this is similar to the CartPole task). Now
suppose that at a given time step the true value of the signal is x = −0.5, but that the sensory signal is
unavailable and consequently masked such that the agent receives x = 0. In this scenario, the sensory value
of 0 holds significant meaning in the context of the task and as such will likely have a non-trivial effect on
the agent’s decision-making process and a potentially negative effect on the return obtained by the agent.
In the case of Convolutional layers processing image observations, a similar problem arises when consid-

ering the scenario wherein a subset of patches is randomly masked at a given time step, as this might cause
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an important object on the screen to be obscured. For example, masking the ball in Atari Pong suggests to
the agent that the ball is in fact not present on the screen (especially considering the background is black and
therefore the pixel values are zero), as opposed to merely being un-observable which is an important distinc-
tion. As in the case of Dense layers above, such masking would also likely have a non-trivial impact on the
agent’s decision-masking.
The dot product self-attention operation used in the Transformer (see equation 2.59) can process matrices

with arbitrary numbers of row (embedding) vectors, presenting a promising alternative to dense and convo-
lutional layers for addressing the problem at hand. When subject to intermittent, random masking of sensory
signals, as illustrated in Figure 3.19, self-attention-based policies, while having to handle the same degree
of partial observability, are not subject to the noise presented by imputation for the purposes of retaining a
fixed-size input. Instead, self-attention layers are able to process only the available information at any given
time step - this is the difference between incorrect information (e.g. masking the ball in Atari Pong) and partial
information (e.g. excluding the patch with the ball altogether). Indeed, the results reported in [13] and [25]
provide compelling evidence that dot product self-attention is well-suited to the task of learning to extract
meaningful latent representations from images under high masking ratios.
In the experiments conducted in [25] the authors train their self-attention-based agent on vision-based

tasks where a fixed subset of sensory signals is made available to the agent throughout training. We seek
to study a generalisation of this problem, wherein, via a process of random masking, the subset of available
sensory signals changes from one time step to the next, but where the proportion of masked sensory signals
remains fixed. Specifically, we would like to conduct a series of experiments to study the impact of random
masking, as well as various imputation strategies on conventional policy network architectures using dense
and convolutional layers for processing observations, and to compare their performance to that of a novel
self-attention-based policy architecture which, we will argue, presents a more general, robust alternative for
solving partially-observable RL tasks of this nature.

4.1.2 Low-Bandwidth Communication: Generated Masking

An adjacent problem to that which arises from intermittent sensory failure or latency is the scenario wherein
the communication channel between the controller and the system - the agent and the environment in the
RL setting - has low bandwidth. That is, the rate at which it can transfer data (bits per second) is limited to
the degree that the system is only able to transmit a fraction of the sensory signals at each time step.
In framing this problem in the RL context, we assume that all sensory information is available at each time

step and that instead of randomly masking sensory signals to emulate intermittent sensor failure/latency, the
agent must instead generate a query, in the form of a bit mask, to send to the environment, along with the
selected action, indicating which sensory signals should be sent back to the agent in response. This scenario
is similar to the partially observable task of digit classification studied in [14] in which the agent, constrained
to only being able to sample local regions of the input image at any given time step, must decide which parts
of the image to attend to, and in what order, in order to make a correct classification decision. In order to
learn coherent policy and successfully solve the task, the agent must, in addition to learning how to map
partial observations to optimal actions, learn which sensory signals are most important to sample at any
given time based on the historical sequence of partial observations, and how the action of sampling sensory
signals relates to the return obtained at each time step.
In our experiments, we seek to study the performance of self-attention-based policy architectures in the

context of this problem. Specifically, we will examine the effectiveness of different methods of attention via
mask generation, where the agent must decide at each time step which sensory signals should be included
in each subsequent partial observation according to a fixed masking ratio. We will compare our proposed
methods against a random baseline, which is materially equivalent to the problem of random, intermittent
sensory failure/latency described above, and demonstrate that generated masking presents an improvement
over random masking for our proposed self-attention-based agent.

4.2 Attention Policy Architecture
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4.2.1 Overview

To address the problems outlined above, we propose the novel self-attention-based policy architecture illus-
trated in Figure 4.2. At a high level, the architecture has a similar form to those proposed in [14], [15], [16],
[18], and [19] in that it broadly consists of three components:

1. A ‘feature extraction core’, which processes partial observations ot, derived from the true environment
state st, and produces a latent representationmt.

2. An RNNwhich integrates information over time, combiningmt and ht−1 in order to produce an updated
hidden state, ht.

3. A policy head and a value head, which take ht as input and produce (i) a probability distribution over
possible actions, and (ii) an estimate of the value of the underlying state, respectively.

The key difference between our proposed architecture and those proposed in the aforementioned research
is the utilisation of an attention block for the feature extraction core, which has a structure similar to those
used in [12] (Vision Transformers), [13] (Masked Auto-Encoders), [22], and [21]; anMHA layer followed by an
MLP, with interleaving LayerNorm [75] layers and residual connections [32]. The overall architecture is most
similar to the architecture proposed in [22] - the variant used in the StarCraft experiments: a feature extraction
core comprised of two convolutional layers and an MHA layer, followed by an RNN and a pair of MLP heads
(policy and value). However, as we seek to embed each sensory signal independently, we do not include the
convolutional layers for generating a set of abstract feature vectors (as in [15] and [22]). Instead, we follow
[25], and process each sensory signal independently, via a shared embedding layer, in order to produce a set
of mutually exclusive sensory embedding vectors, to which positional encoding vectors may be added before
being fed into the attention block. A final detail is the use of the mean pooling operation to combine the set
of vectors produced by the attention block; the decision to use mean pooling follows the work in [13], where
instead of using a learnable [class] token to aggregate information across embedding vectors, as proposed
in [12], the authors found that aggregation via mean-pooling worked just as well when conducting their
linear probing and fine-tuning image classification experiments. In this way, in addition to being permutation
invariant in amanner equivalent to the architecture proposed in [25], our attention architecture can process an
arbitrary number of sensory embedding vectors. In the experiments outlined below, we leverage this property
and apply a distinct sensor mask ψt at each time step, t, in order to mask a fixed percentage of sensory signals
by excluding their associated embedding vectors entirely from the forward pass through the network (this
is not the case for the baseline architectures due to the requirement of fixed-sized observations - more on
this below). We cover each aspect of the attention policy in detail below, including details regarding how the
architecture may be adjusted so that it might be applied to either vector or vision-based tasks.

4.2.2 Embedding, Positional Encoding, & Masking

In this section, we detail the methods used for embedding sensory signals derived from vector and image
observations in vector and vision-based tasks, respectively. We will also detail the positional encoding used
in the vision case, as well as the process of masking.

Vector Embedding
In vector tasks, each observation is a vector ofN scalar values, o = (o(1), o(2), . . . , o(N)), each representing a
sensory signal. We seek to transform each vector observation into an embedding matrix, E ∈ RN×L, where
each row vector is an embedding vector of dimension L corresponding to a single component in o. To do so,
we construct a diagonal matrix, O, from our observation as:

O = diag(o(1), o(2), . . . , o(N)) =

o
(1)

. . .
o(N)

 (4.1)
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Figure 4.2.: The proposed self-attention-based policy architecture. The four main components include (i) an
embedding layerwhich transforms individual sensory signals in ot into amatrix of embedding vec-
tors to which masking may be applied to exclude the embedding vectors corresponding to masked
signals, (ii) an attention block which consists of a multi-head attention layer followed by an MLP,
and a final mean pooling operation which produces a global latent code vector mt capturing the
salient features of the available sensory signals, (iii) an RNN layer which aggregates information
over time allowing the agent to handle the partial observability induced by the masking, and (iv)
a policy head and a value head for performing action selection and state value estimation.

In this way, O may be viewed as a batch of row vectors, where the ith row vector has the scalar value o(i) in
the ith position and zeros everywhere else. We then compute the embedding matrix, E, by passing the row
vectors of O through a dense embedding layer, fembed, such that the embedding vector for the sensory signal
o(i) - the ith row vector of E - is computed as:

Ei,1:L = fembed(o
(i)) =WOi,1:N + b

whereW ∈ RL×N and b ∈ RL are the parameters of fembed. In this way, the embedding vector corresponding
to the ith sensory signal is the ith column of W , scaled by o(i), with the bias vector, b, being shared by all
embedding vectors. The parameters of the embedding layer are optimised jointly with the parameters of the
policy network via backpropagation.

Image Embedding
In vision tasks, we take each observation to be a pixel grid, o ∈ RH×W×C , which may consist of one or many
frames stacked along the channel dimension. In what follows we make two assumptions about o:

1. We assume the image is square (i.e. H =W ).

2. We assume the image is a single grayscale frame (C = 1).

Both of these assumptions are only for the sake of simplicity and may be relaxed with some minor adap-
tations if necessary, that is, they are not strict conditions for the successful implementation of the method
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Figure 4.3.: An illustration of linear patch embedding of an image using a single convolutional layer in which
the horizontal and vertical stride of the convolution operation is equal to the patch size, such that
the convolutions are non-overlapping. For each of the N patches, the set of convolutions with
each of the L convolutional kernels produces an embedding vector of dimension L.

described here. Following [25], we divide o into a grid of N non-overlapping image patches, o(i) ∈ Rk×k,
such that N = (H/k)2, where each patch is considered a distinct sensory signal. To generate an embedding
vector for each image patch, we follow [13], utilising a single convolutional layer, fembed, with kernelsW (j),
j = 1, 2, . . . , L, and perform a sequence of non-overlapping convolutions over o by setting the horizontal
and vertical stride to be equal to the patch width/height k - see Figure 4.3 for an illustration. In this way, the
ith embedding (row) vector in the embedding matrix, Ẽ ∈ RN×L, is computed by convolving the ith image
patch with each of the L kernels:

Ẽi,1:L = fembed(o
(i)) = (o(i) ∗W (1), . . . , o(i) ∗W (L))

Thus, we avoid the computational overhead of having to reshape the image into a batch of image patches
followed by a flattening of each patch in order to pass the flattened patches through a dense layer, which
would be materially equivalent to the convolutional embedding method described above, but less efficient.

Positional Encoding
Unlike convolutional layers, Transformer self-attention does not have a spatial inductive bias, which accounts
for the property of permutation equivariance discussed above. In the case of vector-based tasks, our embed-
ding method assigns each sensory signal a corresponding column vector of learnable weights in the weight
matrix of the dense fembed layer which serves to identify the sensor itself and to encode the value of the
signal at each time step. Moreover, there is no notion of ordering or spatial structure in vector observations.
As such, there is no need to add positional encoding vectors to the matrix of embedding vectors in the case
of vector-based tasks before feeding it into the attention block. In the case of vision-based tasks, however,
the inherent spatial structure over the image patches must be encoded explicitly by adding to Ẽ a matrix of
positional encoding vectors, U ∈ RN×L, where the ith row encodes the position of the image patch which
has its embedding vector in the ith row of Ẽ.

We employ the 2D positional encoding method used in [13]. In this method, each image patch is assigned
coordinates (row, col), where row and col are the indices of the vertical and horizontal positions of the
image patch in the grid, respectively. Each positional encoding vector, urow,col ∈ RL, is a concatenation of
two equal-sized vectors, urow ∈ RL/2 and ucol ∈ RL/2. In a similar manner to the 1D positional encoding
employed in [11], urow is a vector of sinusoids, evaluated at different frequencies as:
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urow1:L/4 =
(
sin(ω1 · row), . . . , sin(ωL/4 · row)

)
urowL/4:L/2 =

(
cos(ω1 · row), . . . , cos(ωL/4 · row)

)
urow = concatenate(urow1:L/4, u

row
L/4:L/2)

where

ωk =
1

1000k/(L/4)

The vector, ucol, encoding the horizontal position of the image patch is computed in the same way, and
the final positional encoding vector for an image patch positioned at (row, col) in the grid is constructed as
urow,col = concatenate(urow, ucol). When computed in this way, the cosine similarity between each given
positional encoding vector and all others when plotted in a grid as a heat map, produces the illustration
shown in Figure 2.25, where adjacent and surrounding image patches have high similarity which diminishes
in a manner approximately proportional to the euclidean distance between patches on the grid.
The ith row of U is then the vector urow,col which encodes the 2D position of the image patch, o(i), at

(row, col) in the grid corresponding to the embedding vector in the ith row of Ẽ. As per [13], each positional
encoding vector is added element-wise to its corresponding embedding vector in order to produce a final
embedding matrix ready to be processed by the attention block:

E = Ẽ + U

In this way, the columns of the projection matricesWq ,Wk, andWv belonging to each attention head are
able to extract both ‘what’ (visual) and ‘where’ (spatial) features from the rows of E since the inner products
between the projection and embedding matrices will be determined partly by visual features in Ẽ extracted
by the convolutional embedding layer, and partly by the spatial encoding in U .
Masking
In all experiments outlined below, we utilise masking to emulate (a) the intermittent failure or latency of
sensory signals, and (b) sensory queries emitted by the agent to the controller in the ’low-bandwidth channel’
scenario. In practice, this is implemented as follows. At each time step, t, we have a bit mask, ψt ∈ [0, 1]L,
which is generated either by the environment (random) or by the agent (non-random), where the ith bit in
ψt corresponds to the ith row of E and hence the ith sensory signal with 0 indicating that the sensory signal
should be masked. In each experiment conducted, we set a masking ratio, µtrain ∈ [0, 1), which determines
the percentage of sensory signals which are masked at each time step throughout training, and hence the
percentage of 0s in each ψt. Through our experiments, we seek to examine the effects of different masking
ratios on the performance of the various policy architectures studied.
Regarding practical implementation, in the case of the proposed attention agent, the process of masking

simply involves excluding the rows of E for which the corresponding bits in ψt are zero, which is possible
since the self-attention layer is able to process embedding matrices with arbitrary numbers of rows. We will
cover the practical details of masking in the case of the baseline agents below.

4.2.3 Attention Block

The form of the attention block used in the proposed attention policy is identical to that used in the ViT [12]
- see Figure 2.23 - and in the MAE [13]; multi-head (self) attention (MHA) [11], per equation 2.64, followed by
a shared 2-layered MLP which transforms each row vector in the matrix produced by the self-attention layer
independently (i.e. as a batch). A LayerNorm layer [75] proceeds both the MHA and MLP components and
each is followed by a residual connection [32]. We also experiment with replacing the residual connection
with a GRU gate as proposed in [21] - more on this below.
Two important hyperparameterswhichmust be preset for theMHA layer, andwhich determine the capacity

of themodel, are the parameters dmodel, the embedding dimension of themodel, andh, the number of attention
heads. As usual, the ith attention head performs the dot-product attention operation:
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headi = Attention(EtW
Q
i , EtW

K
i , EtW
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i ) (4.2)
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(
EtW

Q
i (EtW

K
i )T√

dmodel

)
EtW

V
i (4.3)

where Et is assumed to be the matrix of all unmasked embedding vectors at a given time step, t, and where
WQ

i ,W
K
i ,W

V
i ∈ RL×M are the query, key, and value projection matrices for the ith attention head, each of

which projects the rows of Et into an embedding space with dimensionM = dmodel
h .

As in equation 2.64, the outputs of the attention heads are finally concatenated column-wise and projected
into an output embedding space by a weight matrix,WO ∈ Rdmodel×dmodel , in order to produce a matrix with
⌈(1− µtrain) ·N⌉ rows, whereN is the total number of sensory signals (masked and unmasked), and dmodel

columns.

The 2-layered MLP performs the transformation f : Rdmodel → Rdmodel on each row vector in the matrix
produced by theMHA layer, with the hidden layer having a number of neurons proportional to dmodel (usually
a multiple of 2), which is an additional hyperparameter set per experiment. We apply a ReLU activation
function to the activation values output by the hidden layer. Finally, we follow [13], and perform a mean-
pooling operation over the batch of feature vectors produced by the MLP to produce the global latent code,
mt ∈ Rdmodel .

In this way, the attention block takes as input the embedding vectors corresponding to the available (un-
masked) sensory signals derived from each environment observation ot emitted at each time step t, perform-
ing the attention operation outlined above and producing a global latent code mt which encodes the salient
features gleaned from the available sensory information. The hope here is that the attention operation over
only available sensory signals will be able to produce a latent code which allows for increased robustness to
performance degradation under increasingly high masking ratios when compared with the baseline methods
described below, each of which requires imputation to satisfy the requirement of fixed-sized observations.

4.2.4 Recurrent Layer

The masking of sensory signals induces partial observability which may be extreme in the case of high mask-
ing ratios (i.e. µtrain > 0.7). For this reason, we follow previous work in which RL agents were trained under
partial observability [14][16] and include an RNN layer with hidden dimensionality dmodel, which takes as
input at each time step, t, the global latent code, mt, containing salient features gleaned from the unmasked
sensory signals by the attention block, along with the hidden state from the previous time step, ht−1, which
contains feature information aggregated across the agent’s historical trajectory of partial observations, to
produce an updated hidden state, ht ∈ Rdmodel . In this way, the hidden state of the RNN is akin to the belief
the agent holds regarding the true state of the underlying MDP.

In our experiments, we choose the Gated Recurrent Unit (GRU) [60] as the RNN layer, as it has been shown
empirically to be comparable in performance to the LSTM, but more efficient [58]. We acknowledge that
much of the related work on the application of self-attention in POMDP RL examined above cite as moti-
vation for their work shortcomings in RNNs as a memory mechanism for dealing with partial observability
[20][23][21][92], however, (a) our work is not directly concerned with this problem, but rather with the prob-
lem of variable sized partial observations arising from sensory masking, and (b) the use or RNNs for handling
partial observability in RL is well-established and remains widely used in the literature, as pointed out by
[21]. For these reasons, while future work might consider using an attention mechanism in place of an RNN
in order to aggregate information over time, as in [20], we will utilise RNNs for experiments conducted in
this dissertation.

4.2.5 Policy & Value Heads

The proposed attention policy architecture is an actor-critic network similar to that proposed in [20] and,
as such, it has both an actor and a critic head. Both the actor and the critic head take as input the updated
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hidden state, ht, from the RNN layer and produce a probability distribution over possible actions, πθ(a|ht),
and a value estimate of the underlying state of the MDP, Vθ(ht) ∼ vπ(st). Both the actor and critic head take
the form of a 2-layered MLP where the number of neurons in the hidden layer is proportional to dmodel (in
all our experiments we use a multiplier of 2). Again, we apply a ReLU activation function to the activations
in the hidden layer.

4.2.6 Mask Head

In the low-bandwidth scenario described above, wewould like to allow the agent to query the environment for
specific sensory signals by generating, at each time step, the bit mask, ψt, as opposed to having it be randomly
generated by the environment. To this end, we append an additional masking head onto the attention policy
which, as with the policy and value heads, takes the form of a 2-layered MLP with a number of neurons in the
hidden layer proportional to dmodel (in our experiments we use a multiplier of 2) and a ReLU action applied
to the values output from the hidden layer.

Mask generation happens in the following way. At each time step the agent generates, from ht, a multi-
nomial distribution (p1, . . . , pN ) over the N sensors 1. Then, we sample without replacement according to
µtrain (µeval during evaluation). In this way, we generate the bitmask, ψt, with M = N − ⌈µtrain ∗ N⌉ 1s
and compute the probability:

Pr(ψt|ht) = f(x1, . . . , xN ;M,β1, . . . , βN ) (4.4)

=
M !

x1! . . . xN !
px1
1 × · · · × p

xN
N (4.5)

=M !× px1
1 × · · · × p

xN
N (4.6)

where f represents the probability mass function for the multinomial distribution, pi is the probability of the
ith sensory signal being sampled, and xi ∈ {0, 1} is the number of times the ith sensory signal is drawn,
which may be either 0 or 1 since we are sampling without replacement.

The parameters of the mask head are optimised jointly with the rest of the policy network. This is achieved
by viewing mask generation and action selection as a joint ‘action’ and computing their joint probability
in the following way. Note that since both π(at|ht) and Pr(ψt|ht) depend directly on h but are computed
independently of one another via separate heads, we have conditional independence [104] meaning we can
compute the probability of the joint action as:

Pr(at, ψt|ht) = π(at|ht) · Pr(ψt|ht) (4.7)

Note that in practice, for numerical stability, we work with log probabilities wherever possible, and the
joint probability is computed using a sum of log probabilities instead. In this way, as we use PPO to train the
agents in all experiments, Pr(at, ψt) may be used instead of π(at|ht) for computing the gradient of the PPO
objective 2.54.

4.3 Baseline Policy Architectures
We seek to study the effects of sensory masking and various imputation methods on a set of baseline pol-
icy architectures using conventional dense and convolutional layers, which require fixed-sized observations,
comparing their performance to that of our proposed attention agent. To this end, we modify the policy ar-
chitecture shown in 4.2 by replacing the embedding layer and the attention block in order to construct two
baseline policy architectures of comparable size (with respect to the number of network parameters): a dense
agent, for vector-based tasks, and a convolutional agent, for vision-based tasks.

1We use the distrax package which has convenient implementations of probability distributions in Jax.
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4.3.1 Dense Agent

In constructing the dense agent, we replace the embedding layer and attention block with a 2-layered MLP
which performs the transformation f : RN → Rdmodel (in our experiments we set dmodel = 128), and where
the number of neurons in the hidden layer is proportional to dmodel (in all our experiments we use a multiplier
of 2 and apply a ReLU activation function to the activation values output by the hidden layer). In this way,
the dense agent produces a latent code,mt ∈ Rdmodel , at each time step, t, equal to the dimension of the latent
code produced by the attention agent, which may be passed into the RNN layer and on to the network heads
in the manner described above.

4.3.2 Convolutional Agent

In constructing the convolutional agent, we replace the embedding layer and attention block with a con-
volutional network consisting of two convolutional layers followed by a dense layer, which is structurally
equivalent to the DQN network proposed in [9], used to train agents to play Atari 2600 games. In all our
experiments, we set the number of kernels in the first convolutional layer to 32, and the horizontal and ver-
tical stride to 4. Each kernel in the first convolutional layer is in Rk×k and where k is equal to the patch size
(height/width) used for segmenting input images in the case of the attention agent (in our experiments we
set k = 8). We set the number of kernels in the first convolutional layer to 64, and the horizontal and vertical
stride to 2. Each kernel in the second convolutional layer is in R4×4. The output of the second convolutional
layer is reshaped to form a 1-dimensional feature vector which is transformed by a dense layer to produce the
latent code,mt ∈ Rdmodel (in all our experiments we set dmodel = 128). We apply a ReLU activation function
to the output activations of each convolutional layer, as well as to the output of the dense layer.

4.3.3 Masking & Imputation

As established above, both dense and convolutional layers require fixed-sized inputs. Consequently, masked
sensory signals may not be removed entirely from the input to either the dense or convolutional agent’s policy
networks. Instead, we are required to impute - that is, substitute - the masked sensory signal with some other
value(s). We experiment with three methods of imputation:

1. Noise Masking: the values making up each masked sensory signal - scalars in the case of vector-based
tasks and each individual pixel in the image patch in the case of vision-based tasks - are imputed with
Gaussian noise with mean 0 and variance 1. The intention here is to emulate a faulty sensor. The mean
and variance selected for generating the noise produce values which are the range of the values which
make up the observations in both the Acrobot environment, where the majority of the values are in the
range [−1, 1], and the CarRacing environment, where we normalise the pixel values to be within the
range [0, 1].

2. Zero Masking: the values making up each masked sensory signal are imputed with zeros. This is a
naive method of imputation for dealing with missing values.

3. Forward-fill Masking: the values making up each masked sensory signal are imputed with the values
of the most recently observed sensory signals. This is the method employed by the industry experts we
consulted, DataProphet, when dealing with missing sensory data.

The practical implementation details of masking and imputation are as follows. At each time step, t, the
environment emits an observation, ot, and a randomly generated bit mask, ψt. Additionally, we have an
imputation tensor, õt, which is the same shape as, ot, and which is filled with imputation values; Gaussian
noise, zeros, or values belonging to the the most recently observed sensory signal. In the case of vector-based
environments, the bit mask and the observation are one-dimensional vectors of equal size, where the ith bit
in ψt corresponds to the ith sensory signal (scalar) in ot. In the case of vision-based tasks, we broadcast the
bit mask to fill a 2-dimensional tensor of the same shape as ot - we will denote this broadcast tensor as ψt for
consistency, we assume the meaning will be evident from the context in what follows - where the ith bit fills
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the values in the 2D mask which correspond to the image patch which is the ith sensory signal. We can then
compute the masked and imputed observation as:

ōt = ot ⊙ ψt + õt ⊙ (1− ψt) (4.8)

where ⊙ denotes an element-wise multiplication. The agent then observes ōt as opposed to ot. The effect of
this operation in the case of a vision-based task is illustrated in Figure 4.1 (b) and (c), which illustrate noise
and zero masking, respectively. The forward fill imputation method is illustrated below in Figure 4.4 (a) for
vision-based tasks and in 4.4 (b) for vector-based tasks - both produced based on a masking ratio of 50%.
In both cases, the forward-fill method provides a fair approximation of the original observation with some
distortion.

Figure 4.4.: An illustration of forward-fill masking with a masking ratio of 50% in (a) a vision-based task
wherein each image patch constitutes a sensory signal and, (b) a vector-based task wherein each
scalar value in the vector constitutes a sensory signal. In both cases, the values of masked sensory
signals are imputed with their most recently observed values. In the vision case, this results in a
somewhat distorted, but still comprehensible, version of the original image, while in the vector
case, the time series associated with each sensory signal tends towards having constant values for
periods of time, followed by a step change to a new value, and so on.
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Chapter 5

Experiments

In this section, we will detail all experiments conducted in an attempt to answer our research questions which,
as a reminder, are as follows:

1. In the ‘sensor failure and latency’ scenario, what is the manner and extent of performance degradation
suffered by conventional policy network architectures using the imputation methods of zero masking, noise
masking, and forward-fill masking under different rates of sensor failure and latency?

2. What advantages and disadvantages might self-attention-based policy network architectures offer over
conventional policy network architectures in such conditions?

3. In the ‘low-bandwidth communication channel’ scenario, what advantages and disadvantages are offered
by the non-random generation of sensor queries over the random alternative?

With this in mind, we have chosen to conduct two major sets of experiments. In our first set of experiments
- ‘Random Masking’ - we train both our attention agent and the baseline agents, detailed in sections 4.3.1 and
4.3.2, on adapted versions of two test environments wherein a fixed proportion of the sensory signals are
randomly masked at each time step, to emulate signal failure or latency. In these experiments, we will seek
to study the effect of different degrees of partial observability induced by different masking ratios, as well as
the various imputation methods, on the agents’ performance.

In our second set of experiments - ‘Generated Masking’ - we utilise a similar experimental framework, but
instead of having the mask be randomly generated by the environment, we equip the agent with the ability
to generate the mask and, in so doing, query specific sensory signals at each time step.

The chapter is structured as follows. Section 5.1 gives an overview of the test environments used in our
experiments. Then, sections 5.2 and 5.3 detail the design of our Random Masking and Generated Masking
experiments, respectively. Finally, section 5.4 covers some of the implementation details including hyperpa-
rameter values and an overview of the software and hardware used.

5.1 Test Environments
In this section, we detail the test environments used in the experiments that follow. We have opted to ex-
periment using one vector-based task as well as one vision-based task in order to study the problem outlined
above since pixel patches and scalar values corresponding to physical quantities represent distinct categories
of sensory signals, and there will likely be distinct insights to be drawn from each category regarding the
research questions posed above.

5.1.1 Acrobot - Vector Task

The Acrobot environment models a physical system consisting of two links connected to form a chain, with
one end of the chain fixed to a wall, but free to rotate. The joint between the two links is actuated, meaning
that it has within it a component, such as a motor which is able to exert force and cause movement. The goal
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of the agent is to apply torque on the actuated joint at each time step, either in the clockwise or anti-clockwise
direction, in order to swing the free end of the linear chain above a given height while starting from the initial
state of hanging downwards. In order to achieve the objective, the agent must explore several possible action
sequences in order to swing the end of the chain up to the goal height. There are several canonical vector-
based environments which have been implemented in a unified framework called Gym (or Gymnasium) by
OpenAI - the reason we chose Acrobot is that it has the highest number of components of all the ‘Classic
Control’ tasks which is useful for experimenting with a range of masking ratios. We describe each aspect of
the environment in detail below.

Figure 5.1.: An illustration of the Acrobot task.

Observation space The observation is a vector of dimension 6 which encodes information about the two
rotational joint angles as well as their angular velocities. θ1 is the angle of the first joint, where an angle of
0 indicates the first link is pointing directly downwards. θ2 is the angle relative to the angle of the first link.
Each angle is encoded by taking the sine and cosine of each to avoid the discontinuity between 2π and 0
radians. The angular velocities of θ1 and θ2 are bounded at ±4π, and ±9π radians per second, respectively,
for reasons to do with numerical stability1. An illustration of the system may be seen in Figure 5.1, and the
details of the observation vector are tabulated in Table 5.1.

Index Quantity Min Max
1 cos(θ1) -1 1
2 sin(θ1) -1 1
3 cos(θ2) -1 1
4 sin(θ2) -1 1
5 θ̇1 −4π 4π

6 θ̇2 −9π 9π

Table 5.1.: The observation space of the Acrobot-v1 (vector) environment. Note: θ̇ denotes the angular veloc-
ity.

Action space The action space consists of three discrete actions, each representing the torque applied on
the actuated joint between the two links. The details of each action are tabulated in Table 5.2
Rewards The goal is to have the free end of the chain reach a designated target height in as few steps as

possible, and as such all steps that do not reach the goal incur a reward of -1. Achieving the target height
results in termination with a reward of 0. The reward threshold - the episodic return above which the task is
considered solved - is -100.
Starting states Each parameter in the underlying state (θ1, θ2, and the two angular velocities) is initialized

uniformly between -0.1 and 0.1. This means both links are pointing approximately downwards with some
initial stochasticity.
1The official documentation for the environment may be found here: https://gymnasium.farama.org/
environments/classic_control/acrobot/.
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Index Description
1 apply -1 (N ·m) torque to the actuated joint
2 apply 0 (N ·m) torque to the actuated joint
3 apply 1 (N ·m) torque to the actuated joint

Table 5.2.: The action space of the Acrobot-v1 (vector) environment.

Episodic termination The episode ends if: the free end reaches the target height (a terminal state), which
is constructed as −cos(θ1)− cos(θ2 + θ1) > 1.0, or if the episode continues for more than 500 time steps.

5.1.2 CarRacing - Vision Task

CarRacing, illustrated in Figure 4.1 (a), is a video game environment in which the agent’s task is to drive a
racing car around a winding track as quickly as possible without going off course. The track is randomly
generated in each episode.

Observation space The observation space is simply an RGB pixel grid of shape (96, 96, 3) which con-
stitutes the game screen depicting the racing car, the track, and the surrounding grass. However, in our
experiments, we convert the screen to grayscale for efficiency, meaning that each observation has shape
(96, 96).

Action space The action space consists of five discrete actions giving the agent the ability to accelerate,
brake, and steer the car. The details of each action are tabulated in Table 5.3

Index Description
1 do nothing
2 steer left
3 steer right
4 accelerate
5 brake

Table 5.3.: The action space of the CarRacing-v2 (vision) environment.

Rewards The racing track is divided into tiles, with the division between each tile cutting across the width
of the track, meaning that driving forward along the track one would move from one tile to the next. The
agent’s objective is to visit all the tiles on the track as quickly as possible without going off course. The reward
received by the agent is -0.1 for every episodic time step (frame) and 1000

N for every track tile visited, where
N is the total number of tiles in the track. For example, if the agent completes a track with 732 tiles in 732
time steps (frames), the total episodic reward received by the agent is 1000− 0.1 ∗ 732 = 926.8.

Starting states At the beginning of each episode, the car starts at rest in the centre of the road on a
randomly generated track.

Episodic termination The episode ends if: the agent visits all tiles on the track, or if the car goes too
far off the track, in which case the agent will receive a large negative reward of −100 and the episode will
terminate.

5.2 Random Masking Experiments
Table 5.4 below details the Random Masking experiments run for all agents across both test environments. In
our RandomMasking experiments, we train our attention agent and the baseline agents on a range of masking
ratios µtrain spanning from 0% (0/6 sensors) to 83% (5/6 sensors) in the case of the Acrobot (vector) task, and
from 0% to 98% in the case of CarRacing (vision). Note that we ran the Random Masking experiment for the
CarRacing environment under a 98% masking ratio to see whether the performance of the baseline methods
would break down under conditions of extreme noise and partial observability - we stopped at 90% in the case
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of the Generated Making experiments detailed in section 5.3 below. Regarding the baseline agents, we train
both the dense and convolutional baseline agents under the three methods of imputation outlined above: zero
masking, noise masking, and forward-fill masking.

We train all agents using the PPO algorithm for a fixed number of time steps - see section 5.4.1 for details
- which we selected based on trial runs of the experiments, selecting a number of training steps where con-
vergence was more or less observed for agents trained under full observability (a 0% masking ratio). In our
view, this and the fact that the number of training steps is held constant across the board (for all agents, and
for all masking ratios) is sufficient for the purposes of our comparative study.

During evaluation time, we evaluate all agents, each trained under a fixed µtrain, for a fixed number of time
steps across the full range of masking ratios, denoted µeval. This method of evaluation follows [16] where the
authors studied MDP to POMDP generalisation (and vice versa) of their DRQN agent, to assess the agents’
abilities to generalise to varying degrees of partial observability induced by µeval which differ from the degree
of partial observability induced by µtrain during training. The ability of an agent to generalise to scenarios
with greater or lesser degrees of partial observability is important to study in the context of the problem we
are examining since it’s not possible to fully predict which scenarios exactly the agent might encounter at
inference time.

Importantly, all results reported are averaged across 5 random seeds to ensure statistical validity (as far as
possible)2.

Agent # Environment Imputation method
Attention
Agent

1 (a) Acrobot -
1 (b) CarRacing -

Baseline
Agent
(Dense)

1 (c) Acrobot Gaussian noise
1 (d) Acrobot zeros
1 (e) Acrobot forward-fill

Baseline
Agent
(Conv)

1 (f) CarRacing Gaussian noise
1 (g) CarRacing zeros
1 (h) CarRacing forward-fill

Table 5.4.: Random Masking Experiments

Environment Training Steps Evaluations Steps µtrain/µeval

Acrobot 8× 106 4× 104 {0/6, 1/6, 2/6, 3/6, 4/6, 5/6}
CarRacing 12× 106 8× 104 {0.0, 0.1, 0.3, 0.5, 0.7, 0.9, 0.98}

Table 5.5.: Random Masking Experiments: the total number of training and evaluation steps across all envi-
ronments, and the set of masking ratios used for both training and evaluation.

5.3 Generated Masking Experiments
In our Generated Masking experiments, detailed in Table 5.6 below, we perform experiments 1(a) and 1(b),
detailed in Table 5.4 above, again but instead of having ψt be generated randomly by the environment, it is
generated by the agent at each time step based on ht in the manner described above.

5.4 Implementation Details

2We would have liked to perform additional runs, however, due to constraints on computation resources and budget this was not
possible.

90



Agent # Environment Masking
Attention
Agent

2 (a) Acrobot agent-generated
2 (b) CarRacing agent-generated

Table 5.6.: Generated Masking Experiments

Environment Training Steps Evaluations Steps µtrain/µeval

Acrobot 8× 106 4× 104 {0/6, 1/6, 2/6, 3/6, 4/6, 5/6}
CarRacing 12× 106 8× 104 {0.0, 0.1, 0.3, 0.5, 0.7, 0.9}

Table 5.7.: Generated Masking Experiments: training steps, evaluation steps, and masking ratios per environ-
ment.

5.4.1 Training Algorithm: PPO

Both our attention agent and the baseline agents have actor-critic policy architectures. PPO is designed to be
a stable actor-critic learning algorithm which works well out of the box. We, therefore, opt to use PPO for all
our experiments. However, we note that results obtained might not necessarily generalise under value-based
methods like DQN - this should be noted as a limitation of this research and an item for future work.

We adapt state-of-the-art PPO implementations from a set of third-party sources, detailed in section 5.4.3.
All hyperparameter values are detailed in Table 5.8 below. While we performed test runs and conducted some
minor hyperparameter tuning (e.g. for the number of training steps), we found the hyperparameters used in
the baseline implementation of PPO on which ours was (indirectly) based [105] worked well, likely because
the authors have taken care to re-implement PPO according to the original implementation by the authors
[106], against which they have rigorously benchmarked their implementation.

5.4.2 Agent Hyperparameters

Table 5.9 below details the hyperparameters used for the attention and baseline agent architectures for both
test environments. The hyperparameter dmodel refers to the dimension of the embeddings in the attention
agent, as well as the hidden dimension of the RNN in both the attention and baseline agents. For the baseline
agents dmodel also represents the dimension of the vector produced by the network core - the MLP in the case
of the dense agent, and the CNN in the case of the convolutional agent.

5.4.3 Software & Hardware Details

Language and Libraries All code is written in Python 3.9. RL agent and PPO implemented in Jax 0.4.20, Flax
0.7.5. Environments using Envpool 0.8.4 (CarRacing), Gymnax 0.0.1 (Acrbobot).

Hardware Experiments run in Google Colab on Nvidia V100 and on Puzl.cloud on an Nvidia A100.

Third-party code PPO implementation adapted from PureJaxRL [107] and CleanRL [105], each of which
contain state of the art implementations based on the literature, and were originally based on OpenAIs Base-
lines [106] implementation following their publication of the PPO paper [70]. Aspects of the attention agent
implementation were adapted to Jax from the original PyTorch implementation [108] of the MAE from Face-
book AI Research, including the convolutional embedding layer, the 2D positional encoding method, and the
structure of the attention block.
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Hyperparameter Type Acrobot CarRacing Description
Training steps integer 8× 106 12× 106 Total number of environment

steps during training
Number of environments integer 4 8 Number of parallel environ-

ments with which to collect ex-
perience

Steps per environment integer 2× 106 1.5× 106 The number of training steps
per parallel environment

Batch size integer 128 128 The number of time steps to run
per gradient update

Number of mini-batches integer 4 4 The number of mini-batches
into which the collected experi-
ence is divided and used for a
single PPO update

α float 2.5× 10−4 2.5× 10−4 The (initial) learning rate which
determines themagnitude of the
Gradient update

Anneal learning rate boolean true true Whether or not to decay the
learning rate throughout train-
ing according to a linear sched-
ule

γ float 0.99 0.99 The discount parameter for
computing returns

λGAE float 0.95 0.95 The coefficient for computing
the generalised advantage esti-
mate

Clip ϵ float 0.1 0.2 Used to clip rθ in the PPO objec-
tive 2.54

Entropy coefficient float 0.01 0.01 The coefficient for an additional
entropy term added to the to-
tal PPO loss which rewards the
agent for maintaining a level of
entropy in πθ(a|·) for the pur-
poses of exploration.

Value loss coefficient float 0.5 0.5 The coefficient for the value loss
term in the total PPO loss, which
takes the form 2.52

Maximum gradient norm float 0.5 0.5 A threshold for the norm of gra-
dients computed from the PPO
objective function, above which
gradients are scaled by multi-
plying them by the threshold
value divided by the norm of the
gradient

Table 5.8.: PPO Hyperparameters
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Agent Hyperparameter Type Acrobot CarRacing

Attention
Agent

dmodel integer 128 128
Patch size integer - 8

number of attention heads integer 8 4
MLP hidden dim ratio (attention block) integer 2 2
MLP hidden dim ratio (policy heads) integer 1 1

activation function ReLU ReLU

Dense
Agent

dmodel integer 128 -
MLP hidden dim ratio (network core) integer 2 -
MLP hidden dim ratio (policy heads) integer 1 -

activation function ReLU -

Convolutional
Agent

dmodel integer - 128
Patch size (for random masking) integer - 8
number of kernels (conv layer 1) integer - 32
kernel dimension (conv layer 1) integer - 8

stride (conv layer 1) integer - 4
number of kernels (conv layer 2) integer - 64
kernel dimension (conv layer 2) integer - 4

stride (conv layer 2) integer - 2
MLP hidden dim ratio (policy heads) integer - 1

activation function - ReLU

Table 5.9.: Agent Hyperparameters
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Chapter 6

Results

In this chapter, we provide a detailed overview of the results from our experiments. In sections 6.1 and 6.2,
we discuss the outcomes of the Random Masking experiments, as detailed in section 5.2, and the Generated
Masking experiments, as detailed in section 5.3, respectively. In both cases, we examine the data recorded
during both training and evaluation by all agents across both environments and conduct additional analyses
on data generated during the evaluation by each agent.

6.1 Random Masking

6.1.1 Acrobot - Vector Task

(a) Attention Agent (b) Dense Agent - Zero Masking

(c) Dense Agent - Noise Masking (d) Dense Agent - Forward-Fill Masking

Figure 6.1.: Episodic returns obtained during training in the Acrobot-v1 environment during our Random
Masking experiments by our attention agent and the baseline dense agents trained under fixed
masking ratios µtrain = 0/6, 1/6, . . . , 5/6.

Figure 6.1 illustrates the episodic returns obtained during training on the Acrobot-v1 task for our attention
agent and the dense baseline agent under zero masking, noise masking, and forward-fill masking, trained
under fixed masking ratios µtrain = 0/6, 1/6, . . . , 5/6. Note that tabulated results are given in the Appendix.
When examining these plots, we are looking to assess how each of the following aspects of the agents’ learning
are affected under increasing µtrain:
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1. Mean episodic return: the mean episodic return obtained by the agent towards the end of training.

2. Sample efficiency: the rate (return per time step) at which the agent learns

3. Stability: the degree to which the mean return generated by the agent throughout training gradually
increases and then converges, as opposed to fluctuating up and down.

Examining the returns generated by our attention agent (Figure 6.1 (a)) during training we observe the
following. The attention agent is able to learn to perform the task successfully under all masking ratios,
converging to a maximum mean return of −64 under µtrain = 0/6 1and −122 under µtrain = 5/6 towards
the end of training. Note that each increase in µtrain corresponds to a lower maximum mean return as might
be expected, as the agent has access to less information at each time step and must rely more and more on the
recurrent layer to aggregate information obtained from partial observations over time. Sample efficiency
also degrades with each increase in µtrain. Convergence occurs in ≈ 0.25e6 steps for µtrain = 0/6 to
µtrain = 2/6, increasing to ≈ 0.7e6 for µtrain = 3/6, ≈ 1e6 for µtrain = 4/6, and ≈ 1.5e6 for µtrain = 5/6.
Learning stability also appears to degrade reliably during training with each increase in µtrain, with instability
being most evident for µtrain = 5/6 where the mean return fluctuates throughout training, producing sharp
increases and decreases intermittently until convergence.

Examining the returns generated by the baseline dense agent under zero masking, noise masking, and
forward-fill masking (Figures 6.1 (b), (c), and (d), respectively) during training we observe the following.
For µtrain = 0/6 the baseline dense agent variants are essentially equivalent (as the agent receives the full
observation at each time step) and each converges to amean return between−63 and−67. From µtrain = 1/6
to µtrain = 4/6 the dense agents are ultimately able to learn to perform the task successfully by the end of
training, achieving scores comparable to that of our attention agent. However, each of the dense agent variants
struggles to make progress learning under µtrain = 5/6, with the zero masking variant scoring a mean return
between -200 and -400 by the end of training, the forward-fill variant scoring between -400 and -500, and the
noise masking agent scoring -500, failing to make any progress learning whatsoever. The dense agent variants
exhibit similar sample efficiency to our attention agent up until µtrain = 3/6. For µtrain = 4/6, convergence
is only obtained at ≈ 1.2e6, ≈ 1.4e6, and ≈ 1.6e6 time steps by the zero masking, noise masking, and
forward-fill masking agents, respectively. Instability also clearly increases with increasing µtrain. The noise
masking agent exhibits the most stability up until µtrain = 4/6. The zero masking variant exhibits stable
learning up until µtrain = 3/6, whereafter we observe significant fluctuations in the mean returns obtained
under both µtrain = 4/6 and µtrain = 5/6 throughout training. Finally, the forward-fill variant appears to
exhibit the least stability with significant fluctuations observed even for µtrain = 3/6, and severe fluctuations
for µtrain = 4/6 and µtrain = 5/6.

In the case of the Acrobot-v1 task, zero masking appears to degrade the performance of the dense agent the
least of all the masking (imputation) variants of the baseline dense agent. Interestingly, noise masking appears
preferable to forward-fill masking with respect to stability and sample efficiency, but fails to learn entirely
for µtrain = 5/6. This is likely because, in the case of forward-fill masking under µtrain > 3/6, having
in-distribution values which are roughly correlated with the true values frustrates the learning process as the
values may be easily misinterpreted by the agent (statistically speaking) as true when they are false/delayed.
Gaussian noise on the other hand is entirely uncorrelated with the true values of each observation, which
the agent appears to be able to learn to ignore, up until µtrain = 5/6 at which point the noise becomes
overwhelming.

In general, the ability of all agents to make progress learning at all under high masking ratios is further
evidence of the effectiveness of RNNs - especially those with gating mechanisms such as the GRU - in dealing
with partial observability. It is clear, however, that the ability to process only available sensory signals enabled
by the self-attention layer offers a distinct advantage over having to process noise constituted by imputed
values, as in the case of the baseline dense agents, in the Acrobot-v1 (vector) task.

As outlined in the Methodology - section 4 - we would like to evaluate the ability of our attention and the
baseline agent variants to generalise to masking ratios other than the one under which they were trained.
1According to the OpenAI leader board (https://github.com/openai/gym/wiki/Leaderboard) the highest score
reported for which evidence is provided is a mean return of -61.8 (4th place).
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(a) µtrain=0/6 (b) µtrain=1/6

(c) µtrain=3/6 (d) µtrain=5/6

Figure 6.2.: Generalisation to novel masking ratios on Acrobot-v1 (vector): episodic returns generated by our
attention agent and dense baseline agents (zero, noise, and forward-fill masking), each trained
under a fixed masking ratio µtrain, when evaluated across a set of increasing masking ratios µeval.

Given the problem we are studying, this is an especially important ability to asses, as it’s unlikely that the
probability of sensor failure will be uniform across all sensors, nor is it likely that the proportion of missing/-
corrupted sensory values will remain consistent across time, meaning that the conditions during training are
likely to be different than those at inference time. As such it is useful to asses how varying the masking ratio
during evaluation affects the episodic returns generated by each agent.

Figure 6.2 illustrates the mean episodic returns generated by our attention agent and the baseline dense
agent variants, trained under fixed µtrain, when evaluated under a set of increasing evaluation masking ratios
µeval = 0/6, 1/6, . . . , 5/6. Considering µtrain = 0/6 (Figure 6.2 (a)) we see that, while the mean return of
all agents reliably decreases as µeval increases, the attention agent is the most resistant to the degradation at
the extreme, obtaining a mean return of −148 under µeval = 5/6. The forward-fill masking variant of the
baseline dense agent performs comparably to the attention agent up until µeval = 4/6, but obtains a mean
return of just -251 for µeval = 5/6. The mean returns of the zero masking and noise masking variants of
the baseline dense agents each appear to degrade significantly faster than the forward-fill variant as µeval is
increased, obtaining mean returns of -290 and -315 for µeval = 5/6, respectively.

The difference in the ability to generalise between the baseline agents under the different masking variants
for µtrain = 0/6 is likely accounted for by the fact that forward-fill masking ensures the imputed values are
in-distribution with respect to the data on which the agent was trained, as opposed to zero and noise masking,
each of which produces noisy observation vectors which are increasingly out-of-distribution with respect to
the training data as µeval is increased.

Next, considering the returns generated during evaluation by each of the agents trained under µtrain = 1/6
and µtrain = 3/6 (Figure 6.2 (b) and (c), respectively), we observe the following. Exposure to a moderate
degree of partial observability and noise (in the case of the baseline dense agents) during training greatly
improves the ability of all agents to generalise at evaluation time, allowing each to handle greater degrees
of partial observability and noise than those encountered during training (µeval > µtrain). In both cases,
however, the attention agent outperforms all baseline dense agent variants when evaluated underµeval = 5/6,
suffering little-to-no degradation in mean episodic return generated relative to µeval = 0/6.

Finally, we consider the evaluation returns obtained by all agents when trained under µtrain = 5/6. As
might be expected from analysing the training curves in Figure 6.1, our attention agent performs the best,
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obtaining a mean episodic return of ≈ −130 for all values of µeval. The zero masking variant of the baseline
dense agent produces results which are better than expected, obtaining a mean episodic return of−155 under
µeval = 0/6 and−217 under µeval = 5/6, demonstrating an ability to benefit from the additional information
when evaluated under lower masking ratios than that under which it was trained (µeval < µtrain). The
forward-fill baseline dense agent suffers a massive drop in mean returns generated across all µeval (relative to
those observed for µtrain < 5/6), which is likely the result of extreme delays in sensory signals confounding
the agent during action selection. Consistent with results observed during training, the noise masking variant
of the baseline dense agent appears unable to complete the task successfully in under 500 time steps.

A key observation we make from analysing the data in Figure 6.2 is that it appears as though masking
unavailable sensory signals with zeros allows the baseline agent to effectively treat zero-valued signals as
absent. A plausible reason for this is because the true value of any given signal is almost certainly never exactly
0, a fact which may be exploited in the transformation of the masked observation by the policy network in
order to achieve an effect similar to that which arises naturally the attention agents policy architecture when
missing sensory signals are excluded entirely from the input.

(a) µtrain=0/6 (b) µtrain=1/6

(c) µtrain=3/6 (d) µtrain=5/6

Figure 6.3.: Standard deviations of the distributions of the returns - illustrated in Figure 6.2 - obtained dur-
ing evaluation on Acrobot-v1 by our attention agent and dense baseline agents (zero, noise, and
forward-fill masking), each trained under a fixed masking ratio µtrain, and evaluated across a set
of increasing masking ratios µeval.

For the purpose of fair evaluation and comparison, as well as to assess robustness and reliability, it is
useful to consider the standard deviation of the distribution of returns generated by each of the agents during
evaluation2. Figure 6.3 illustrates the standard deviations of the distribution of returns produced by agents
trained under fixed µtrain and evaluated across µeval = 0/6, 1/6, . . . , 5/6 3. In the plot, lower standard
deviations are generally more desirable, as this indicates the agent’s performance is consistent for fixed µeval,
even if the mean of the distribution of episodic returns decreases for increasing µeval.

The highest standard deviations were produced by each agent respectively when trained under µtrain =
0/6, with the values increasing reliably across the board from µeval = 0/6 to µtrain = 5/6. The most extreme
standard deviations are produced by the baseline dense agents: ≈ 130 for the zero masking agent and ≈ 100
for both the noise masking and forward-fill masking agents under µeval = 5/6. The attention agent proved to

2Indicating the standard deviations with vertical error bars in Figure 6.2 made the plot very difficult to ready, so we split the mean
and standard deviation into two plots.

3Note: the standard deviations are tabulated with the evaluation results in the Appendix.
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be more consistent across the board, producing the lowest standard deviation across all µeval and a maximum
of ≈ 60 under µeval = 5/6.

When trained under µtrain = 1/6 and µtrain = 3/6 the standard deviations produced by all agents are far
lower in general. This is consistent with the data illustrated in Figure 6.2 which shows all agents generalise far
better when exposed to moderate degrees of partial observability and noise (in the case of the baseline dense
agents) during training, which in turn appears to translate tomore consistent, less variable episodic returns. In
both cases when evaluated under under µeval = 5/6 our attention agent produces a lower standard deviation
than the baseline dense agents, while the forward-fill baseline agent produces the largest standard deviation,
once again demonstrating that our attention agent is more consistent with respect to returns generated under
high, novel rates of sensor failure.

Finally, the standard deviations produced by the baseline dense agents trained under µtrain = 5/6 are the
most extreme of all. Maximum standard deviations of 144 (under µeval = 4/6) and 150 (under µeval = 5/6)
were produced by the zeromasking and forward-fill masking variants of the baseline dense agent, respectively,
which is consistent with high variance in the returns generated by these agents during training as illustrated
in Figure 6.1. Meanwhile, our attention agent produced standard deviations of <60 across the board, demon-
strating significantly higher levels of consistency and robustness relative to the baseline dense agents. The
noise masking variant of the baseline agent has the lowest standard deviation of all, but this is only because
it consistently produces returns of ≈ −500 for all µeval.

(a) µtrain=0/6 (b) µtrain=1/6

(c) µtrain=3/6 (d) µtrain=5/6

Figure 6.4.: An illustration of the mean L2 norm of the vectors computed by taking the difference between the
latent code vectors produced from unmasked and masked observations,mt and m̃t, respectively,
from the Acrobot-v1 environment. The curves are plotted for our attention agent and all baseline
dense agents, each trained under fixed masking ratios µtrain, across a set of increasing masking
ratios µeval. Since the underlying observation is the same, it is desirable to see as small a change
in the L2 norm as possible as µeval is increased.

To handle increasing degrees of partial observability, each agent, broadly speaking, has two tools at its
disposal. First, the RNN can be optimised to filter and aggregate noisy signals from across time to form a
belief about the true current state of the underlying MDP - this phenomenon has been studied (e.g. in the
case of DRQN [16]) and is a feature we hold constant in our experiments between our attention and baseline
agents. A second tool the agent might use to handle partial observability is the network core which processes
the masked observations to produce the latent codemt. In the case of the baseline dense agent, the network
core can potentially be optimised to extract meaningful features from the observation whilst ‘ignoring’ the
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noise contributed by the imputed values. Since the focus of our experiments is the comparison between our
attention-based network core and the baseline dense (MLP) network core, it makes sense to examine the
question: given a fixed, unmasked observation ot and its associated latent codemt, to what degree does the latent
code m̃t, produced from ot following masking, differ frommt under masking ratios µeval = 0/6, 0.1, . . . , 5/6?

In answering this question, we examine the data illustrated in 6.4 wherein we plot the mean L2 norm
||m2 − m̃t||2 of the difference between latent codes produced for an unmasked batch of observations (mt),
and the latent codes produced from the same batch of observations with masks applied (m̃t) across all µeval,
for all agents trained under fixed masking ratios µtrain = 0/6, 1/6, 3/6, 5/6.

Considering the baseline dense agent, we make two key observations. First, the norms increase reliably
as µeval increases for all masking variants, across all µtrain. One interesting point here is that the mean of
the norms appears to plateau for the zero and noise masking variants of the baseline dense agent, trained
under µtrain = 0/6, at around µeval = 3/6, while the mean of the norm generated by the forward-fill agent
appears to increase linearly. This might be explained by the fact that under forward-fill masking, increasingly
novel (out of distribution) masked observation vectors are produced as µeval is increased due to the increase
in latency, resulting in increasingly novel combinations of sensory signal values. By contrast, in the case
of noise and zero masking, there is a point of saturation whereafter imputing additional zeros/values drawn
from the standard normal distribution has only a marginal effect on mt. The second key observation is that
the mean norm of the difference between the masked and unmasked latent codes decreases reliably for agents
trained under larger µtrain, across all µeval - this suggests that the MLP network core in the policy network
of the baseline dense agents is indeed able to learn to filter out noise and produce less variable latent codes
for the same underlying observation under different masking ratios.

Considering the attention agent, we observe that the norms produced are consistently small (< 1) across all
µtrain and µeval4. This might be accounted for by (i) the absence of noise as suffered by the baseline agents (ii)
the LayerNorm layers in the attention block, which preceded the MHA layer and the MLP, and which ensure
the activation values are small and centred about 0, and (iii) the mean pooling operation which averages over
all embedding vectors produced by the attention block. Regardless of the reason, the subtle change in the
latent code vector across masking ratios likely contributes to the robustness and consistency of the attention
agent when evaluated under novel degrees of partial observability.

6.1.2 CarRacing - Vision Task

Figure 6.5 illustrates the mean returns obtained during training by our attention agent and the baseline con-
volutional agent variants on the CarRacing-v2 environment for µtrain = 0.0, 0.1, 0.3, . . . , 0.9, 0.98, where
µtrain = 0.98 corresponds to just 3 unmasked sensory signals (pixel patches) per time step. Again, we are
looking to examine the agents’ maximum return obtained, as well as their sample efficiency and stability
during training.

Considering the results from our attention agent illustrated in Figure 6.5 (a) we make the following obser-
vations. First, the attention agent is able to make progress in learning the task under all masking ratios and,
as with the vector task, we see a reliable decrease in mean return with each incremental increase in µtrain. In
the final time steps the agent obtains a mean return of 734 under µtrain = 0.0 and 476 under µtrain = 0.98.
Regarding sample efficiency, one key feature of the return curves across µtrain < 0.98 is that they all spike
sharply at the start of training, peaking at around 0.1e6 time steps, but suffer an immediate depression there-
after, decreasing until around 0.5e6 time steps and increasing from there on. Note that this is not something
observed in the return curves in the training returns produced by the baseline convolutional agent variants,
which might suggest a degree of overfitting on the part of the attention agent. Regarding learning stability,
while there are some fluctuations in the return curves, especially for µtrain ≥ 0.9, the data suggests gradual,
stable improvement over the course of training.

Considering the results from the baseline convolutional agent variants illustrated in Figures 6.5 (b), (c),
and (d), we make the following observations. As with the attention agent, the baseline convolutional agent
4Note: When plotting these norms on a different scale, they do indeed produce a set of curves similar in shape to those produced
by the zero/noise variants of the baseline dense agents.
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(a) Attention Agent (b) Dense Agent - Zero Masking

(c) Dense Agent - Noise Masking (d) Dense Agent - Forward-Fill Masking

Figure 6.5.: Episodic returns obtained during training in the CarRacing-v2 environment during our Random
Masking experiments by our attention agent and the baseline convolutional agents trained under
fixed masking ratios µtrain = 0.0, 0.1, 0.3, . . . , 0.9, 0.98.

variants are generally able to make progress learning the task to a greater or lesser extent under all masking
ratios with two exceptions. First, the forward-fill agent, while demonstrating efficient and stable learning
across lower masking ratios, struggles to make progress learning under µtrain = 0.98. Second, the noise
masking variant fails to learn almost entirely under µtrain ≥ 0.9. The mean returns obtained in the final time
steps of training range from 757-794 under µtrain = 0.0 to 398, 278, and -3 under µtrain = 0.9, for the zero
masking, noise masking, and forward-fill masking variants, respectively.
It is evident from examining the plots that noisemasking causes themost significant degradation to learning

with increasing µtrain. Interestingly, the forward-fill agent demonstrates greater robustness with respect
to performance degradation than the zero masking agent when training under µtrain < 0.98. However,
µtrain = 0.98 the mean return produced across training by the forward-fill agent drops dramatically in a
manner similar to the dense forward-fill agent trained under µtrain = 5/6 on the Acrobot-v1 task (Figure 6.2
(d)). In the case ofµtrain < 0.98, onemajor contributing factor to the robustness of the convolutional forward-
fill agent to performance degradation under increasing partial observability and noise (imputed values) is that
the vast majority of the game screen is made up of (i) road and (ii) grass. Due to this fact, imputing missing
patches of pixel valueswith those fromprevious time steps is likely to cause onlyminormeaningful distortions
to the observation, which is not the case for zero or noise masking.
Regarding sample efficiency, the mean return obtained by all baseline convolutional agent variants under

µtrain ≤ 0.7 generally increases sharply between 0 and 0.5e6 time steps, although not as sharply as the atten-
tion agent, and continues to gradually increase until the end of training. Additionally, the sample efficiency
degrades with increasing µtrain, affecting the noise masking variant most severely for µtrain ≥ 0.9. Regard-
ing stability, as with the attention agent, there are minor fluctuations which increase with increasing µtrain,
but in general, the return curves suggest gradual, stable improvement throughout training.
Figure 6.6 illustrates the same generalisation evaluation conducted with the Acrobot-v1 task; agents trained

under a fixed µtrain are evaluated across µeval = 0.0, 0.1, 0.3, . . . , 0.9, 0.98 to determine how they generalise
to novel degrees of partial observability and noise. Considering Figure 6.6 (a), which illustrates the results
of all agents trained under µtrain = 0.0 we observe the following. The attention agent is able to generalise,
maintaining a return of ≈ 700 until µeval = 0.5, whereafter it experiences a drop-off, decreasing to a mean
return of≈ 0 by µeval = 0.98, as might be expected. Considering the baseline agents we see two distinct out-
comes. First, the forward-fill masking variant of the baseline agent demonstrates the strongest generalisation,
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(a) µtrain = 0.0 (b) µtrain = 0.1

(c) µtrain = 0.3 (d) µtrain = 0.5

(e) µtrain = 0.7 (f) µtrain = 0.9

(g) µtrain = 0.98

Figure 6.6.: Generalisation to novel masking ratios on CarRacing-v2 (vision): episodic returns generated by
our attention and dense agents (zero, noise, and forward-fill masking), each trained on a fixed
masking ratio µtrain, when evaluated across a set of increasing masking ratios µeval.

obtaining a mean return of≈ 750 until µeval = 0.6 and thereafter decreasing to≈ 0 by µeval = 0.98, as with
the attention agent. Second, both the zero masking and noise masking variants of the baseline agent suffer a
near-immediate drop in mean return, from 794 at µeval = 0.0 to -5 at µeval = 0.1 for the zero masking vari-
ant and from 794 at µeval = 0.0 to 33 at µeval = 0.3 (dropping below zero thereafter) for the noise masking
variant. The dramatic drop-off in performance observed for the zero and noise masking variants of the base-
line agents is because the imputed values are out-of-distribution, that is, entirely novel to the agent. Due to
this fact, and the structure of the CNN network core, even a single patch of zeros/Gaussian noise propagates
through the network layers and significantly alters the latent code, as we will show. The forward-fill variant
of the baseline agent, on the other hand, does not experience the same drop-off in performance because pixel
values imputed to the missing patches, while potentially causing minor distortions to the image such as those
seen in Figure 4.4 (a.2), are in-distribution and do not affect the latent code in the same way.
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(a) µtrain = 0.0 (b) µtrain = 0.1

(c) µtrain = 0.3 (d) µtrain = 0.5

(e) µtrain = 0.7 (f) µtrain = 0.9

(g) µtrain = 0.98

Figure 6.7.: Standard deviations of the distributions of the returns - illustrated in Figure 6.2 - obtained during
evaluation on CarRacing-v2 by our attention agent and the baseline convolutional agents.

Then, considering the results for agents trained under µtrain = 0.1, 0.3, 0.5, 0.7 illustrated in Figure 6.6 (b),
(c), (d), and (e) we see a broadly similar pattern among all agents. In the case of the attention agent, increasing
µtrain leads to a marginal decrease in mean return obtained across µeval < 0.7 from≈ 700 under µtrain = 0.0
to ≈ 600 under µtrain = 0.7. For µeval ≥ 0.7 the attention agent’s mean return increases as it learns
to generalise to higher degrees of partial observability. Additionally, although our attention agent generally
obtains lower returns when compared to the forward-fill variant of the baseline agent, it performs comparably
or better in the case of µeval ≥ 0.9 for the values of µtrain being considered, likely because it does not suffer
the additional burden of extreme noise suffered by the baseline agents at high masking ratios. In the case
of both the zero masking and noise masking variants of the baseline agent, we see significant improvement
in the agent’s ability to generalise to greater degrees of partial observability as µtrain increases, however, in
each case there is a dropping-off point whereafter the agent appears unable to handle the noise introduced
by the imputed values. Worth noting is the fact that zero masking and noise masking agents also perform
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comparably up until µtrain = 0.3, whereafter the zero masking variant appears to exceed the performance of
the noisemasking variant inmany cases. Likely, this is simply due to the higher variance of the Gaussian noise
values which confounds the agent. Lastly, examining the forward-fill variant, we see significant improvement
in its ability to generalise, far exceeding the performance of the other baseline variants, likely due once again
to the in-distribution nature of the imputed values. A possible conclusion we might draw from these results is
that it is not the absence of information which causes the degradation of performance under increasing partial
observability, but the noise introduced by the imputed values, and in particular, the statistical properties of
the noise.

Finally, examining the results for agents trained under µtrain ≥ 0.9, illustrated in Figure 6.6 (f) and (g),
respectively, wemake the following observations. Considering our attention agent, we see that although there
is some variance in the mean returns generated over all µeval, the agent’s performance is largely consistent,
obtaining a return of≈ 500, except for the agent trained under µtrain = 0.9 and evaluated under µeval = 0.98
in which case a return of≈ 100was obtained, exceeding the performance of all variants of the baseline agent.
Furthermore, for our attention agent trained and evaluated under extreme rates of sensor failure (µtrain =
0.98 and µeval = 0.98) and therefore of partial observability, we observe returns of ≈ 500, nearly 100 and
200 points higher than the zero masking and forward-fill masking variants of the baseline agent, respectively.
This result clearly demonstrates one advantage of our attention-based architecture under such conditions.

Considering the baseline agents, we see that as with the Acrobot-v1 task, the noise masking variant per-
forms very poorly in general, obtaining mean returns between 0 and 100 for µtrain = 0.9 and ≈ 0 for
µtrain = 0.98 for all µeval. In the case of the zero masking variant of the baseline agent trained under
µtrain = 0.9, we observe returns comparable to, or exceeding, our attention agent for µeval = 0.5, . . . , 0.9
while scoring a lower return than our attention agent when evaluated under µeval = 0.98 and suffering a near
total decline in mean return as µeval is decreased towards 0.0, scoring a mean return of just 46 for µeval = 0.0.
We see a similar pattern in the returns obtained by the zero masking variant trained under µtrain = 0.98,
only with lower returns across the board with the exception of µeval = 0.98, which it obtains the second
highest return of ≈ 400. The conclusion we might draw from these observations is that the CNN network
core is able to learn to handle noise (in the form of Gaussian noise or zeros) provided the distribution remains
close to that observed during training, but suffers outside of that distribution, even when a greater proportion
of ‘useful’ information (the true pixel values) is included at evaluation time than during training. Finally, the
forward-fill variant performs the best overall in both cases for µeval < 0.98, obtaining a mean return of 533
for µeval = 0.9, and, in contrast to the other baseline agents, experiences an increase in the mean return
it obtains to around 700 when µeval is decreased, meaning that it benefits from the additional information.
However, for µeval = 0.98 under conditions of extreme partial observability, the forward-fill variant suffers
a drop in mean return to ≈ 300, likely overwhelmed by the noise arising from the imputed values.

As above, Figure 6.7 illustrates the standard deviations of the returns obtained by each agent, trained under
a fixed µtrain, and evaluated across all µeval. In general, the standard deviations are more consistent across
agents, fallingwithin thewindow of 150-200 inmost cases, with the exception of the lower standard deviations
observed for µeval = 0.98 for all agents trained under µtrain ≤ 0.9 which is explained by the low returns
obtained in most cases. The low standard deviations obtained by the zero and noise masking variants of the
baseline agent, especially those trained under µtrain = 0.0 and µtrain = 0.1 are explained by the consistently
near-or-below-zero returns obtained by each agent when evaluated under high µeval.

Finally, we examine the results in Figure 6.8, which illustrate the mean norm of the difference between
latent codes produced by masked and unmasked versions of the same observations. Examining the results for
agents trained under µtrain = 0.0 in 6.8 (a) we observe that in the case of the baseline CNN agent, zero and
noise masking cause large, significant changes to the latent code, with zero masking appearing to have the
largest impact. An interesting question to ask here is whether the interpretation of zeromasking as simulating
agent ‘blindness’ - as is the interpretation in such masking experiments as those conducted in [16] - is correct,
or whether the correct view to take is that zeros are more akin to noise as opposed to simply the absence of
information. A second observation is that forward-fill masking appears to have a far smaller impact on the
latent code vector produced by the baseline CNN agent for all µeval. In the case of the attention agent, we
once again see that the norm of the difference between latent codes produced by masked and unmasked
observations is far smaller (<1) than those produced by the baseline agent, possibly for the same architectural
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(a) µtrain = 0.0 (b) µtrain = 0.1

(c) µtrain = 0.3 (d) µtrain = 0.5

(e) µtrain = 0.7 (f) µtrain = 0.9

(g) µtrain = 0.98

Figure 6.8.: Distance between latent codes produced by unmasked and masked observations in CarRacing-v2

reasons we posited in the case of the results observed from Acrobot-v1 environment. Examining the results
for agents trained under µtrain > 0.0, illustrated in Figure 6.8 (b) through (f), we observe a similar pattern
which corresponds with the results illustrated in Figure 6.6 - the mean returns generated by the agents -
that is; as µtrain increases, the difference between masked and unmasked latent codes decreases across all
µeval. For µtrain = 0.9, it is worth noting that the small norms recorded for the noise masking variant of
the baseline agent are because the agent fails to learn to extract any meaningful features from the image,
therefore struggling to make any progress learning the task, and as such the latent code vectors produced for
masked an unmasked observations may largely be considered random.
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6.2 Generated Masking

6.2.1 Acrobot - Vector Task

(a) Random Masking Policy (b) Non-random (Generated) Masking Policy

Figure 6.9.: Training Returns from the generated masking experiments in the Acrobot-v1 (vector) environ-
ment. We emulate a low-bandwidth communication channel between the agent and the environ-
ment, allowing only a fixed percentage of the observation, µtrain, to be queried by the agent at
each time step, where each query takes the form of a bit mask. We compare two mask generation
policies: (a) a random policy under which each bit mask is generated by randomly sampling bits
(without replacement) according to a uniform distribution and (b) a generated (non-random) pol-
icy under which each bit mask is sampled (without replacement) from a multinomial distribution
output from a separate ‘masking head’ appended to the policy network - in this way, the agent
can choose which sensory signals to attend to, and which to ignore.

Figure 6.9 illustrates the returns generated by our attention agent during training in our generated masking
experiments in the Acrobot-v1 environment. As a reminder, in these experiments we emulated a limited-
bandwidth communication channel between the agent and the environment, requiring the agent to query a
fixed proportion, µtrain, of the sensory signals by generating a bit mask at each time step according to some
mask generation policy. We ran the experiment under the masking ratios µtrain = 0/6, 1/6, . . . , 5/6. Figure
6.9 (a) illustrates the returns obtained under a randommask-generation policy, where bit masks are generated
by randomly sampling bits (without replacement) from a uniform distribution over all sensory signals. Figure
6.9 (b) illustrates the returns generated under a non-random mask-generation policy under which each bit
mask is sampled (without replacement) from a multinomial distribution output from a separate ‘masking
head’ appended to the policy network - in this way, the agent can choose which sensory signals to attend
to, and which to ignore. Note that our attention agent with a random mask-generation policy in the ‘low-
bandwidth communication channel’ scenario is materially equivalent to our attention agent trained under
conditions of random sensor failure and, as such, we use the same results as a baseline against which to
compare our attention agent with a non-random mask generation policy.

We make the following observations by comparing the difference between the returns generated by our at-
tention agent with random and non-randommask-generation policies, referred to henceforth as the ‘random’
and ‘non-random’ agents. Returns generated by the non-random agent demonstrate better sample efficiency
and stability during training, especially for µtrain > 2/6. In the case of the random agent trained under
both µtrain = 3/6 and µtrain = 4/6, convergence to a mean return or ≈ −100 takes around 1e6 time steps,
whereas in the case of the non-random agent convergence to an equivalent (or slightly higher) mean return
takes just over 0.5e6 time steps. In the case of µtrain = 5/6, we see the non-random agent is able to obtain a
mean return exceeding -100 in 1e6, whereas the random agent converges to a mean return of less than -100.

Allowing the agent to explicitly query the sensors at each time step via mask generation confers an ad-
vantage in this case likely because it allows the agent to attend to the most salient sensory signals for the
purposes of optimal decision-making with respect to return maximisation. However, it is important to keep
inmind these results are particular to this environment in which the observation space consists of only six real
numbers (and hence six sensory signals). As we will discuss, there are likely advantages and disadvantages
to this sort of hard attention mechanism which depends on the environment in question.
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(a) µtrain=0/6 (b) µtrain=1/6

(c) µtrain=3/6 (d) µtrain=5/6

Figure 6.10.: Generalisation to novel communication bandwidth limits in the Acrobot-v1 (vector) environ-
ment: the plots indicate returns generated by our attention agent with random ("Random Mask-
ing") and non-random ("Generated Masking") mask generation policies, trained under fixed
µtrain, during evaluation under µeval = 0/6, 1/6, 3/6, 5/6. The vertical bars indicate the stan-
dard deviation.

As with the random masking experiments, the results of which are detailed above in section 6.1, we would
like to evaluate our non-random attention agent under novel masking ratios to asses how the agent per-
forms under different communication bandwidth limits than that under which it was trained, µtrain. Figure
6.10 illustrates the returns generated by both the random ("Random Masking") and non-random ("Generated
Masking"), each trained under fixed µtrain, when evaluated under µeval = 0/6, 1/6, 3/6, 5/6. For the agents
trained under µtrain = 0/6, we observe that the performance of both the non-random and random agents
are approximately equivalent across all µeval, which makes sense since the non-random agent would have
received the full observation vector during training and as such would not have learned to attend in any
meaningful way to salient sensory signals via mask generation, likely leading to a more or less random mask
generation policy. For the agents trained under µtrain = 1/6 and µtrain = 3/6 we once again see approxi-
mately equivalent performance over all µeval, which is consistent with the results in Figure 6.9 which show
the random and non-random agents converge, albeit with different sample efficiency, to the same returns
during training. This is likely due, at least in part, to the fact that the observation space is so small and as
such a random mask generation policy is sufficient to obtain the information required for optimal decision-
making under lower µtrain. Finally, for agents trained under µtrain = 5/6, we see that for µeval ≥ 4/6 the
non-random agent outperforms the random agent, which is consistent with the returns obtained by each dur-
ing training. However, we see that for µeval < 4/6 the non-random agent performs worse than the random
agent, indicating that the additional information is in some way confounding the non-random agent in order
to understand this, it is useful to examine the masks generated by the non-random agent under high µeval,
which we now examine.

Figure 6.11 illustrates the bit masks generated by the non-random agent, trained under µtrain = 5/6,
under µeval = 5/6 in the Acrobot-v1 environment over 50 steps during an episode in which the agent scored
a return of >-100. The unmasked sensory signals, indicated by the yellow squares, give a sense of the relative
importance of the sensory signals for optimal decision-making under the agent’s policy. Themasks illustrate a
pattern of attention over time in which the agent periodically attends to signals encoding the angular position
and velocity of the links. However, the agent appears to allocate the majority of its attention to the angular
velocities, θ̇1 and θ̇2, as this is likely themost important information in assessingwhether the links are rotating
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Figure 6.11.: Bit masks generated by our attention agent with a non-random mask generation policy, trained
under µtrain = 5/6, on the Acrobot-v1 task under µeval = 5/6 for 50 steps of an episode in
which the agent obtained a return of > −100. Yellow denotes unmasked sensory signals. The
agent attends most frequently to the sensory signals encoding the angular velocities of the two
links, θ̇1 and θ̇2, alternating between them. The agent appears to periodically sample positional
information encoded in the sensory signals sin(θ2) - the relative angle between the links - and,
to a lesser extent, sin(θ1). Curiously, the agent allocates nearly none of its attention over time
to cos(θ1) and cos(θ2), indicating that the information encoded by these sensory signals may be
redundant.

in such a way that will result in the goal state being reached. Interestingly, the agent obtains information
regarding angular position nearly exclusively from the sensory signals sin(θ2), the sine of the relative angle
between the two links, and sin(θ1), the sine of the absolute angle of the link attached to the wall. The fact
that the agent does not attend to the sensory signals cos(θ1) and cos(θ2) offers two insights. Firstly, the
information regarding angular position encoded in these signals is likely largely redundant given sin(θ1) and
sin(θ2). Secondly, it gives us a clue as to why the non-random agent trained under µtrain = 5/6might suffer
when evaluated under µeval ≤ 3/6; the agent most likely learned a mask generation policy which largely
ignored cos(θ1) and cos(θ2), meaning that the embedding vectors associated with these sensory signals in
fembed may have been poorly optimised. Therefore, evaluating the agent under a low masking ratio likely
leads to cos(θ1) and cos(θ2) being attended to more frequently, which would confound the agent’s decision-
making. If this is indeed the case, it offers a cautionary lesson regarding the decision between non-random
and random mask generation: allowing an agent to attend to a subset of sensory signals during training may
be beneficial, but the bias it leans towards certain sensory signals may lead to performance degradation if it
encounters other sensory signals at inference time.

6.2.2 CarRacing - Vision Task

Figure 6.9 illustrates the returns generated by our attention agent during training in our generated masking
experiments in the CarRacing-v2 environment. Figure 6.9 (a) and (b) correspond to the random and non-
random agents, equivalent to the Acrobot-v1 results illustrated above in section 6.2.1. In contrast with the
gains in sample efficiency, stability, and maximum returns demonstrated on the Acrobot-v1 task by the non-
random agent over the random agent, the non-random agent appears to offer little advantage whatsoever in
the case of CarRacing-v2. The one exception to this is that the returns produced by the non-random agent
during the initial 0.5e6 training steps appear not to suffer the same depression after the initial spike as in the
case of the random agent - it is unclear what the reason for this is, but it may be that overfitting is harder to
do when the agent is required to learn a mask generation policy in addition to an action selection policy. One
final observation to make here is that the maximum returns obtained towards the end of training appear to
be slightly lower in the case of the non-random agent, possibly because learning an effective mask generation
policy negatively impacts sample efficiency.

Equivalent to the Acrobot-v1 results in Figure 6.10, Figure 6.13 illustrates the returns obtained by the
random and non-random agents, each trained under fixed µtrain, when evaluated on novel masking ratios
µeval = 0.0, 0.1, 0.3, . . . , 0.9 in order to emulate novel communication bandwidth limits. For µtrain ≤ 0.3
we observe that the the returns generated by the non-random agent under novel masking ratios are at most
equal to, but often less than, those generated by the random agent. This is especially true for the non-random
agent trained under µtrain = 0.0, which is likely because, as discussed in section 6.2.1, the agent’s mask
generation policy was immaterial during training as it received the full observation regardless of the output
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(a) Random Masking (b) Generated Masking

Figure 6.12.: Training Returns from the generated masking experiments in the CarRacing-v2 (vision) environ-
ment. We emulate a low-bandwidth communication channel between the agent and the environ-
ment, allowing only a fixed percentage of the observation, µtrain, to be queried by the agent at
each time step, where each query takes the form of a bit mask. We compare two mask generation
policies: (a) a random policy under which each bit mask is generated by randomly sampling bits
(without replacement) according to a uniform distribution and (b) a generated (non-random) pol-
icy under which each bit mask is sampled (without replacement) from a multinomial distribution
output from a separate ‘masking head’ appended to the policy network - in this way, the agent
can choose which sensory signals to attend to, and which to ignore.

from the masking head, and so the mask generation policy produced at the end of training was likely random,
but not uniformly random, a fact which, coupled with the large number of sensory signals (144), resulted in
a worse performance when evaluated on novel masking ratios. In the case of µtrain = 0.1 and µtrain = 0.3,
the lower returns obtained by the non-random agent relative to the random agent may be explained by the
fact that learning an effective mask generation policy at lower masking ratios which generalises to higher
masking ratios might simply require either (a) more training steps (b) exposure to a range of masking ratios
during training, or both, which we did not experiment with due to budget/computational constraints. For
µtrain ≥ 0.5 the returns generated by the random and non-random agents are approximately equivalent
across all µeval, suggesting that allowing the agent to query to sensory signals explicitly via mask generation
offers no meaningful advantage with respect to performance.

One advantage offered by the non-random agent over the random agent is that given the agent can learn
an effective policy, generated masks allow for interpretability by allowing us to see explicitly which visual
features on the game screen the agent finds most salient for the purposes of action selection. Figure 6.14
illustrates masks generated by our non-random attention agent, trained under µtrain = 0.9, at evaluation
time under µeval = 0.9. The high masking ratio should in theory force the agent to learn to attend to salient
visual features dynamically as the game screen changes. However, since the policy ultimately learned by the
agent was sub-optimal, converging on a mean return just shy of 400, some of the masks appear to be coherent,
while others appear to be less coherent and more random. Figure 6.14 (a) illustrates examples of masks,
illustrated as white translucent squares over the attended patches, which appear to be coherent, showing the
agent attending to salient features such as the edges and bends/corners of the racing track. Figure 6.14 (b)
illustrates examples of masks which appear to be less coherent and more random, with many of the attended
patches being located off the track on the grass, containing little meaningful information about the underlying
state of the MDP. The important takeaway here is that the advantage of interpretability is only realised if the
agent can learn an effective policy - an outcome which might be negatively impacted by the use of a hard
attention mechanism such as generated masking.
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(a) µtrain = 0.0 (b) µtrain = 0.1

(c) µtrain = 0.3 (d) µtrain = 0.5

(e) µtrain = 0.7 (f) µtrain = 0.9

Figure 6.13.: Generalisation to novel communication bandwidth limits in the CarRacing-v2 (vision) envi-
ronment: the plots indicate returns generated by our attention agent with random ("Random
Masking") and non-random ("Generated Masking") mask generation policies, trained under fixed
µtrain, during evaluation under µeval = 0.0, 0.1, 0.3, . . . , 0.9. The vertical bars indicate the stan-
dard deviation.
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Figure 6.14.: Masks, illustrated by white translucent squares over the attended patches, generated by our at-
tention agent with a non-random mask generation policy, trained under µtrain = 0.9, on the
CarRacing-v3 task under µeval = 0.9: (a) Masks which appear to be coherent - the agent appears
to be focusing on salient features such as the edges and bends in the track, and (b) Masks which
appear to be incoherent - the agent does not appear to be focusing on salient features.
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Chapter 7

Discussion

In this section, we discuss the results of our experiments and how the findings both build on and fill gaps in
the related research presented in section 3. In sections 7.1 and 7.2, we discuss the results from the Random
Masking experiments, presented in section 6.1, and the Generated Masking experiments, presented in 6.2,
respectively.

7.1 Random Masking
In the Acrobot-v1 (vector) task, it is clear that the absence of sensory information negatively affects the ability
of both our attention agent and the baseline dense agent to learn efficiently from experience during training.
It is also clear in the case of the baseline dense agent, however, that the type and proportion of imputed values
further degrade the agent’s ability to learn, as evidenced by the training curves in Figure 6.1.

Zero masking appears to degrade the agent’s performance the least - this is likely because, although im-
puting zeros may give rise to out-of-distribution observation vectors, the imputed value is constant, which
is not the case for noise masking or forward-fill masking. Consequently, given that the true scalar values in
an unmasked observation vector are likely never to be precisely zero, and that ANNs are excellent non-linear
function approximators, it is possible that the policy network was able to learn to treat values of precisely
zero distinctly from values about zero.

By contrast, noisemasking appears to have themost detrimental effect on the learning ability of the baseline
agent. This is most likely because the imputed values, being Gaussian noise, give rise to out-of-distribution
observations and are also, by definition, random/highly variable. This means that the agent must attempt to
learn an optimal mapping from observations to actions, but in a scenario where the observations are increas-
ingly random (i.e. as µtrain is increased) - a task which proves impossible in the Acrobot-v1 environment by
µtrain = 5/6.

The impact of forward-fill on the ability of the baseline dense agent to learn efficiently appears to depend
on the value of µtrain. Imputing the most recently observed sensory values under low rates of sensor failure
appears to have little effect on the agent’s ability to learn for µtrain ≤ 2/6 since the imputed values provide
a sufficient approximation to the true observation vector. For µtrain > 2/6, however, it appears that the
increase in latency of the imputed values results in a worsening of the approximation which begins to severely
impact the agent’s ability to learn. The imputed values in the case of forward-fill masking are both non-
constant and give rise to observation vectors which are approximately in-distribution, but are yet incorrect
due to the latency. Based on this, the baseline agent’s policy network is unable to learn to discriminate, even
approximately, between imputed (false) values and true values, as might be the case under zero masking, since
the observations under forward-fill masking are in-distribution and yet false (i.e. the observation doesn’t
match the underlying state of the MDP). Note that while the forward-fill method of imputation might give
rise to approximately in-distribution observation vectors in a simple environment such as Acrobot-v1 where
the state space is relatively small, even for relatively high masking ratios, this may not necessarily be the case
for more complex environments with larger state spaces.

While our attention agent does not appear to learn as efficiently as the baseline agents for lower rates of
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sensor failure - for µtrain ≤ 2/6 - its ability to learn is more robust under higher masking ratios during
training. It is clear from the data that the absence of noise arising from imputed values offers a distinct
advantage, allowing for successful optimisation of the attention-based policy under conditions of extreme
partial observability - for µtrain = 5/6 - and resulting in a maximum mean return which is only marginally
less than that obtained by the attention agent under lowermasking ratios with relatively efficient convergence
and a low standard deviation across all 5 seeds.

Concerning generalisation to novel degrees of partial observability in the Acrbobot task, it is clear that,
in the case of the baseline dense agent, forward-fill masking offers a distinct advantage over both noise and
zero masking across all µeval for agents trained under µtrain = 0/6. However, training under moderate
degrees of partial observability (1/6 < µtrain < 4/6) greatly improves the ability of the baseline agents
to handle novel degrees of partial observability across the board - examining the norms of the differences
between latent codes produced from masked and unmasked observations in Figure 6.4 it is clear that this
is due to, at least in part, the ability of the MLP core of the policy network to learn to be more robust to
noise when trained under higher degrees of partial observability. The poor returns produced across all µeval
by the baseline dense agents trained under µtrain = 5/6 are consistent with the returns obtained during
training, except for the zero masking which performs better than expected and is even able to take advantage
of the additional information and generate higher returns when evaluated under lower degrees of partial
observability (µeval < µtrain). These findings further support the hypothesis that the policy network has
learned to discriminate between imputed values (zeros) and true values.

The attention agent appears to be the most robust when evaluated under novel degrees of partial observ-
ability, suffering the least performance degradation with increasing µeval across the board. One feature of the
evaluation returns obtained by the attention agent, illustrated in Figure 6.2, is that the mean return appears
to increase slightly from µeval = 4/6 to µeval = 5/6 - a pattern most pronounced for agents trained under
µtrain ≤ 2/6. It is unclear why this might be the case, but perhaps the availability of only a single sensory
signal forces the agent to rely entirely on the RNN to aggregate information over time, as opposed to relying
more on the attention block to approximate the true state based on just two sensory signals, which might
lead to incorrect inference on the part of the agent in the case that it has not been trained under a sufficiently
high degree of partial observability.

Before discussing the results of the vision-based experiments, it is helpful to establish the key differences
between the vector-based and vision-based environments used in our experiments regarding their observation
spaces, and therefore the nature of the sensory signals constructed from their observations. In the case of
Acrobot-v1, the observation space is a vector in R6 wherein each scalar component represents a physical
quantity (e.g. angular velocity) which holds a lot of information, relatively speaking, about the state of the
underlying MDP, even independently. By contrast, in the case of CarRacing-v2, the observation space is a
2D grid of 96 × 96 = 9216 pixels, each of which holds a relatively small amount of information regarding
the state of the underlying MDP. In this way, the scalar values in the vector example are high-level features
whereas the scalar values in the vision example are low-level features which might be transformed into a
high-level feature vector by, for example, a sequence of convolutional layers in an ANN. These important
differences have several distinct consequences for each agent in the context of the problem studied herein,
which we will highlight in what follows.

In the CarRacing-v2 (vision) environment, it is once again clear that partial observability arising from the
absence of sensory information, in the case of all agents, and noise in the form of imputed values, in the case
of the baseline agents, negatively impact the ability of the agents concerned to learn efficiently. However, the
effects of both partial observability and noise each have a distinct effect which appears to be related to the
nature of the environment, and therefore the sensory values, as described above, which is evidenced by the
difference in training and evaluation results observed for each variant (zero, noise, and forward-fill) of the
baseline convolutional agent.

In the case of zero and noise masking, we see comparable results during training, with respect to maxi-
mum mean return obtained and sample efficiency, across both agent variants for lower rates of sensor failure
(µtrain < 0.7). However, for higher rates of sensor failure (µtrain ≥ 0.7) we see once again that the effect
of noise masking appears to be more detrimental than zero masking, likely due to similar reasons as those
discussed in the case of the Acrbobot tasks - zeros are constant, allowing the policy network to adapt, while
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Gaussian noise is, by definition, not. Note that the delta between themaximummean return obtained between
µtrain = 0.0 and µtrain = 0.9 is 300 in the case of zero masking and 700 in the case of noise masking, which
shows that noise masking causes learning to completely break down when the rate of sensor failure rate is
extreme.
By contrast, the forward-fill variant of the baseline convolutional agent appears to be (somewhat surpris-

ingly) robust, with respect to its ability to learn efficiently under high degrees of partial observability, that
is, for µtrain ≤ 0.9, experiencing a breakdown in its ability to learn efficiently only under µtrain = 0.98.
To better understand this, consider that the observations emitted by the CarRacing-v2 environment are in
some sense relatively simple, with the vast majority of the game screen consisting of either road or grass (two
colours). Given that the car is always in the same position in the middle of the screen, an agent need only
pay attention to the boundary edge between the road and the grass in order to successfully learn to ’drive’
the car around the track - this is supported by the findings of [24], illustrated in Figure 3.14, which show
that the attention agent attends to the patches which lie on the edge separating the road and the grass. The
consequences of this are two-fold: first, an agent can learn to play CarRacing-v2 with access to only a small
proportion of sensory information (it only needs to be able to approximate the shape of the road) and second,
imputing the pixel values of missing patches with their most recently observed patches will, in addition to
being in-distribution, very likely make little difference to the observation received by the agent - this may
be seen in the illustration of a forward-filled observation from the CarRacing-v2 environment in Figure 4.4.
Furthermore, it may be the case that when trained under higher masking ratios, the RNN in the agents policy
network - specifically the gating mechanisms in the GRU cell - are able to update the hidden state based only
on the patches which change from time step to time step. Altogether, these hypotheses might explain why
the baseline convolutional agent appears more robust with respect to its ability to learn efficiently than the
other baseline agents, having a delta of just 200 between the maximum returns obtained under µtrain = 0.0
and µtrain = 0.9. Increasing the masking ratio during training to µtrain = 0.98 does, however, ultimately
cause a breakdown in the agent’s ability to learn as the latency causes the gap between the true observation
and the masked observation received by the forward-fill agent to widen to a point where learning becomes
impossible - this is where we see a clear advantage enjoyed by our attention agent.
In the case of our attention agent, we see a distinct pattern in the mean returns obtained during training,

illustrated in Figure 6.5 (a). For each µtrain, the agent learns at a significantly faster rate than the baseline
agents (including the forward-fill agent, especially in the case of µtrain >= 0.7) up until approximately
0.1 × 106 time steps, followed by a depression and gradual recovery until approximately 0.5 × 106 time
steps, increasing gradually thereafter. This pattern suggests that while the attention agent is not struggling to
learn the task in general, some combination of (a) properties of the multi-head attention and (b) the learning
algorithmmight be combining to frustrate the ability of the attention agent to learn in a stable, monotonically
increasing manner. Part of the explanation for this pattern might be the fact that the spatial inductive bias
inherent in CNNsmust be learned in the case of pure self-attention - this is likely the reason that the attention-
based policy architecture proposed in [20], which is most similar to ours, utilises a 2-layered CNN to first
extract the visual features from the input image before reshaping the output and passing it on to the attention
block. Based on this, one idea for future work which might improve the stability and sample efficiency of
our architecture across the board might be to embed patches independently via a small 2-layered CNN as
a batch, instead of linearly embedding the patches as we have done. On the other hand, the fact that our
attention agent is able to learn at such a high rate initially suggests this might not be the primary reason, and
that this instability is likely similar to that encountered in previous research - as described in [21] - meaning
that improvement might be achieved by other means such as by swapping the residual connections in the
attention block with gating mechanisms [21] or increasing the number of attention blocks [20]. Possibly
the most plausible theory is that the MHA layer is especially sensitive to the learning algorithm; we have
used PPO in our experiments, but successful attempts to train smaller attention-based policies on CarRacing-
v2 previously have utilised behaviour cloning [25] and evolutionary methods [24], choices which may have
been motivated by similar observations when attempting to train their attention-based policy architectures
with conventional deep RL algorithms.
It is worth noting here that several modifications to the attention-based architecture, which we suspect

might improve the efficiency and stability of learning, are outlined in section 8.3 and may form the basis for
an ablation study.
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Nevertheless, we observe that our attention agent is able to make progress in learning the task, obtaining
a mean return comparable to the baseline convolutional agent under µtrain = 0.0, and is robust, with respect
to its ability to learn, to increasing rates of sensor failure, having a delta of approximately 200 between the
maximum return obtained between µtrain = 0.0 and µtrain = 0.9, as with the forward-fill variant the baseline
agent, but surpassing all agents with respect to sample efficiency and maximum return when trained under
µtrain = 0.98, converging to a mean return of approximately 100 and 200 points higher than the zero and
forward-fill variants of the baseline convolutional agent, respectively.

In analysing the results concerning the ability of the baseline convolutional agent to generalise to higher
degrees of partial observability, illustrated in Figure 6.6, we observe that the effects of different imputation
methods are distinct from those observed in the case of the Acrobot-v1 environment, resulting from the
difference in nature between vector and vision-based environments outlined above. When evaluating the zero
and noise masking variants of the baseline agents trained under µtrain = 0.0 on higher rates of sensor failure
(Figure 6.6 (a)), the near-complete failure of the agents to perform the task does not arise from the absence
of sensory information, but from the imputation of sensory (pixel) values which are statistically novel to the
agent with respect to the data on which it was trained, which causes the observations received by the agent
to be out-of-distribution. Considering the case of µeval = 0.1, the imputed pixel values (zeros or Gaussian
noise) may make barely any difference to the game screen as it is perceived by a human being, but, in the
case of the agent, these values propagate through the CNN and end up having a very significant impact on
the latent code vector produced, as illustrated in Figure 6.8. This finding is consistent with previous findings
from the literature wherein it has been established that perturbing even a single pixel can significantly alter
the output of a convolutional neural network [109] in the case of image classification. On the other hand, [25]
have shown that attention-based policies are robust to out-of-distribution visual features, such as changing
the entire background (everything except the road) in the CarRacing-v2 environment.

As with the Acrobot-v1 task, we find that training all variants of the baseline convolutional agent under
intermediate rates of sensor failure (0.1 < µtrain < 0.7) appears to positively impact the agents’ ability
to generalise to novel conditions of greater partial observability up to a point. However, it appears that
there is a saturation point (a µeval threshold) for each µtrain in the case of both the zero and noise masking
variants beyond which the agent’s return drops to near zero. Under extreme rates of sensor failure, that is for
µtrain ≥ 0.9, a most noteworthy finding is the fact that the zero masking variant of the baseline convolutional
agent is unable to generalise to lower rates of sensor failure (µeval < 0.6). This finding reveals a critically
important feature of convolutional neural networks; they struggle to generalise to novel degrees of partial
observability when the imputed values cause the input to differ significantly from the data encountered during
training data, statistically speaking.

Consistent with the training results, when evaluated under novel degrees of partial observability in the
CarRacing-v2 environment, the forward-fill variant of the baseline convolutional agent, while performing
comparably to the attention agent when trained under lower µtrain, appears to be themost robust to the novel,
higher rates of sensor failure, up until µeval = 0.9. However, for µeval = 0.98, our attention agent appears to
perform as well, in the case of µtrain ≤ 0.1, or better, in the case of µtrain ≥ 0.3, than all the variants of the
baseline convolutional agent, including the forward-fill variant. It’s worth noting that, given the failure of the
baseline agent to generalise under zero/noise-masking, there remains an open question as to whether results
produced by the forward-fill agent would replicate on another, more complex visual environmentwhere signal
latency might produce visual features which are foreign enough to cause a breakdown in learning at similar
rates of sensor failure to the other two variants.

While our attention agent demonstrates robustness to novel degrees of partial observability in general,
it appears to suffer from a drop in mean return for µeval ≤ 0.9 relative to the forward-fill variant of the
baseline convolutional agent, especially for 0.1 ≤ µtrain ≤ 0.9. From the literature, we have both theoretical
guarantees that self-attention layers are as expressive as convolutional layers [84] and empirical evidence
that self-attention-based policy architectures can excel at CarRacing-v2 [24] and other vision-based tasks
[20][23][21], so future research and experimentation into architectural adjustments and alternative training
(optimisation) algorithms may well be able to close the gap, along with simply increasing the number of
training steps.

When considering the problem of random sensor failure, the performance of the baseline agents under novel
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degrees of partial observability depends on the combination of the environment’s nature, the type of imputed
values, and the degree of partial observability encountered by the agent during training versus at evaluation
time. The results of the vision-based task, in particular, highlight a fundamental weakness of convolutional
neural networks in the context of random sensor failure: they struggle to generalize to significantly higher or
lower degrees of partial observability than those under which they were trained. Their performance appears
to be highly dependent on the statistical proximity of observations encountered at evaluation time to the
observations encountered during training. Consequently, due to the sequential dependencies that arise in
Reinforcement Learning (RL) across time, such as trajectories of actions and observations, poor decision-
making in response to a one-off outlier or out-of-distribution observation can have a knock-on effect. It is
crucial to note that such a weakness could be dire in a production setting.

It is also important to note that any discussion regarding the comparative effectiveness of the imputation
methods studied here is limited, as the relative effectiveness of each method will likely vary depending on
the nature of the environment. For example, while zero masking may yield better results than forward-fill
masking in a video game environment such as Atari Pong, where the background consists mostly of zero-
valued pixels, the results might be inverted in a game where salient visual entities occupy the majority of the
screen most of the time. Therefore, since we have only conducted experiments in two environments, wider
experimentation is needed to validate our findings.

By contrast, the attention policy architecture demonstrates robustness to missing sensory information in
a manner which appears more independent of these factors, especially at high levels of partial observability,
with evident superiority on the vector-based task. In general, we submit that attention-based policies present
a promising alternative to the dense and convolutional-based policies typically used in RL, especially in the
case of missing data arising from, for example, random sensor failure, which is a common occurrence in some
production settings, as confirmed by the expert we consulted from DataProphet.

Experimentally speaking, our research primarily builds on the DRQN paper’s randommasking experiments
[16], which introduced partial observability by masking Atari game screens with zeros, as well as the ‘Sensory
Neuron’ paper [25] wherein the authors train an attention-based PINN policy on a fixed random subset of
patches from the game screen. We expand on these works in three ways. Firstly, we test the ability of RNN-
augmented policy networks to handle partiallymasked observations, viewing an observation as a composition
of multiple sensors. This approach is based on the PINN/Sensory Neuron paper and is applicable to real-
world scenarios such as large-scale manufacturing. Secondly, we experiment with noise masking to simulate
a corrupted signal from a faulty sensor, and forward fill masking, an imputation method for handling missing
sensory signals. Lastly, we challenge the DRQN paper’s concept of zero masking as "blindness". We argue
that zero masking, along with other masking variants, should be seen as noise rather than an absence of
information. This is because a novel masking ratio fundamentally alters the statistical relationship between
the observations received by the agent during evaluation and those observed during training.

Additionally, our proposed attention-based policy architecture, which incorporates Transformer-like atten-
tion in a recurrent RL policy network, addresses gaps in the literature and builds on related work. Previous
research has focused on using Transformer-like attention in policy networks to address the issue of partial
observability in a manner which allows only for fixed-sized partial observations. These proposed methods
utilise attention to: integrate information from partial observations into a memory matrix in a recurrent
manner [20]; aggregate temporal information by performing attention over entire sequences of fixed-sized
partial observations in a single shot [21] [92]; perform relational reasoning over abstract entities [22] [23],
using RNNs or frame stacking to aggregate temporal information, or; determine patch/sensor importance for
decision-making [24].

Our proposed architecture, which allows for variable-sized partial observations, builds on the PINN net-
work proposed in the ‘Sensory Neuron’ paper [25] in the following way. The authors ([25]) trained an
attention-based policy on fixed random subsets of patches of various arcade games, including CarRacing-v2,
across various masking ratios, and evaluated them across the same set of masking ratios to test the agent’s
ability to generalise to novel degrees of partial observability, as we have done. Our work expands on this in
two key ways. Firstly, our architecture is slightly simplified and more general, applicable to both vector and
vision-based tasks by merely changing the embedding layer. Secondly, we train our attention network by ran-
domly sampling different subsets of sensory signals at each time step during training, emulating the problem
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of random sensor failure we aim to address, as opposed to training on a fixed subset of sensory signals. Lastly,
whereas the PINN networks were trained with either evolutionary methods or behaviour cloning, presumably
due to the difficulty of training attention-based policy architectures1, we demonstrate that an attention agent
can be successfully trained with the conventional gradient-based approach.

1Although the authors do not state their explicit reasoning for this choice.
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7.2 Generated Masking
Generated masking seems to offer two potential benefits: (a) higher returns and improved sample efficiency
under certain conditions due to the agent’s ability to focus on the most salient sensory signals in the obser-
vation space for decision-making rather than having the sensory signals randomly sampled, and (b) inter-
pretability, as we can explicitly see what the agent is focusing on in order to make decisions.

However, generated masking may also adversely affect the agent’s performance under specific conditions.
As noted in section 7.1, the number and nature of the sensory signals differ significantly between environ-
ments: the Acrobot-v1 environment admits only 6 sensory signals, each containing substantial information
about the state of the underlying MDP, whereas the CarRacing-v2 environment admits 144 sensory signals2,
each containing only a small amount of information relative to the Acrbot-v1 task regarding the state of the
underlying MDP. It is likely that, for these reasons, the agent was able to learn an effective mask generation
policy, leading to improved sample efficiency and returns in the case of Acrobot-v1, but not in the case of
CarRacing-v2.

Additionally, as seen in the Acrobot-v1 results, training under a high fixed masking ratio (communication
bandwidth limit) and attempting to generalize to lower novel masking ratios at inference time can also lead
to unexpected performance degradation. This is because the agent might learn to attend to only a subset
of the sensory signals during training. This can result in poorly optimized embedding vectors for certain
sensory signals (in the case of the dense attention agent). Consequently, when the agent samples the lesser-
encountered sensory signals at inference time, these embedding vectors negatively impact the agent’s action
selection, leading to a drop in returns. One possible solution to this might be to train the attention agent not
under a fixed masking ratio, but to vary the masking ratio during training. This would force the agent to
encounter all sensory signals more often during training, while still allowing it to learn to focus on sensory
signals which are most salient for decision-making.

Lastly, it is important to note that generated masking introduces additional complexity to the learning task,
as well as additional policy parameters, which generally leads to slower learning (poorer sample efficiency).
For this reason alone, it is not surprising that we observe a decrease in performance relative to an attention
agent trained under random masking in some cases.

Overall, generated masking seems to offer advantages such as higher returns, improved sample efficiency,
and interpretability, but only under specific conditions. These conditions are dependent on the environment,
the training regime, and likely the method of implementation, of which we have only considered one in this
dissertation. Therefore, further research is necessary to better understand generated masking in the context
of attention-based policy architectures.

Our Generated Masking experiments build on previous research and fill a gap in the areas of hard attention
and interpretability in RL. Our method of masking, a form of hard attention, allows our agent to explicitly
select which sensors to attend to. This builds on research into architectures that employ hard attentionmecha-
nisms, such as that proposed in "Recurrent Models of Visual Attention" [14] and the Deep Attention Recurrent
Q-Network proposed in [18]. However, in these architectures, the agent could only attend to a fixed-sized
subset of the observation. Our attention mechanism gives our agent the ability to sample an arbitrary num-
ber of sensors without replacement. This property allows for more flexibility and could theoretically allow
attention to be scaled up or down depending on the need and availability of computational resources. To our
knowledge, this is the first example of a hard attention mechanism of this kind being used in conjunction
with Transformer-like self-attention in the context of RL.

2To be clear: each frame is 96 × 96 pixels, which can be subdivided up into a grid of 12 × 12 = 144 patches, each of which
constitutes a sensory signal.
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Chapter 8

Conclusion

In this section, we provide a conclusion to the dissertation. In section 8.1, we provide answers to our research
questions and an evaluation of our hypotheses in light of these answers. In section 8.2, we state the limitations
of our work as we see them, followed by a discussion of possible avenues for future work in section 8.3. Finally,
in section 8.4, we give our concluding remarks.

8.1 Answers to Research Questions
ResearchQuestion 1: In the ‘sensor failure and latency’ scenario, what is the manner and extent of performance
degradation suffered by conventional policy network architectures using the imputation methods of zero masking,
noise masking, and forward-fill masking under different rates of sensor failure/latency (masking ratios)?

Answer The performance degradation of conventional policy network architectures under different rates of
sensor failure and latency, using zero masking, noise masking, and forward-fill masking, varied significantly.
Noise masking had the most detrimental effect on performance during both training and evaluation, espe-
cially at high rates of sensor failure, across both environments, confirming H1.1. Zero masking proved to
be less detrimental than forward-fill masking in the vector-based task, partially supporting H1.2. While its
performance degradation during training was comparable to forward-fill masking in the vision-based task,
its ability to generalize when evaluated under novel masking ratios was very poor. Forward-fill masking was
arguably the most robust to sensor failure when considering the results across both environments, support-
ingH1.3. However, it also suffered performance degradation during both training and evaluation under high
rates of sensor failure. In agreement with H1.4, higher rates of sensor failure consistently resulted in more
severe performance degradation. However, the baseline agents exceeded expectations with respect to their
robustness under high and moderate rates of sensor failure, which is almost certainly attributable to the RNN
layer in the baseline policy architectures. Regarding H1.5, while high rates of sensor failure (and therefore
imputation) resulted in performance degradation during training and evaluation across both environments,
the impact of zero and noise masking on the ability of the baseline agent to generalize to novel rates of sen-
sor failure in the vision-based task confirmed this hypothesis, that is, the performance degradation suffered
by the baseline agents under the various imputation methods appeared to be more severe in general in the
vision-based environment.

Research Question 2: What advantages and disadvantages might self-attention-based policy network archi-
tectures offer over conventional policy network architectures in such conditions?

Answer The attention-based policy architecture demonstrated a performance advantage over conventional
architectures, especially at high rates of sensor failure, confirmingH2.1. However, the disadvantage of multi-
head attention in terms of sample efficiency and slower learning rates (H2.2) was also observed, particularly
in the vision-based task and especially when compared with the performance of the forward-fill agent during
evaluation under novel rates of sensor failure in this case.

Research Question 3: In the ‘low-bandwidth communication channel’ scenario, what advantages and disad-
vantages are offered by the non-random generation of sensor queries over the random alternative?
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Answer The non-random generation of sensor queries seems to offer a slight advantage in terms of inter-
pretability and the ability to focus on relevant sensors in the vector-based environment, leading to a modest
performance improvement in some instances in the case of the vector-based task. However, we observed that
when trained under low communication bandwidth (high masking ratio) and evaluated at a higher commu-
nication bandwidth (lower masking ratio) in the vector-based environment, the less frequently encountered
sensory signals seemed to confuse the agent’s decision-making. This confusion could be due to the inadequate
optimization of the associated embedding vectors, highlighting an unexpected and significant potential draw-
back of using such a hard attention mechanism for explicit sensor querying. Moreover, the disadvantages of
explicit (non-random) querying became particularly noticeable in the vision-based task, where the increased
complexity of the task presumably led to performance during both training and evaluation that was, at best,
equivalent to the random variant, if not inferior, supportingH3.2. Based on the overall results,H3.1 is largely
proven incorrect, as our method of explicit sensor querying appears to offer little to no advantage, generally
speaking.

8.2 Limitations
In this section, we state the limitations of our work identified across both sets of experiments.

Our RandomMasking experiments have a few limitations worth noting. First, we have only considered two
types of environments, Acrobot-v1 and CarRacing-v2, which may limit the generalisability of our findings.
Additionally, we have assumed (a) that themasking ratios remain constant during both training and evaluation
and (b) that the probability of sensor failure is uniform across all sensors. This may not reflect real-world
scenarios where sensor failure rates can vary over time and the probability of failure may differ between
sensors. Lastly, we have used PPO as our learning algorithm and it is therefore unclear how the attention-
based policy would perform when trained with other reinforcement learning algorithms, such as DQN.

In addition to those stated above, the main limitation of our Generated Masking experiments is that we
have only explored one possible mechanism for querying sensors - sampling individual sensors without re-
placement. A possible direction for future work might be to implement an attention mechanism that more
closely resembles that proposed in [14]. In this case, for vision-based tasks, the agent would be able to move a
foveal window around the input space to sample a local subset of sensors at specific coordinates on the grid.

8.3 Future Work
In this section, we outline several potential avenues for further exploration and experimentation that could
expand upon the research presented in this dissertation. Unfortunately, due to limitations in computational
resources, budget, and time, as well as some aspects being beyond the scope of this study, we were unable to
pursue these avenues. However, we believe they offer valuable directions for future research in this area:

1. Experimentation With Additional, More Complex Environments: Testing the model in more
complex vector and vision-based environments could provide deeper insights into its capabilities and
limitations. This could help in refining the model further and in understanding how it can be adapted
to various types of tasks and challenges.

2. ExperimentWith Non-Uniform Sensor Failure: In our experiments we assumed the probability of
failure was uniform across all sensors by sampling a fixed proportion of sensors with equal probability
in our random masking experiments. In many real-world scenarios, it is likely that the probability of
failure will vary between sensors - this experimental setup may be worth exploring in future in order
to test the attention-based policy architectures in a more realistic setting.

3. ExploringDifferentTrainingAlgorithms: Investigating neuro-evolution [24] and behaviour cloning
[25] as optimisation algorithms could be fruitful. These methods have demonstrated exceptional results
in terms of maximum returns and sample efficiency when applied to training attention-based policy ar-
chitectures similar to the one we have developed.
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4. Experiment With Additional Querying Mechanisms: In our generated masking experiments we
only experimented with a single hard-attention mechanism for querying sensory signals. A possible
direction for futureworkmight include exploring alternatives, such as location-based querying inwhich
the agent attends to local, connected regions of the input space as opposed to independent, disconnected
sensors.

5. ExperimentingWith the AttentionArchitecture: We suggest exploring the addition of more atten-
tion blocks, inspired by the theoretical equivalence between CNNs and Transformer-like self-attention.
Another avenue could involve replacing the residual connections in the attention block with the top-
performing gating layers, as proposed in recent studies [21]. These modifications could potentially
enhance the model’s stability and sample efficiency during training.

6. Augmentation of the Query Matrix: Incorporating elements such as the previous action and reward
into the query matrix - by concatenating along the column dimension of Q - could be beneficial, as
demonstrated in the theory and literature on POMDPs and RL [17] [19]. Additionally, incorporating
the hidden state from the previous time step into the query matrix might yield a performance improve-
ment since incorporating information encoded by the historical sequence of partial observations may
help the network determine how to better query the present partial observation. By directly inform-
ing the attention mechanism with these elements, the model might better focus on the most relevant
information, potentially improving decision-making and learning efficiency.

7. Improving Pixel Patch Embedding: Enhancing the pixel patch embedding by increasing the patch
size to 16× 16 and replacing the linear patch embedding layer with a convolutional one could leverage
the spatial bias inherent in convolutional layers. This approachwouldmaintain independent processing
of sensory signals while potentially improving the model’s ability to interpret visual information.

These suggested areas for future work aim to build upon the foundation laid by this dissertation, offering
pathways to enhance and extend the research in meaningful ways. In particular, we feel that items 3-7 might
form a good basis for an ablation study of our proposed architecture.

8.4 Concluding Remarks
The central problem studied in this dissertation was the challenge of partial observability arising from in-
termittent sensor failure, latency, and low-bandwidth communication in control systems. In particular, we
investigated the impact of sensor failure and latency, as well as various methods of imputation, on con-
ventional policy architectures in two distinct reinforcement learning tasks and proposed an attention-based
policy architecture as a robust alternative. We set out to demonstrate that attention-based architectures offer
a promising, generalised alternative better suited to tasks of this nature, capable of handling variable-sized
observations and eliminating the need for imputation. Additionally, we proposed a novel hard attentionmech-
anism in the form of generated masking for the explicit (non-random) querying of sensory signals and sought
to study its advantages and disadvantages over the random alternative.

Our findings confirmed that attention-based policy architectures present a significant advantage over con-
ventional architectures, particularly under conditions of high partial observability. This advantage was most
pronounced in the vector-based task, where the attention agent demonstrated robustness to missing sensory
information resulting in superior performance during both training and evaluation under novel degrees of
partial observability.

However, the research also highlighted the challenges associated with implementing attention-based archi-
tectures, such as the potential for poorer sample efficiency and slower learning rates due to the inclusion of
multi-head attention, a finding which was highlighted in the vision-based task. Additionally, while generated
masking offered potential benefits in terms of higher returns and improved sample efficiency under certain
conditions, it also introduced additional complexity and did not always lead to improved performance.

In conclusion, while more research is required, our attention-based policy architecture offers a promis-
ing alternative for addressing the challenges of partial observability in reinforcement learning tasks. Future
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work should explore architectural adjustments and alternative training algorithms to further enhance the
performance and efficiency of such attention-based policies.

121



Appendix A

Supplementary Tables

A.1 Evaluation Returns - Random Masking - Acrobot

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −64± 13 −106± 29 −101± 30 −143± 45 −166± 55 −148± 63

Dense Agent (Zero
Masking) −64± 8 −120± 67 −144± 75 −169± 76 −214± 95 −290±130

Dense Agent
(Forward-Fill
Masking)

−67± 10 −101± 33 −112± 38 −127± 47 −165± 69 −251± 95

Dense Agent (Noise
Masking) −63± 10 −106± 33 −123± 39 −153± 52 −203± 67 −315±106

Table A.1.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=0/6.

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −70± 16 −72± 18 −71± 16 −102± 34 −124± 37 −97± 36

Dense Agent (Zero
Masking) −82± 23 −82± 23 −90± 29 −99± 28 −122± 35 −182± 45

Dense Agent
(Forward-Fill
Masking)

−76± 25 −78± 24 −85± 30 −97± 36 −124± 50 −207± 76

Dense Agent (Noise
Masking) −83± 31 −85± 28 −91± 31 −102± 32 −128± 36 −213± 67

Table A.2.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=1/6.

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −79± 19 −81± 23 −81± 22 −90± 26 −106± 33 −92± 31

Dense Agent (Zero
Masking) −86± 22 −88 + 30 −89± 28 −95± 31 −109± 37 −142± 51

Dense Agent
(Forward-Fill
Masking)

−81± 18 −81± 20 −82± 27 −88± 28 −109± 41 −185± 73

Dense Agent (Noise
Masking) −85± 23 −86± 24 −87± 26 −93± 31 −110± 34 −168± 67

Table A.3.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=2/6.
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µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −86± 23 −85± 23 −84± 22 −88± 24 −99± 31 −88± 34

Dense Agent (Zero
Masking) −92± 37 −92 + 33 −95± 39 −99± 41 −107± 37 −139± 41

Dense Agent
(Forward-Fill
Masking)

−89± 28 −88± 30 −86± 24 −90± 30 −107± 44 −176± 70

Dense Agent (Noise
Masking) −88± 28 −88± 27 −92± 34 −94± 29 −104± 35 −145± 50

Table A.4.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=3/6.

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −92± 26 −93± 28 −92± 30 −97± 30 −103± 32 −93± 32

Dense Agent (Zero
Masking) −91± 28 −92± 30 −94± 30 −98± 31 −103± 28 −127± 35

Dense Agent
(Forward-Fill
Masking)

−105± 40 −100± 35 −96± 33 −107± 41 −168± 70 −154± 72

Dense Agent (Noise
Masking) −89± 29 −91± 25 −97± 34 −100± 30 −111± 33 −157± 50

Table A.5.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=4/6.

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Attention Agent −137 + 57 −138± 56 −122± 41 −138 + 52 −136 + 38 −122± 43

Dense Agent (Zero
Masking) −155±133 −160±134 −169±136 −174±135 −189±139 −217±144

Dense Agent
(Forward-Fill
Masking)

−394±135 −386±142 −381±147 −372±150 −377±150 −409±129

Dense Agent (Noise
Masking) −499± 9 −499± 5 −500± 6 −500± 3 −499± 6 −499± 8

Table A.6.: Random masking experiments: Acrobot-V1 evaluation returns, µtrain=5/6.
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A.2 Evaluation Returns - Random Masking - CarRacing

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 734± 159 714± 171 718± 181 683± 181 615± 215 240± 263 −25± 52

Convolutional Agent
(Zero Masking) 794± 126 −5± 59 −50± 21 −63± 25 −64± 27 −60± 29 −58± 29

Convolutional Agent
(Forward-Fill
Masking)

757± 164 754± 174 734± 184 760± 151 707± 189 368± 185 −10± 65

Convolutional Agent
(Noise Masking) 794± 126 655± 181 33± 99 −49± 51 −75± 41 −91± 29 −92± 25

Table A.7.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.0.

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 666± 182 667± 191 683± 188 668± 199 689± 198 311± 193 6± 81

Convolutional Agent
(Zero Masking) 718± 181 726± 187 642± 201 387± 204 24± 73 −70± 34 −71± 34

Convolutional Agent
(Forward-Fill
Masking)

760± 159 745± 171 779± 144 750± 167 725± 181 317± 182 −31± 58

Convolutional Agent
(Noise Masking) 758± 163 740± 181 595± 229 134± 153 −31± 62 −42± 55 −54± 38

Table A.8.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.1.

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 590± 208 593± 195 596± 203 588± 198 620± 186 561± 197 99± 93

Convolutional Agent
(Zero Masking) 719± 179 723± 179 725± 182 692± 194 211± 235 −70± 30 −62± 28

Convolutional Agent
(Forward-Fill
Masking)

769± 158 762± 165 778± 161 753± 169 727± 168 366± 169 −19± 62

Convolutional Agent
(Noise Masking) 674± 210 686± 199 730± 168 675± 193 122± 139 −62± 44 −57± 45

Table A.9.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.3.
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µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 578± 202 583± 200 584± 211 599± 196 569± 231 411± 223 50± 81

Convolutional Agent
(Zero Masking) 681± 175 709± 165 723± 157 697± 176 578± 228 −63± 41 −44± 44

Convolutional Agent
(Forward-Fill
Masking)

727± 184 730± 186 741± 176 694± 195 704± 215 386± 171 −10± 69

Convolutional Agent
(Noise Masking) 591± 206 614± 204 641± 210 696± 191 470± 269 −30± 69 −68± 59

Table A.10.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.5.

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 590± 209 584± 205 596± 190 584± 209 588± 190 482± 204 61± 97

Convolutional Agent
(Zero Masking) 642± 201 665± 196 689± 177 679± 186 640± 210 29± 135 −90± 3

Convolutional Agent
(Forward-Fill
Masking)

777± 154 779± 143 762± 158 763± 158 729± 170 414± 181 −2± 65

Convolutional Agent
(Noise Masking) 547± 201 542± 205 571± 202 582± 200 639± 215 28± 85 −42± 45

Table A.11.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.7.

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 511± 184 486± 195 545± 190 517± 199 550± 196 476± 206 115± 135

Convolutional Agent
(Zero Masking) 46± 142 103± 160 330± 197 534± 205 566± 193 533± 213 −71± 30

Convolutional Agent
(Forward-Fill
Masking)

712± 177 711± 165 723± 164 718± 175 691± 172 600± 183 20± 87

Convolutional Agent
(Noise Masking) 10± 72 31± 89 63± 123 87± 172 90± 199 96± 186 −32± 56

Table A.12.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.9.

µeval 0.0 0.1 0.3 0.5 0.7 0.9 0.98
Attention Agent 457± 193 440± 220 432± 212 442± 203 473± 198 493± 201 476± 189

Convolutional Agent
(Zero Masking) −32± 56 1± 88 158± 196 338± 283 342± 269 379± 206 398± 212

Convolutional Agent
(Forward-Fill
Masking)

556± 222 537± 215 512± 219 537± 210 539± 217 493± 211 278± 164

Convolutional Agent
(Noise Masking) −8± 37 −9± 37 −7± 38 −5± 42 −4± 40 −7± 41 −3± 38

Table A.13.: Random masking experiments: CarRacing-v2 evaluation returns, µtrain=0.98
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A.3 Evaluation Returns - Generated Masking - Acrobot

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −63± 13 −107±29 −102±26 −141±42 −169±59 −146±58
Generated Masking −64± 15 −99± 35 −99± 35 −135±47 −146±60 −146±60

Table A.14.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=0/6

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −70± 15 −72± 16 −72± 18 −103±38 −123±37 −97± 39

Generated Masking −75± 20 −74± 16 −74± 16 −100±31 −103±39 −103±39

Table A.15.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=1/6

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −70± 15 −72± 16 −72± 18 −103±38 −123±37 −97± 39

Generated Masking −75± 20 −74± 16 −74± 16 −100±31 −103±39 −103±39

Table A.16.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=2/6

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −81± 26 −81± 24 −81± 22 −90± 27 −105±28 −93± 35

Generated Masking −82± 26 −82± 23 −82± 23 −88± 27 −88± 30 −88± 30

Table A.17.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=3/6

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −92± 31 −93± 25 −92± 28 −97± 29 −103±26 −93± 29

Generated Masking −101±48 −92± 33 −92± 33 −90± 34 −89± 32 −89± 32

Table A.18.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=4/6

µeval 0/6 1/6 2/6 3/6 4/6 5/6
Random Masking −136± 56 −136± 53 −124± 45 −139± 55 −136±44 −121±39
Generated Masking −208±122 −173±100 −173±100 −252±105 −107±37 −107±37

Table A.19.: Generated masking experiments: Acrobot-v1 evaluation returns, µtrain=5/6

A.4 Evaluation Returns - Generated Masking - CarRacing

µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 734± 159 714± 171 718± 181 683± 181 615± 215 240± 263

Generated Masking 690± 172 688± 176 620± 234 474± 333 433± 334 134± 212

Table A.20.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.0

126



µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 666± 182 667± 191 683± 188 668± 199 689± 198 311± 193

Generated Masking 672± 187 674± 187 687± 184 553± 233 584± 208 329± 217

Table A.21.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.1

µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 590± 208 593± 195 596± 203 588± 198 620± 186 561± 197

Generated Masking 606± 184 615± 203 594± 194 597± 191 598± 198 394± 221

Table A.22.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.3

µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 578± 202 583± 200 584± 211 599± 196 569± 231 411± 223

Generated Masking 570± 200 569± 216 582± 202 594± 194 609± 202 416± 179

Table A.23.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.5

µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 590± 209 584± 205 596± 190 584± 209 588± 190 482± 204

Generated Masking 606± 189 614± 179 617± 178 584± 183 598± 188 434± 208

Table A.24.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.7

µeval 0.0 0.1 0.3 0.5 0.7 0.9
Random Masking 511± 184 486± 195 545± 190 517± 199 550± 196 476± 206

Generated Masking 501± 220 489± 230 522± 226 497± 239 496± 216 508± 214

Table A.25.: Generated masking experiments: CarRacing-v2 evaluation returns, µtrain=0.9
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Appendix B

Experiment Code

The code used to run the experiments may be found here:
https://github.com/JeremyDouglas91/msc-dissertation-code.
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