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Abstract

This thesis reviews, examines, and investigates the trends in the fields of causality and
in reinforcement learning (RL). Theory is developed for both active research areas, with
a specific focus on the overlap in underlying theory. The core argument is that the
RL problem can be formulated as a causal problem, where the agent is learning causal
policies that maximise return (via some causal relationship implied by the policy) and
does this via selecting optimal actions (performing interventions) in the environment.
Although relevant in both model-based and model-free scenarios, focus is placed on
model-based modalities where one can view the various models as being causal models.
It is further argued that this reformulation enables various theoretical improvements in
reasoning ability for a learning agent, and does this while offering improved efficiency,
interpretability, robustness, and generalisation across various learning modalities. As
an application of the causal methods discussed, we also investigate whether applied
causal discovery can lead to disparate impacts on sensitive subgroups. Finally, we
reflect on the findings, highlight open problems, and propose future research directions.
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Notation

Throughout this paper we attempt to be consistent with notation. We specifically
aim to do this across sections stemming from different fields, but this is not always
achievable nor desirable. For example, when referring to standard literature in rein-
forcement learning, the set (size n) of possible actions will usually be represented as
A = {aj,as,...,a,}. This differs from causality literature where interventions are
represented by various letters, perhaps I (intervention) or T' (treatment). In this case,
we will choose what we deem to make the most sense in the context of the chapter or
example. We now discuss the theme of how we notate in this paper.

Bold symbols (e.g. X) will generally notate a set of realisations X = {z1,zs,...,2,}.
In rare cases we make use of bar notation to indicated a sequence (e.g. Xpg =
{X1,..., Xk}, though we point this out in context. We use enumerated subscripts
to index items in a list. Where applicable, we use lettered subscripts to refer to a
specific realisation. For example, if we have a cat and a mouse, we may refer to the
cat’s action as a., where a refers to the variable being an action realisation, while ¢
denotes that it is the (c)at’s action selection.

Calligraphic letters (e.g. N) are usually avoided in this text, but at times we use
this to distinguish from bold letters. This is usually done for sets of sets, statistical
distributions, or in general for clarity.

In general we use normal (round) brackets (-) in a variety of common ways, including
to denote function arguments or tuples. Angled brackets () are used, where otherwise
not clear, to denote an ordered tuple or set. Curly brackets {-} are typically used for
sequences or sets.

Table 1: Key Notational Conventions

Notation

Tag

Explanation

X ={xy,z9,...,2,}

Enumerated subscripts

Lettered subscripts (e.g., a.)

Calligraphic letters (e.g., N)

Set of Realisations

Indexed Items
Specific Realisation

Sets of Sets, Distribu-
tions, or Clarity

Bold symbols denote a
set of realisations.

Index items in a list.
Refer to a specific reali-
sation.

Distinguish from bold
letters, denote sets of
sets or statistical distri-
butions.

Xvi
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Table 2: Key Notational Elements in Graphical Causal Inference

Notation Tag Explanation

Vv Vertices (Nodes) Variables in the system.

E Edges Dependence between variables.

G=(V,E) Directed Acyclic  Graph of vertices and directed edges, no
Graph cycles.

Pa(v;) Parents Directed edges to v;.

Ch(v;) Children Incoming edges from wv;.

An(v;) Ancestors Vertices reaching v;.

De(v;) Descendants Vertices reachable from v;.

d-sep(X;Y|2) d-Separation Conditional independence criterion.

do(X = x) Intervention Setting X to .

Y.(u) or Y, Counterfactual Y under intervention do(X = x).

P(Y|do(X = z)) Causal Effect Distribution of Y under intervention

do(X = ).
G Graph Modification G where outgoing edges 1" are removed.

We also make use of standard notation and mathematical concepts applied in rein-
forcement learning. This will be useful in later chapters.

Table 3: Key Notational Elements in Reinforcement Learning

Notation Tag

Explanation

State

Action

Reward

State Space

Action Space
Reward Function
Transition Function

NI e o

Discount Factor
Policy

™(s) State-Value Function

"(s,a)  Action-Value  Func-
tion

€ Exploration Rate

Q<A

A specific situation in the environment.

A specific move or decision by the agent.

Scalar feedback signal received by the agent.

Set of all possible states.

Set of all possible actions.

Function mapping state-action pairs to rewards.
Function mapping state-action pairs to state dis-
tributions.

Factor to discount future rewards.

Strategy followed by the agent.

Expected return from state s following policy .
Expected return from state s, taking action a, fol-
lowing policy 7.

Rate of exploration vs exploitation.

Xvil



Chapter 1

Introduction

“All reasonings concerning matter of fact seem to be founded on the relation of cause
and effect. By means of that relation alone we can go beyond the evidence of our
memory and senses.” - David Hume [1].

Hume’s insights into cause and effect resonate with the challenges in modern causal
inference and reinforcement learning (RL). His assertion underscores a fundamental
principle: mere correlation and data accumulation are insufficient for comprehending
the complexities of the world. This thesis explores this principle in the context of
machine learning (ML), where the maxim “data is not enough” highlights the limitations
of current data-centric approaches in continuous learning algorithms.

The objective of this thesis is to bridge theoretical concepts from causality with practi-
cal methods and theory in RL. This endeavour begins with a comprehensive background
on causal inference and causal learning, followed by an exploration of RL. Subsequent
chapters synthesise these domains, delving into their intersection and the resulting
methodologies.

An examination of contemporary trends and methods inspired by the intersection of RL
and causality is also presented. This discussion aims to identify open questions in the
field and propose methodologies for addressing them. Finally, the thesis culminates in
a reflection on the initial research questions, discussing the outcomes and implications
of this investigation.

1.1 Problem Area, Research Questions, and Hypotheses

The main focus of this research is how the study of RL and RL agents intersects with
the study of causality. Special interest is taken to consider how methods and techniques
from causal inference can assist in improving RL methods. The focus of this work is
not on experiment, but rather on identifying trends and similarities in methods of
research of seemingly similar fields. Where possible, we will make use of experiment
and observation of performance to motivate arguments.

The key questions we investigate are as follows:

RQ1. Do existing reinforcement learning methods exhibit causal understanding?
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RQ2. Does a causal model improve the sample efficiency and /or coordination of learning
agents in a decentralised learning task?

RQ3. Can learning a causal model and applying it for applied causal inference lead to
disparate impacts on sensitive subgroups?

The overarching hypothesis is that methods of modelling and reasoning in the fields of
causal inference and RL have many intersections, albeit framed in different ways. We
specifically hypothesise that methods from causality can aid in improving the reasoning
ability of learning agents, especially with regards to improving sample efficiency and
explicit counterfactual reasoning. Finally, we expect to find that this area is under-
explored and warrants further investigation.

In terms of specific hypotheses pertaining to the identified research questions;

H1. We expect that there will be a range of causal abilities exhibited by different RL
and MARL algorithms. That said, we hypothesise that classical algorithms will
fail to exhibit the performance expected from a true counterfactual reasoning
agent.

H2. We hypothesise that adding a causal model and/or causal methods to RL agents
will improve the sample efficiency and rate of skill acquisition in RL environments.

H3. We hypothesise that applying a learnt causal model to decision tasks can lead to
disparate impacts and biased outcomes.

1.2 Assumptions and Prerequisites

Though we attempt to be complete and avoid assuming too much preexisting knowl-
edge of various fields, for brevity we make use of references and some assumptions of
existing knowledge. We assume basic university mathematics, most specifically general
knowledge of statistical distributions, the basics of calculus, as well as basic knowledge
of computation and neural networks. For the most part we introduce required theo-
rems and definitions, though we do not necessarily do this in the most introductory
way. In this case, we refer the reader to popular sources and attempt to be consistent
with these sources. In this way, this thesis should complement the selected resources
and vice versa. Where something is not otherwise clear, please contact the author at
uct@stjohngrimbly.com.

1.3 Thesis Structure

This thesis adopts a non-traditional structure, primarily in response to the broad scope
of its subject matter, which bridges the gap between causality and RL. The broad
scope has necessitated a comprehensive literature review and an extended introduction
to vital concepts. Furthermore, in a departure from conventional academic layouts, the
methodology and results sections have been merged. This merger ensures a coherent
presentation, especially when interpreting results arising from closely related lines of
inquiry.
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Organised into seven chapters, the structure transitions from philosophical foundations
to empirical investigations and theoretical explorations in the domains of causal infer-
ence and RL. It is formatted so as to provide a coherent narrative, guiding the reader
through the evolution of key ideas and findings. The relationships between the chapters
and the centrality of causality in this thesis are further illustrated in Figure 1.1.

Introduction

Intelligence and Learning Agents Causality Conclusion

Causal RL —— Methodology and Results ——— Discussion

Figure 1.1: Causal graph illustrating the structural relationships among thesis chapters.
While all chapters are interrelated, strong dependencies are denoted by causal edges, high-
lighting the central role of causality in this thesis.

1. Introduction: This chapter introduces the importance of understanding cause-
effect relationships in today’s data-centric world. It outlines the main research
questions and provides an overview of the following chapters.

2. Causality: Discusses key concepts in causal inference and learning, essential for
the research questions. Focuses on graphical methods and their connection to
active learning.

3. Intelligence and Learning Agents: Explores the development of machine
intelligence from Turing’s predictions to modern Reinforcement Learning (RL).
Examines how intelligence, RL, and causality intersect, setting the stage for later
chapters.

4. Causal Reinforcement Learning (CRL): Examines the combination of causal
inference and RL, highlighting recent research in this field. Reviews methodolo-
gies and significant scholarly work in CRL.

5. Methodology and Results: Presents the research methods and detailed pro-
cesses used. Showcases results from the sublines of investigation, including an
investigation into how applied causal discovery can lead to unfair outcomes.

6. Discussion: Reflects on the methods and findings, with a focus on causal infer-
ence and (multi-agent) RL. Discusses integrating causal approaches in MARL,
covering data fusion and counterfactual reasoning, and suggests future research
areas. Discusses the results and implications of the investigation into bias and
fairness of applied causal discovery in ML.

7. Conclusion: Summarises answers to the research questions, noting the potential
usecases of causal models in RL and MARL. Highlights potential improvements
in reasoning, efficiency, and fairness in learning algorithms from combining causal
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inference and RL. Highlights the important issue of induced unfairness and dis-
paraties on sensitive subgroups that can arise when incorrectly and naively apply-
ing causal discovery methods for applied ML projects. Suggests future research
paths, including experimental validations.

1.4 Prior Works Incorporated in this Thesis

The foundation of this thesis is laid upon a collection of rigorous studies and projects
I have either led or been a significant part of during my academic journey. These
works not only enriched my understanding and insights into the domain but also serve
as substantial contributors to the arguments, methodologies, and conclusions of this
thesis.

1. Causal Multi-Agent Reinforcement Learning: A Review and Open
Problems
Published in the NeurIPS Cooperative AI Workshop in December 2021 [2], this
paper provides an in-depth review of causal multi-agent RL. We explored the
existing challenges and open questions in the domain. The paper’s findings and
methodologies serve as a cornerstone for several arguments in this thesis.

2. Climbing the Ladder: A Survey of Counterfactual Methods in Deci-
sion Making Processes
My honours thesis [3], this comprehensive survey dives deep into the counterfac-
tual methods employed in decision-making processes. The insights drawn from
this survey not only shaped my perspective on the topic but also influenced the
methodologies and arguments adopted in this current thesis.

3. World Models and Predictive Methods in Deep Reinforcement Learn-
ing: A Survey
My honours RL project [4], this paper explores advanced model-based reinforce-
ment learning techniques, integrating ideas from neuroscience and discussing deep
learning and RL problems. It focuses on deep model-free and model-based meth-
ods, theories of latent representation, and predictive methods, culminating in an
analysis of state-of-the-art models like MuZero.

4. Mava: A Research Framework for Distributed Multi-Agent Reinforce-
ment Learning
During my tenure at InstaDeep in 2021, I had the privilege to contribute to this
project and paper. Serving as a whitepaper for the original Mava framework [5],
it serves to introduces a research framework tailored for distributed multi-agent
RL. Elements from this work have been integrated into various sections of this
thesis to enhance its depth and relevance.

5. Causal Bias and Fairness
My recent project undertaken during my internship under the supervision of Prof.
Ferdinando Fioretto at Syracuse University in 2023, this ongoing study is looking
into the intersections of causality, bias, and fairness. While the project is still in
its development phase, preliminary findings and insights have been incorporated
into this thesis, providing a novel perspective on the topics at hand.

4



Chapter 1. Introduction

Through this thesis, I strive to cohesively intertwine the learnings from these significant
works, presenting a well-rounded perspective on trends, problems, and solutions in
causality and reinforcement learning.



Chapter 2

Causality

This chapter develops and expands on the theory identified as necessary or important
to investigate and answer the key questions identified in Chapter 1. Specifically, key
concepts in causal inference and causal learning are introduced, with a specific focus
on graphical methods and related research. This theory is derived and adapted from
various sources, though large inspiration — as in the field itself — is drawn from Pearl
[6]. This is not meant to serve as a complete or self-standing introduction to the wide
fields of causal inference and causal learning, but rather it should suffice as both an
introduction and a central hub of useful resources. The focus is placed on establishing
ideas that relate causality to methods we will discuss in Chapters 3 and 4.

2.1 Introduction

Though almost a platitude at this point, the phrase “correlation does not imply cau-
sation” is one that bears repeating. Humans have an innate understanding of what
cause-effect relationships are [7|. The problem, however, is that determining these
relationships can be extremely challenging, especially when there is insufficient or con-
flicting information available from which an intelligent agent can draw conclusions.
This shows up, for example, in (seemingly) irrational human behaviour [8].

The challenge of addressing counterfactual queries has been a persistent issue in the
scientific discourse for centuries. A fundamental aspect, as identified by Karl Popper,
is the principle of falsifiability, which is central to the validation of any scientific theory
[9]. However, it is important to note that the reliance on falsifiability as a demarcation
criterion for science is not without its criticisms, as highlighted by the Duhem-Quine
thesis [10]. Attempting to attain certainty by contemplating what could have been
presents a conundrum, given that the arrow of time progresses in a single, causal di-
rection. Does this imply the exclusion of counterfactuals from scientific inquiry? This
perspective was indeed shared by many eminent statisticians, including Fisher, par-
ticularly evident in debates such as “does smoking cause cancer?” [11-13|. There is
speculation that an unobserved genetic factor might contribute to both a propensity
for smoking and the development of cancer. The impracticality of conducting a ran-
domised control trial (RCT) stems from various factors, including ethical, logistical,
and practical challenges [14], necessitating the pursuit of alternative analytical meth-
ods. Are we, then, left incapacitated in reaching definitive conclusions due to the
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inherent limitations of our statistical approaches?

In addition to this, people often assume that cause and effect is an “all-or-nothing”
endeavour. This is not strictly true, of course, since humans often assign cause-and-
effect relationships to complex and uncertain scenarios. For example, it would not
be uncommon to claim that “reckless driving causes accidents’[15]. By this we mean
that reckless driving would be an important causal factor, if an accident were to occur.
This is not to say that any time one drives recklessly, they will crash. This motivates
the need for a theory which can handle this uncertainty in reasoning about causality,
especially in terms of a causal hierarchy.

The concept of causation as articulated by Pearl is divided into three distinct levels
in his ladder of causation model [16, 17]. At the base is the seeing level, which is
focused on statistical correlations. The next level, doing, encompasses interventions
and includes advanced methodologies like RCTs and RL techniques [18, 19]. In the RL
context, an intervention is akin to an agent’s action that modifies the natural course
of events, leading to outcomes such as new states and rewards.

We provide formal definitions of interventions and counterfactuals below. The mathe-
matical details will become clear in this chapter.

Definition 2.1.1 (Intervention). Within a Structural Causal Model (SCM) M, an
intervention I is the replacement of a set of structural functions in M with a new set.
When intervention targets variable Xy, it is redefined as X = f(P~Ak, Uk), where P~Ak
represents the new parental variables in the updated Directed Acyclic Graph (DAG).
This alteration in causal mechanisms results in a novel interventional distribution,
Pio(ry, and its corresponding probability density, pao(r)-

Surpassing the intervention level is the imagination stage, focused on counterfactual
reasoning. Counterfactuals are hypothetical scenarios that have not actually taken
place, and are fundamental to causal inference.

Definition 2.1.2 (Counterfactual). In an SCM M = (S, Py,) that encompasses nodes
X with observed values x, a counterfactual SCM is formulated by substituting the noise
variable distributions with those corresponding to the actual observed values X = x.
The new noise distribution is denoted as the conditional probability Pyix—,.

In RL, counterfactual thinking is inherent, as agents might consider the outcomes
of alternate actions not taken. This approach allows for a detailed examination of
every possible action an agent does, can, or could have chosen. The intricacies of this
conceptual ‘ladder’ are further developed in Pearl’s Causal Hierarchy [19], clarifying
the formal mathematical relationships among these different types of data interactions.

2.2 The Fundamental Problem

Consider an individual, Casper, who is part of a new drug trial testing mRNA HIV
vaccines. The important causal relationship is the effect of the treatment 7" on Casper’s
immunity Y;(7"). This notation denotes Casper as the individual 7 in the study, having
an immunity measure Y after treatment 7. We can represent the potential outcome by
Yi(t). This is a potential outcome as the outcome is not considered with respect to a

7
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Figure 2.1: Derived from [16], this figure illustrates Pearl’s Ladder of Causality meta-model.
It delineates the three tiers of causal reasoning: seeing, doing, and imagining, which relate
to association, intervention, and counterfactual processes, respectively. The diagram provides
examples for each level, aiding in the intuitive understanding which is helpful throughout this
thesis.

specific individual. Assuming Casper receives the treatment 7" = 1, the experimenters
are interested in the causal effect as measured by how much more immune Casper is
after taking the treatment than if he had not taken the treatment, 7' = 0. We write
this query as a difference in the potential outcomes, known as the individual treatment
effect (ITE), denoted 7; = Y;(1) —Y;(0). The Fundamental Problem of Causal Inference
[20] is highlighted in this example - you cannot observe every potential outcome. What
has happened, has happened.

The impossibility of determining ITEs in general is often dealt with by considering
population level effects. Statisticians deal with this by considering distributions and
using key statistics, such as the mean, to make predictions. In the same vein, the aver-
age treatment effect (ATE, or average causal effect (ACE)) is the expected difference in
the potential outcomes with respect to individuals i, 7 = E [Y;(1) — Y;(0)]. By linearity
of expectation

E[Y;(1) - Yi(0)] =E[Y;(1)] ~E[Y;(0)] ZE[Y |T=1]-E[Y | T =0],

where we have used - notation to indicate careful consideration of this mathematical
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step. Unfortunately, things are not so simple with causal quantities (see Appendix
A.2.4). In this case, we have attempted to replace causal quantities with associational
quantities without considering what this means in the real world. Consider Figure
2.2 where X confounds the causal relationship between 7" and Y. Clearly, the ATE
cannot be considered unless one considers the influence of X on the other variables.
Conditioned on T, the influence of X on T is removed, but X still has an effect on Y.

Figure 2.2: Example of a confounded relationship between variables in a causal structure.
Here, X has a direct causal influence on both 7" and Y. Additionally, T has causal influence
onY.

2.3 Terminology & Formulation

This thesis primarily focuses on the Bayesian formulation of probabilities and condi-
tional probabilities, in line with standard practices in graphical causal inference lit-
erature. This literature often examines variables in relation to each other. In this
context, it is usual to condition variables on related variables, though sometimes these
conditional variables may be left out for simplicity if it does not cause confusion.

Consider the variable A, symbolising the statement “St John will complete his MSc
thesis in 2023.” In this case, P(A | K) indicates the subjective probability of A being
true, based on a set of knowledge K. This notation and approach are central to the
analysis and understanding of the causal relationships investigated in this thesis.

In keeping with statistical norms, random variables in this thesis are represented by
capital letters. For example, V' denotes a finite set of discrete random variables essential
to our causal analysis. Each variable X € V is part of a domain Dy. Variables are
denoted in uppercase (e.g., X,Y, Z), and their realisations in lowercase (e.g., z,y, 2).
Therefore, the probability of a variable taking a specific value is expressed as P(X =
x) = P(x).

As conditional independence is such an important idea in graphical (causal) modelling,
we provide a definition here.

Definition 2.3.1 (Conditional Independence). Let V = {Vi, Vs, ... } represent a finite
set of variables. Considering the joint probability distribution P(V'), for any X,Y,Z €
V', X is conditionally independent of Y given Z if P(x | y,z) = P(z | z) whenever
P(y,z) > 0. This means that knowing Z, Y does not add any extra information about
X. This principle, vital to our study of causal relationships, is commonly expressed as

X1Y|Z.

This section aims to provide a clear foundation for the probabilistic and causal frame-
works underpinning the analysis in this thesis.
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2.4 Graphs and Graphoids

In probability theory, considering conditional dependencies is fundamental for analysis.
For example, when constructing a joint distribution over variables z;, one may model
this distribution as

P(l’l,l'g,...,l'n) :P(lj)HP(Q?l ‘ :ci,l,...,xl)
1=2
= P(l’l)P(ZEQ | ZEl)P(Ig | IQ,Il)P<l’4 | JZg,(IIQ,Il) e

This approach reflects a fundamental method for decomposing a multivariate distribu-
tion into a series of conditional distributions. The phrase “one may model” is employed
here to indicate this methodological choice, highlighting a strategy for capturing the
relationships among variables within a probabilistic framework.

By adopting this modeling technique, the complexity of modeling a distribution that
encompasses an increasing number of variables becomes apparent as the requirement
for parameters—based on which one conditions—grows exponentially. To elucidate,
modeling P(z4 | 23,72, 71) necessitates an understanding of all 2"~! possible permu-
tations of the variables {3, x9,21}. However, this complexity can be significantly
reduced by taking into account the structure of the problem and focusing on only the
local dependencies, thereby simplifying the modeling process as shown in Example 1.

Before extending these ideas to the causal domain, it is useful to consider the mathe-
matical and structural similarities in statistical conditional independence and inference
in undirected graphs. Pearl and Paz [21] do exactly this by showing that a shared set
of axioms underpin both conditional independence and inference in undirected graphs.
This theory forms a basis for extension to graphical-based inference and, by extension,
graphical causal inference. Therefore, it is useful to briefly consider the defining as-
pects of this theory before discussing (graphical) causal inference. We refer the reader
to Appendix A.1 for an in depth look at graphoids.

One can then define a mathematically rigorous version of the DAG, which will form
the basis of (graphical) causal inference.

Definition 2.4.1 (Directed Acyclic Graph). A directed graph with no cycles is called
acyclic and forms a directed acyclic graph (DAG).

2.5 Graphical Models
Pearl [15, pg. 13| describes the role of graphs in statistical modelling as:

1. Convenience: Express substantive assumptions.
2. Representation: Economical representation of joint probability functions.

3. Efficiency: Facilitate inference from observations.

In terms of representation, graphical dependency models make decomposition of joint
functions trivial. As we discussed earlier, we know that joint distributions can be

10
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written in terms of conditional dependencies. With the assumption that not every
variable is dependent on each other, we can drop variables that are not important for
modelling z;. For example, say x; is only sensitive to changes in some subset of the
other variables, PA;. Then we have that

P(.’L’Z ’ $i,1,...,x1) = P(IEZ \pal)

Definition 2.5.1 (Markovian Parents). Let V = {Xy,...,X,,} be an ordered set of
variables. A subset of variables PA; is said to be the (Markovian) parents of X; given
that PA; is the minimal set satisfying

P(Z‘j |pCLj) = P(Ij | L1y - ,(L’j_l).

In other words, PA; s sufficient to render X, independent of all other predecessor
variables.

The local Markov assumption says that given its parents in a DAG, a node X is
independent of all its non-descendants. By non-descendants we mean all other nodes
in the graph that are not in any directed path starting from X. This assumption makes
the visualisation of independence a very powerful tool. The local Markov assumption is
equivalent to Bayesian network factorisation, which implies that a joint distribution can
be factored into a product of conditional distributions where all relevant information is
taken into account. The minimality assumption adds that adjacent nodes in the DAG
are dependent, which allows dependencies to be read off the directed graph.

The Markovian parents definition (Def. 2.5.1) relates to the fact that we can represent,
in the form of a DAG, the sufficient dependency relationships between variables. We
model the variables as nodes, and the edges are then representative of the dependencies
between the variables. In fact, we can recursively construct the dependency DAG using
the Markovian parents idea [15, pg. 15]. We start with a pair of variables, say (X1, X),
and draw an edge if they are dependent. We then proceed by finding a minimal set of
Markovian parents, and draw an edge from each parent to the child node. In general,
this results (recursively) in a DAG, called a Bayesian network (BN). That is, in a
Bayesian network, an arrow from X; to X; assigns X; via some functional dependency
represented by the edge between them. By construction, a Bayesian network implies
conditional independency via paths or lack of paths, a very useful and compact way to
represent this information, especially as the scale of the DAG grows.

In the context of using DAGs, there are three fundamental node triplets to consider.
These are chains, forks, and colliders.

In a chain A — B — C' or a fork A «+ B — C, the middle variable B can serve as a
confounder, potentially opening a back-door path between A and C. Conditioning on
or adjusting for B would close this path. In contrast, a collider A — B < C poses a
different challenge. If you condition on the collider B, it will actually open a back-door
path between A and C. Therefore, to block all back-door paths, one must condition on
the set of variables that includes confounders and ancestors of confounders but excludes
colliders and descendants of the treatment variable. This provides a systematic way to
identify the minimal set of variables required for back-door adjustment.

Example 1 (Simplified Likelihood). Imagine we work for university admissions and
we are tasked with ensuring that our admissions process is fair. As domain experts we
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Figure 2.3: Graphical representations of three causal structures: (Top) A Chain, symbolising
a sequence of events where A leads to B which then leads to C', much like links in a chain;
(Middle) A Fork, where E acts as a source that splits its influence to both D and F', resembling
the prongs of a fork; and (Bottom) A Collider, where G and I both direct their influence
towards H, akin to two objects colliding into a common point.

have established five important measured factors - race R, income I, education quality
E, SAT scores S, and college admissions C' - that are predictors for college success.

As Bayesian thinkers, we decide to model these factors and their dependence relations
as a graph. This allows us to form a DAG G, which is shown in Figure 2.4. We
can simplify the likelihood over the graphical variables by considering the product of
conditional distributions associated with each node in the DAG. Specifically,

L(e | $) = H P(ez | paG(ei))v Vo; € {R7 I.E,S, O}

0;€nodes(G)

where 0; represents the variables associated with node i, and pas(0;) denotes the set of
parent nodes of 0; in the DAG G. In this case, the variables are clearly dependent, as
represented by the graphical structure. For the sake of this example, assume income is
distributed normally with parameters p and o, while the other four factors are Bernoulli
distributed with parameters p;. The joint distribution on graph G is

P(R,I,E,S,C)=P(R)-P(I|R)-P(E|I,R)-P(S|E)-P(C]|S).

Given a dataset with n students {z1,...,x,}, the likelihood function is

5
H xkd | kajaej) (2'1)

(rk;pr) - Plix | vy por,01) - Pleg | i, 7k pE) - P(sk | ex;ps) - Plek | sk pe)

-1l
11

(2.2)

This likelihood formulation allows one to easily take the log-likelthood and observe that
the full likelihood can be decomposed into a sum of the conditional marginals.

n

In £(G) = Z[IHP(Tk;pR) +In P(ix | re; pr, 01) + InPlek | ik, 705 pE)
k=1

+1In P(sg | ex;ps) +In P(c | s pe)]
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s Education College
Income Quality SAT Scores Admissions

Figure 2.4: Causal diagram showing relationships among Race, Income, Education Quality,
SAT Scores, and College Admissions. Nodes in red represent sensitive variables. Race is an
unobserved confounder and serves as a latent sensitive variable. While not considered in this
context, there could potentially be a direct, unfair edge from Race to College Admissions.

This simple example highlights some powerful outcomes that results as a function
of assuming something about the structure of the problem. By using our domain
knowledge to write down dependence relations, we were able to greatly simplify a full
joint distribution into a product of marginal distributions. Keep this in mind for later,
especially in regards to causal discovery.

Definition 2.5.2 (Markov Compatibility). A probability function P(-) is considered
Markov compatible with a DAG G if it can be decomposed such that P (x1,za, ..., x,) =
IL P (xi | pa;), where each P (z; | pa;) is in accordance with G. In this scenario, we
state that G represents P, or alternatively, that P is Markovian with respect to G.

The distributions compatible with a DAG G can be read off the DAG via the d-
separation criterion. This is a foundational idea in the causal inference literature,
much like that of independence in statistics. This, and related ideas, will be mentioned
throughout this work.

Definition 2.5.3 (d-separation). A set Z of nodes within a causal graph is considered
to d-separate a path p under the following conditions:

1. If p includes any edge that passes through a vertex in Z, whether incoming or
outgoing, or

2. If p involves a collision vertex not included in Z and this vertex does not have
any descendants in Z.

Sets X and Y in a causal graph are deemed d-separated by Z if all paths from X toY
are blocked by Z.

The idea behind d-separation is straightforward: we are trying to find the variables
that, if conditioned on, would make two other (sets of) variables independent of each
other. In other words, one is asking, “How would I block the dependence between these
two variables?” Or rather, “How would I break this path of dependence?” This is not
always as simple as it might first seem. For instance, in the causal diagram shown in
Figure 5.4, consider the relationship between Race and College Admissions. According
to d-separation, if we condition on variables like Fducation Quality, and SAT Scores,
the direct path of dependence from Race to College Admissions could be blocked, im-
plying these variables are d-separated in this context. However, an interesting caveat
to consider is that of Berkson’s paradox (see Example 20), where incorrectly condi-
tioning on a variable can actually introduce spurious dependence between variables.

13
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This highlights the nuanced nature of causal inference and the importance of careful
consideration of the variables involved.

Example 2 (Rain, Traffic, and Leaving Late). Consider a DAG with three nodes: Rain
(R), Traffic (T), and You Leave Late for Work (L). The relationships are defined as:

e R — T: Rain can cause traffic.

o L. — T: Leaving late can lead to traffic.

()

Using the d-separation criterion:

1. Without Conditioning: R and T are dependent because rain can cause traffic.

2. Conditioning on Traffic (T): If traffic is observed, R and L become depen-
dent. This is due to the fact that conditioning on a collider like T can induce a
relationship between its causes.

3. Conditioning on Rain (R): Knowing it’s raining, the path between L and T
15 blocked. L and T become conditionally independent given R.

The key takeaway is that d-separation allows us to determine conditional independence
relationships in a causal graph, providing a bridge between graphical causal models and
statistical dependencies.

We discuss some more rigorous theory of DAG-induced graphoids and implications
of conditional independence. Though this is not core to the argument, the reader is
encouraged to read through Appendix A.1.1.

2.6 Causal Networks

One can augment graphical models with causal assumptions such that they become
causal graphical models. Perhaps already an implicit assumption to the reader, a
variable X is a cause of a variable Y if Y can be affected by changes in X. One
element that makes reading causal structure off a directed graph convenient is the strict
causal edges assumption, where every parent variable is assumed to be a direct cause
of all child variables. It is important to note that this is not a necessary assumption
for Bayesian networks to make sense. This assumed extension then forms a causal
Bayesian network (Definition 2.6.1).

Pearl [15, pg. 21| makes a strong intuitive argument for why one would want to make
these causal assumptions when they first appear not to be necessary for Bayesian in-
ference. Simply put, when there exists dependencies between variables that aren’t
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considered “causal,” we think of them as spurious. To quote Pearl directly: “It seems
that if conditional independence judgements are by-products of stored causal rela-
tionships, then tapping and representing those relationships directly would be a more
natural and more reliable way of expressing what we know or believe about the world.
This is indeed the philosophy behind causal Bayesian networks.”

Perhaps more interesting at a technical level, another advantage of applying causal
assumptions to Bayesian networks is that modifying the network when faced with new
information is much more tractable. A local change in mechanism can be modified
into ‘an isomorphic reconfiguration of the network topology.” One can imagine how
crucial this is to machine learning problems, especially where adaptation and learning
is important.

2.6.1 Causal Networks as Oracles

Having changes in causal mechanisms only affect the local network topology is what
allows the flexibility of causal inference and causal models. The modular nature of such
a model allows one to reason about how local changes would change outcomes without
rethinking or retraining the model as a whole. Once again, this is a fundamental point.
A causal model (e.g. CBN) is much more informative than a statistical model (e.g.
BN without causal assumptions) because it allows us to reason about how probabilities
would change due to external intervention. Graphically, an intervention corresponds
to “deleting” an edge. This makes intuitive sense as an intervention removes the causal
dependencies of a child node on its parents. Interventions of this nature are not easily
represented in statistical language. Instead, we can denote an intervention via the do(-)
notation, where the variable being intervened on is acted upon by the do-operator. This
notation will be used thoroughly throughout this work.

Definition 2.6.1 (Causal Bayesian Network). Consider a probability distribution P(v)
across a variable set V.. The distribution resulting from the intervention do(X = x),
which sets a subset of V' to a fized value x, is noted as P,(v). Let P, be the collection of
interventional distributions where no intervention is made, represented by do(X = ().
A DAG G aligns as a causal Bayesian network (CBN) with P, if, for every distribution
P, within Py, the following conditions hold:

(i) The distribution P.(v) adheres to the Markov property with respect to G.
(11) For each Vi in X, P.(v;) = 1 provided that v; aligns with the condition X = x.

(111) For all V; not in X, P,(v; | pa;) equals P(v; | pa;), given that pa; is in agreement
with X = x.

This definition allows us to talk about all equivalent interventional distributions in an
efficient manner while maintaining the factorisation properties of Bayesian networks.
These conditions also imply that intervention and conditioning on parent variables are
locally equivalent, P(v; | pa;) = Ppe,(v;) - a simple yet powerful property. Further,
variables are locally invariant to interventions s elsewhere in the model, Py, s(v;) =
P4, (v;). This fundamentally distinguishes causal models from statistical models.
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2.7 Functional & Structural Causal Models

Functional deterministic models, foundational in causal modeling’s early history, re-
main influential in social and economic sciences. These models, exemplified by Wright’s
genetic inheritance studies [22], introduce uncertainty via unobserved (latent) variables.
The observed randomness, in this view, stems entirely from unmeasured conditions.
Such quasi-deterministic frameworks facilitate counterfactual reasoning, an aspect ab-
sent in stochastic models, to be discussed in depth later.

In a functional causal model, the equations z; = f;(pa;,u;), ©=1,...,n, are key, with
pa; representing parent variables and U; signifying noise/error from unknown factors.
These equations, much like deterministic laws in physics, assign values to variables.
An independent and autonomous mechanism for each equation constitutes a structural
model. When every variable in the equations has a corresponding assigning function
(appearing on the left-hand side), it forms a structural causal model.

A SCM uniquely facilitates explicit exploration of interventional and counterfactual
questions. A counterfactual is depicted as an observed distribution for a certain co-
variate condition, say X = x, but conditioned on an alternate reality, X = /. Using
potential outcomes, Y, represents the outcome under X = z. The counterfactual dis-
tribution is then P(Y, | 2’). Although a detailed discussion follows later, the key idea
is that the observed outcome distribution under X = z informs us about the model’s
‘noise’. This knowledge helps model outcomes under different conditions. Importantly,
a causal model’s falsifiability means it can be refuted if experimental data contradicts
the model, confining its logic to the truthfulness of the underlying model.

(a) (b) (c)
P sz /, !
0 (Y=l2',9) .
P(Y]do(X))
> Ly
(i) SCM a
P(X,Y
X« f(Us) ( ) £ /
Y « £,(X,U,) 5
Ladder of Causation Pearl's Causal Hierarchy

Figure 2.5: (a)(i) A causal Bayesian network displayed as a DAG, showing causal rela-
tionships between variables. (ii) A SCM aligns with the DAG from (i), having two main
variables: exogenous X, influenced by external noise U,, and endogenous Y, affected by X
and its noise factor Uy. (b) Different observable phenomena originating from an SCM. The
SCM generates three causal quantities, each corresponding to a level on the ‘ladder of cau-
sation’. Associational metrics are on L1, interventions (denoted as do(X = x)) on Lg, and
counterfactual metrics (envisioning alternate scenarios Y, under X = 2’) on £3. (¢) A Venn
diagram illustrating Pearl’s Causal Hierarchy [19], highlighting the hierarchical arrangement
from (b).

Definition 2.7.1 (Structural Causal Model [19]). An SCM, represented as M, is de-
fined by a quartet (U, V,F P(U)), which includes:

1. U: Exogenous variables, determined by external factors.

2. V: Endogenous variables, affected by elements within the model.
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3. F: Functions linking U and V', where each f; creates a connection from U; U Pa;
to Vi as v; < fi(pai,u;). Here, pa; belongs to Pa;, U; is part of U, and Pa; is a
subset of V' \'V;, assigning values to variables based on their interrelationships.

4. P(U): A probability distribution covering U .

Example 3 (Structural Causal Model). Let’s consider a simple system consisting of
two variables: altitude A and temperature T'. Our hypothesis is that altitude causally
influences temperature, which means the temperature of a location is determined, in
part, by its altitude.

Causal Bayesian Network:

1. We represent the causal relationship with a directed edge from A to T. This
1s based on the belief that an increase in altitude generally corresponds with a
decrease in temperature.

2. Our SCM for this system can be represented as:
(a) A=u,
(b)) T = f(A w)

Here:

o A is the altitude which is exogenous and determined by external noise factors,
represented by u,.

o T is the temperature which is endogenous, influenced by altitude A and some
noise factor uy.

Representative Equations:

A=u,

Ezplanation: Imagine two locations: one at sea level (altitude = 0) and another on a
mountain top (altitude = 2000 meters). Our model might predict that the mountain top
location is cooler than the sea level location because of the difference in their altitudes.
It’s important to emphasise that our belief is in the direction from altitude to tempera-
ture, and not vice-versa. We wouldn’t expect an intervention that changes temperature
to consequently change the altitude.

SCM Visualisation:

Interventions: If we were to perform an intervention where we artificially set the
altitude (a hypothetical scenario, of course), the resulting temperature would change
according to our model. This can be represented as do(A = a), where we set the
altitude to some value a and observe the resulting temperature. Notably, if we were to
perform an intervention that artificially changed the temperature, we would not expect
this to result in any change to altitude, consistent with our belief about the direction of
causality.
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Figure 2.6: A SCM representing the causal relationship between altitude A and temperature
T. Here, altitude is considered as an exogenous variable influenced by an external factor u,,
while temperature is an endogenous variable influenced by altitude and another external factor
Ut.

2.8 Procedure of the Causal Inference Engine

Judea Pearl’s concept of a Causal Inference Engine effectively provides a systematic
approach to perform causal inference. This ‘engine’ represents a series of steps for
deriving causal effects from observational data, based on the theoretical framework of
SCMs. The process is depicted in Figure 2.7 and involves the following stages:

1. Model Specification: Identify and define the variables and their causal rela-
tionships within an SCM. This initial step leads to the creation of a Causal Model,
visualised as a DAG in Figure 2.7.

2. Query Formulation: Develop causal queries to define the Causal Estimand.
These queries may focus on either interventional or counterfactual effects based
on the established model.

3. Identification: Apply do-calculus rules to verify if the causal estimands can
be identified from the available data. If identifiable, derive the identification
formula, which leads to a Statistical Estimand.

4. Estimation: Using the identification formula, employ statistical methods to
calculate the causal effects from the data. This process results in an FEstimate.

5. Refutation / Validation: Conduct robustness tests, sensitivity analyses, and
if possible, compare with experimental data to validate or refute the estimated
causal effects and underlying assumptions of the model.

The procedure begins with Model Specification of causal relationships, proceeds to
Query Formulation for targeting specific causal effects, moves to Identification to eval-
uate the possibility of extracting these effects from the data, and then to Estimation
of the causal effects. The final step, Refutation / Validation, is crucial for verify-
ing the accuracy and reliability of the deduced causal relationships. This structured
approach ensures a thorough method for analysing and confirming causal effect esti-
mations within the framework of SCMs.

Conventional model selection in statistics primarily revolves around the task of finding
the model that best fits the observed data, often without an explicit focus on causal re-
lationships. The main target is usually prediction accuracy, goodness of fit, or variance
explanation within the data. Common approaches include hypothesis testing, likeli-
hood ratio tests, and scoring using Akaike Information Criterion (AIC) or Bayesian
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Figure 2.7: Diagram illustrating the process of causal estimation. The estimand represents
what we wish to estimate — a formal definition of the causal quantity of interest. The estimate
is the actual value approximating the estimand, derived from the data. The causal model
provides a structured representation of our assumptions about the causal process, guiding the
translation of the causal estimand into a statistical one.

Information Criterion (BIC), among others. These techniques generally do not dif-
ferentiate between correlation and causation, and often operate under the assumption
that the underlying data-generating process is stationary and devoid of interventions.
Below, we contrast this conventional approach with the procedure outlined in the causal
inference engine:

1. Explicit Causal Focus: Unlike conventional model selection, the causal infer-
ence engine begins with an explicit emphasis on causal relationships, grounding
the analysis in a theoretical framework that allows for causal interrogations.

2. Interventional and Counterfactual Queries: The causal inference engine fa-
cilitates the examination of interventional and counterfactual scenarios, enriching
the analysis beyond mere associative relationships often sought in conventional
statistical modeling.

3. Model Falsifiability: As highlighted earlier, a distinctive feature of causal
models is their falsifiability. If experimental data does not align with model
predictions, the causal model can be refuted. In contrast, conventional statistical
models often lack such clear falsifiability criteria.

4. Robustness to Interventions: Causal models, being designed with interven-
tions in mind, are better suited for extrapolation under changing conditions or
external interventions, a scenario where conventional statistical models might
falter.

5. Informative Model Specification: The initial model specification in causal
analysis is often guided by theory and domain knowledge, making it a more
informed and structured approach compared to the data-driven nature of con-
ventional model selection which might overlook underlying causal structures.

The Causal Inference Engine elevates the analytical rigour from mere pattern recog-
nition or predictive modeling, common in conventional statistical model selection, to
a level where causal relationships can be explicitly modelled, tested, and interpreted.
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This transition augments the scope and depth of insights that can be derived, thus of-
fering a deeper understanding of the underlying system dynamics and the implications
of potential interventions.

At this point it is important to mention that the (Pearlian) graphical approach to
causality is not the only approach. We include an introduction to some other frame-
works, including the potential outcomes and information theoretic approach in Ap-
pendix A.2.

2.9 Intervention, Identifiability, and a Calculus of Interventions

At this point, we have established several core concepts in causal inference. We have
defined SCMs and related necessary concepts, and shown how it can be used to generate
different types of causal quantities. We have also discussed the idea of an intervention,
and how it can be used to generate counterfactual quantities. However, we have not yet
discussed how to use these models for estimation and inference. In this section we will
discuss the idea of identifiability, and extend this to a complete calculus of interventions.
This calculus will allow us to infer which causal quantities can be estimated from
different forms of observational and interventional quantities available, given a SCM.
For those not familiar, we introduce the idea of causal quanities in Appendix A.2.4.

2.9.1 Identification of Causal Quantities

Identifying these various causal quantities is non-trivial, primarily because they are
defined in the context of a specific causal model, as opposed to a joint statistical
distribution. The challenge arises in disambiguating multiple observational models that
could potentially be generated by different underlying causal structures. The concept
of identifiability serves to alleviate this issue, imposing constraints that allow us to
uniquely estimate causal quantities, given a set of assumptions embedded in a causal
model M. The identifiability of causal quantities is essential for meaningful causal
inference. It ensures that given a specific causal model M and sufficient observational
data, the causal quantities - whether it’s ATE, ITE, ATT, TE, or CATE - can be
reliably estimated, thus bringing our theoretical constructs into the experimental and
verifiable domain.

Definition 2.9.1 (Identifiability). Consider a computable quantity Q of a model M
within a specified class of models M. The quantity Q) is deemed identifiable in the
model class M if, for any two models My and My in M, the condition Q(My) = Q(Ms)
is met whenever the probabilities Py, (v) = Py, (v) are equal. In cases where only a
limited observation set is available, providing a subset of features Fy from Py (v), the
identifiability of Q relative to Fyy is established if Q(My) = Q(Ms) is satisfied whenever
FM1 = FM2 .

Considering this in the context of learning distributions from data (e.g. in ML), one
ideally would want a way to compute quantities from observational data. This sounds
obvious as this is, perhaps implicitly, the goal of much of ML. The non-trivial compo-
nent comes in when the goal shifts to making causal predictions rather than correlative
(statistical) predictions.

Imagine there is a quantity ) from which one would like to determine the causal
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effect on y given knowledge & under model M, written Py (y | ). Given a fully
specified model M, this is certainly computable. The problem is, models usually have
some incomplete element - perhaps some noise on measured variables, or other latent
variables in the model. This is exactly the case where the notion of identifiability
becomes useful.

Initially, two fundamental assumptions about the problem’s structure are necessary.
The models in question must:

(i) Possess a common causal graph G;

(ii) Yield positive probability distributions for observed variables, denoted as P(v) >
0.

Definition 2.9.2 (Identifiability of Causal Effect). For a specified graph G, the causal
impact of variable X on variable Y is deemed identifiable when the probability P(y |
T) can be uniquely determined based solely on the probabilities of observed variables.
Formally, this means that for any pair of models My and My with a shared probability
distribution Py, (v) = Pa,(v) > 0 and the same graph G(M;) = G(My) = G, the
relationship Py, (y | ) = Pu,(y | ) consistently holds.

With these assumptions and the definition in place, identifiability signifies that deduc-
ing the causal effect of an action do(X = z) on Y is feasible when provided with (1)
observational data, and (2) a causal graph that delineates the variables in the data
generation process.

The stipulation for positive distributions simplifies the issue by precluding scenarios
where X = 2’ has a zero probability, which would otherwise render inferring the ef-
fect of action do(X = 2’) unfeasible. To clarify the concept of variable inclusion for
identifiability, we present the following theorem:

Theorem 2.9.1. For any Markovian model with a causal diagram G, where a subset V
of variables is observed, the causal effect P(y | do(x)) is identifiable if the observational
dataset includes the variables X, Y, and all parent variables of X (denoted as PAx ).
In formal terms, identifiability is ensured if the observational dataset encompasses all
variables in the set {X,Y} U PAx, meaning that X, Y, and PAx are all part of the
observed variables set V.

2.9.2 Adjustment Criteria and Formulae

Dealing with confounding is foundational to experimental design and, of course, the
study of causality. The influence of confounding factors can make or break experiment
and analysis. The when and how of adjusting for these factors is not always obvious.
Simpson’s paradox provides some clear examples of why dealing with confounding is
essential for many statistical problems. To explain simply, Simpson’s paradox occurs
whenever inclusion of additional factors reverses a statistical relationship. At first
glance this seems implausible - surely more information would only serve to increase
the statistical ‘certainty’ one has about the model?

Simpson’s Paradox Example Consider the following: you have a kidney stone and
are consulting a doctor about treatment options. You are faced with two treatment
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options (1) treatment A and (2) treatment B, but you would like some data to make an
informed decision as to which treatment is better for your circumstances. The doctor
provides you with the following tabulated data:

Table 2.1: Comparison of Recovery Percentages for Two Treatments (A and B)

Treatment A Treatment B

Recovery % 0.78 0.83
Total Recovery % 0.80

From this you decide, quite reasonably, that your best choice of treatment is treatment
B. However, the problem is that there are some missing data. Consider the exact same
dataset, but now with additional context about how these data were generated. In table
2.2 we see that there are two different classes of kidney stone sizes. Suddenly it appears
as though treatment A is better than treatment B, since it is better over both small
and large kidney stone strata. If this appears confusing, focus on the denominators
and notice that structural difference between assignment of treatment groups.

Table 2.2: Comparison of Treatment Success Rates for Small and Large Kidney Stones with
Treatments A and B. Example taken from Peters et al. [23].

Treatment A Treatment B

Small Kidney Stones £ =0.93 24 —0.87

Large Kidney Stones % =0.73 % = 0.69
Total Recovery % = 0.78 % = 0.83

The kidney stone example involves only three interacting variables, with a very simple
graph structure. One can imagine how much more difficult it can become to deal with
these paradoxes, especially as the problems scale in dimension. This motivates the need
for tools that (1) help identify when and how confounding is an issue, and (2) a way
to adjust for these confounding variables. This idea of ‘adjusting’ being important for
establishing causal effects is what leads to various criteria - including the back-door and
front-door criteria. We refer the reader to Appendix A.3, which serves as a foundation
for what follows.

Kidney Stone Size

a

Treatment — Recovery Rate

Figure 2.8: Causal DAG representing relationships between kidney stone size, treatment,
and recovery rate. This structure can result in Simpson’s paradox as observed in Table 2.2.
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2.9.3 Calculus of Intervention

Pearl’s rules of do-calculus provide a set of principles for manipulating causal expres-
sions involving interventions, formalised within the framework of SCMs. Comprising
three rules, the do-calculus allows for the translation of causal queries into expressions
that can be evaluated from observed data, under certain identifiability conditions. In-
tuitively, the rules exist to simplify the causal analysis by identifying when certain
variables or interventions can be ignored, marginalised, or treated as observed.

These rules are instrumental in making causal inferences more tractable and facilitat-
ing the estimation of causal effects from empirical observations, even when controlled
experiments are not feasible. By reducing complex causal structures to simpler expres-
sions, the do-calculus contributes significantly to the advancement of causal reasoning
and analysis in various scientific disciplines. More formally Pearl’s do-Calculus allows
one to identify any causal quantity that is identifiable. This fact has been proven since
it has been shown that do-Calculus is complete for identification. We now present the
rules and then walk through what these equations mean in the context of the previous
discussions.

Rule 1: P(y | do(t),z,w) = P(y | do(t),w) ifY lg Z|T,W

Intuitively, this rule says that if there is no direct causal path from Z to Y
(given T, W), then knowing Z doesn’t change the distribution of Y given
an intervention on ¢ - do(t) - and a known w. This is a simple extension of
d-separation to interventional distributions.

@ @

Figure 2.9: Causal DAG with Treatment (T), Outcome (Y), Con-
founder (W), and an unrelated variable (Z).

Rule 2: P(y | do(t),do(z), w) = P(y | do(t),z,w) Y Lo Z|T,W

This rule applies when there is a joint intervention on 7" and Z. Essen-
tially, if the causal effect of Z on Y disappears when conditioning on T, W,
then the intervention on Z becomes redundant. This is a generalisation of
the backdoor criterion.

Rule 3: P(y | do(t),do(z),w) = P(y | do(t),w) ifY Lg_

T,Z(W)

Z|T,W

This rule also involves joint intervention on 7" and Z, but here Z depends
on W. This rule implies that if the causal effect of Z on Y disappears
when (1) conditioning on both 7" and W, and (2) Z depends on W, then
the interventions on Z and the inclusion of W in the conditioning become
redundant. That is, we don’t want to incorrectly condition on node(s) Z
that are ancestors of W.
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W) ®
Figure 2.10: Causal DAG with Treatment (T), Outcome (Y), Con-

founder (W), and an intervened variable (Z, with a dashed line repre-
senting the intervention).

Figure 2.11: Causal DAG with Treatment (T), Outcome (Y), Con-
founder (W), and an additional variable (Z) that depends on W. The
dotted edges from W to T and from W to Z represents a previous edge
that was removed via intervention on the parent variables, and the
graph satisfies the condition for the third rule of do-calculus.

2.10 Path-Specific Causal Effects

Understanding path-specific causal effects is essential for dissecting complex causal
relationships. Unlike conventional causal analysis that considers total causal effects,
path-specific effects isolate the contribution of specific causal paths [24-26]. By iso-
lating specific causal paths, researchers can gain nuanced insights into the underlying
mechanisms of causal systems [24]. This approach has proved to be useful in practice,

finding significant importance in the study of causal fairness, especially in the context
of healthcare [27].

Considering a causal structure represented by a DAG, let X be a treatment, Y an
outcome, and M a mediator variable. We can represent the path-specific effect of X
on Y through the mediator M as:

X 5 Yy =E( |do(X =1), M) —E(Y | do(X = 0), M). (2.3)

Example 4 (Effect of Education on Income). Consider a causal system where we are
interested in the effect of education X on income Y, mediated by a variable such as job
skill level M. The path-specific effect of education on income through job skill level can
be quantified using the above equation.

Education (X) Job Skill (M) Income (Y)

_

Figure 2.12: Causal structure of the effect of education on income through job skill level.
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This figure represents the causal structure of our example, with two paths from X to'Y :
one direct and one through M. The path-specific effect isolates the effect of education
on income through the job skill level [20].

As an aside, we briefly discuss the relationship between causal models and differential
equation modelling in Appendix A.5, though this is not core to the argument of this
thesis.

2.11 Causal Structure Learning

Though the theory of causal inference has come a long way in recent decades, causal
structure learning has always been a harder problem to tackle. This is natural in that
structure learning naturally involves going from effects to causes, or from correlations
to causation, which is a fundamentally harder problem. This is effectively what is
studied in much of ML, where the goal is to learn a predictive model of the world. The
assumption that is implicitly made by ML practitioners is that applying ML methods
to Big Data will reveal ground truths from correlations in the data. As in causal
inference, the key step that causality offers is the explicit consideration of how to go
about learning given limited (incomplete) data. Of course, if one had data for every
possible outcome, one would not need a causal model for prediction within the domain
since a simple lookup would do. That said, if intelligent behaviour is the goal, a
certain level of generalisation and abstraction is key, and lookup tables do not solve
this problem. We discuss this in more detail in Chapter 3 as this pertains to RQ1 and
RQ2.

The process of structure learning can itself be scored by probabilistically considering
how well the current model describes the data, much in the way that a statistical
model is learnt. This learning process becomes ‘causal’ when the constraint that each
relationship must be causal is implemented. For example, one may score a graphical
model’s description of the data generating process by comparing observed data with
the predicted results of the model. This leads to several criteria and score functions
that can then be optimised for.

Having made such a fuss about not learning causation from correlations, why would
one try to do exactly that by attempting to learn a causal model from associational
data? Consider the following thought experiment: can you think of a situation where
variables A and B are dependent, B and C' are dependent, but A and C' are not
dependent? No matter the details of what one comes up with, the structure that
results will look something like A — B < C. i.e. A and C are independent causes of
B. Although simple, simple common structures in causal graphs can allow uncovering
of causal structure via simple methods of induction. This process of causal structure
discovery is now discussed.

First, one can describe what a structure is in terms of a graphical structure. Intuitively,
a structure should inform the modeller about the relationships between variables in a
system.

Definition 2.11.1 (Causal Structure). A causal structure of a set V' of variables is
a DAG in which every node corresponds to a unique element of V' and every edge
corresponds to a direct functional relationship between the adjacent nodes (and therefore
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the variables).

At a deeper level, one can use the structure to more fully describe a model by specifying
what the relationships between the system variables are. This defines a Causal Model.

Definition 2.11.2 (Causal Model). A causal model is a pair M = (D,©Op), where D
is a causal structure, and ©p are parameters that assign to each variable X; € V a
function z; = fi(pa;,u;), as well as a probability measure P(u;) to each w;. As is the
usual notation, PA; denote parents of X;, and U; represent random independent noise
variables.

2.11.1 Model Preference

The flexibility to include an arbitrary set of variables V' in a causal model presents
a challenge. Specifically, an unlimited array of variables allows for an endless variety
of representations for the same distribution. Consider a hidden causal variable V;
that is the root of the underlying causal structure. One could endlessly extend the
model by adding variables that act solely as child nodes to V;, effectively modelling
any idiosyncrasies or noise in the data. This flexibility is reminiscent of the principle
of universal approximation in neural network (NN) theory, where NNs with sufficient
complexity can approximate any continuous function (see Section 3.3). Hence, both
NNs and causal models share the capability to represent a wide range of complexities.

Given this potential for infinite complexity, a mechanism for model selection becomes
imperative. One compelling strategy prioritises minimal models, a preference under-
pinned by Occam’s Razor. Simpler models, being more easily falsifiable, are often
favoured. According to this rationale, when faced with equally explanatory models,
one oriented towards empirical verification would opt for the simpler alternative.

Definition 2.11.3 (Inferred Causation). A variable X exerts a causal effect on another
variable Y if there is a direct path leading from X to'Y present in all minimally complex
structures that are compatible with the observed data.

Definition 2.11.4 (Latent Structures). A latent structure, denoted as L = (D,0O), is
characterised by D, a causal framework over the variable set V', and O, a subset of V/
representing the observed variables.

Definition 2.11.5 (Structure Preference). A latent structure L = (D, O) is preferred
to another structure L' = (D', O) (expressed as L < L') if and only if D’ is capable
of replicating the behaviour of D over the observed set O. In formal terms, this is
true if for every parameter set ©p, there exists a corresponding set ©',, such that the
probability distributions Pioj((D',0%,)) and Po)((D,0Op)) are identical. Two latent
structures are said to be equivalent (denoted as L' = L) if both L < L' and L' < L hold
true.

Not to get too entangled with definitions, all that structure preference defines is a for-
malisation of the idea that less is preferable when considering the number of necessary
variables.

Definition 2.11.6 (Minimality). A latent structure is regarded as minimal within a
specified class L of latent structures if it s not strictly less preferred than any other
member of L. In other words, for every L' € L, L = L' is true whenever L' < L.
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In simple terms, the only preference that can be placed on a minimal latent structure
is the trivial equivalence. In this sense the minimal latent structure is the ‘smallest’
possible.

Definition 2.11.7 (Consistency). A latent structure L = (D, O) is consistent with
a distribution P over the observed variables O if the causal framework D supports a

model that can produce P. Specifically, this is valid if there is a parameter set ©p such
that the probability distribution Po)((D,©p)) equals P.

The idea of consistency here extends the intuitive understanding of what consistency
means across a wide range of fields. That is, there is another way to ‘describe’ (param-
eterise) the object, in this case, the latent structure. Consider how important this is if
one would like to ‘learn’ a structure using some parameterised method. For example,
using NNs.

Definition 2.11.8 (Inferred Causation (Extended)). For a given distribution P, a
variable C' s said to causally influence another variable E if and only if there is a
sequence of directed links from C' to E in each minimal latent structure that is in
agreement with P.

2.11.2 Stability /Faithfulness

The concept of stability or faithfulness has emerged as a prominent theme in several
areas of causality research. The idea is straightforward: a causal distribution should
entail the same independence relations regardless of the particular parameterisation of
the distribution. Let’s consider a model that includes both causal paths: X — Z and
X — Y — Z. This structure can be likened to the one shown in Figure 2.12, although
in that figure we used different variable labels.

In this scenario, we define the following linear causal relationships: the direct effect of
X on Z is positive with a strength of 1; the influence of X on Y is positive with a
strength of 0.5; and the influence of Y on Z is negative with a strength of -2. Therefore,
the mediated effect of X on Z via Y is 0.5 x —2 = —1, which exactly cancels out the
direct effect of X on Z. This results in a total effect of 1 + (—1) = 0, misleadingly
suggesting independence between X and Z, despite a clear causal pathway through Y.

Figure 2.13: Diagram representing the three-variable linear scenario where the mediated
causal influence of X on Z via Y exactly cancels out the direct effect, misleadingly indicating
independence. The values on the edges indicate the strength of the causal influence.

Definition 2.11.9 (Stability). A causal model M = (D,Op) is considered to yield a
stable distribution when the distribution P((D,®©p)) does not contain any superfluous
independencies. Formally, this is the case if and only if the set of conditional inde-
pendencies in P({D,Op)), denoted as I(P({D,©p))), is a subset of I(P({D,©,))) for

any alternate parameter set ©',.
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For a more intuitive understanding of this definition, refer to Jonas Peters [23].

2.11.3 Structure Learning Algorithms

There are multiple forms of structure learning algorithms [15, 23, 28]. We have now
developed sufficient theory to understand the basic ideas behind several classical causal
discovery algorithms. In general, there are three broad classes of such algorithms.
The first of these are the most natural and make use of several properties we have
previously discussed. These are the constraint-based methods, some of which we go
into detail below. Score-based methods are distinct in that they make use of some
scoring function/heuristic to evaluate the quality of a given causal structure during
the learning phase. Finally, there is a distinct class of functional causal models (FCM)
approaches. These are methods that use a functional form to evaluate the quality of
a given causal structure. This last class of method is less in line with the manner in
which we have developed our understanding of causal models. However, it is worth
mentioning as it is a popular class of methods in the causal discovery literature.

A special note to the reader: causal discovery algorithms are attempting to do a very
difficult and fundamental thing, which is to uncover some underlying hidden nature
of the world. This is effectively what we are doing in science in general, with the
purpose of the scientific method being to uncover the elusive truth of such models. As
such, it is important to understand that every method described here is at the mercy
of the assumptions taken to develop the method. For example, one constraint-based
method might be very accurate in learning the best Markov-equivalence class given
some observational data, but another method might be more useful in practice. That
said, for the sake of purity, this thesis has some bias toward methods that are faithful to
the underlying data, even if this doesn’t always result in the best efficiency of learning
or best accuracy in some practical environment.

Constraint-Based Methods

Given no hidden variables, the stability assumption ensures that every distribution
has a unique minimal causal structure. This follows from the earlier discussion on
the equivalence of causal models given equivalent dependency structures. This is the
key that opens up the possibility of algorithmically learning causal structures from
observational data. The idea is that since the (unique) equivalence class of minimal
causal structures boils down to dependencies, the structures should be learnable via
independence tests between variables in the system. What can be feasibly learnt is a
graphical structure which has some directed and some undirected edges, representing
what is known about the constraints on the possible structure. This semi-directed,
learnable graph is called a pattern. The IC algorithm, which is an algorithm to identify
such patterns, was introduced by Verma and Pearl [29]. We discuss the details of IC,
as well as the PC algorithm, in Appendix A 4.

Score-based methods

Transitioning from the intuitive constraint-based algorithms, we now consider score-
based methods. At their core, these algorithms harness the power of quantitative
metrics, or scores, to determine the degree of congruence between the proposed causal
model and the observed data. In a sense, every potential causal structure gets assigned
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a score based on its reflection of the empirical data distribution. The overarching
objective is to pinpoint the structure that garners the highest score, suggesting it to
be the most probable representation of the causal dynamics.

What distinguishes score-based approaches is their reliance on scoring functions or
heuristics to ascertain the quality of a given causal structure during the learning pro-
cess. While the Bayesian Information Criterion (BIC) is a frequently employed score
in this context, it is the principle of decomposability that renders these methods par-
ticularly effective. Decomposability ensures that the cumulative score can be broken
down into independent scores from individual variables or subsets thereof, making the
method feasible and efficient in higher-dimensional contexts.

In our exploration of score-based methods, we will particularly highlight the Greedy-
Equivalence Search (GES) algorithm [30] as this is a simple example of how scores can
systematically guide the construction and refinement of causal models. We also make
use of GES in later experiments and investigations undertaken during this project.

Greedy-Equivalence Search (GES) GES, in contrast to PC, starts with an empty
graph. GES works by iteratively adding edges whenever some score (e.g. BIC) is
improved by adding that edge. Once all edges have been added, the algorithm works
in reverse to remove edges one by one, where the same score is improved by edge
removal. This should yield some minimal model class that describes the data. In the
large sample limit, GES and PC both converge on the same Markov Equivalence Class
under similar assumptions.

e In the forward phase, edges are greedily added to the graph. For each pair of
non-adjacent nodes, the algorithm evaluates the impact of introducing a new
edge on a given score, such as the Bayesian Information Criterion (BIC). If the
score suggests that the model fits the data better with the edge added, the edge
is incorporated into the graph. This phase continues until no more edges can be
added that improve the score.

e Subsequently, in the backward phase, the algorithm evaluates the impact of re-
moving edges. As in the forward phase, if the score suggests the model is a better
fit without a particular edge, that edge is deleted. This process continues until
removing further edges no longer improves the score.

The primary allure of GES is its ability to find a minimal causal model that describes
the data well, based on the given score. It’s worth noting that, under the same assump-
tions, both GES and PC, in the limit of large samples, are consistent in identifying the
same Markov Equivalence Class. This demonstrates the robustness and reliability of
these algorithms in the context of causal discovery.

Functional Causal Models (FCM)

Functional Causal Models (FCM) approach causal discovery by representing each vari-
able as a function of its direct causes. This perspective moves away from merely
associating variables (as in correlation-based approaches) or assessing conditional in-
dependencies (as in constraint-based methods). Instead, it emphasises modelling the
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Algorithm 1: Greedy-Equivalence Search (GES) algorithm. Adapted from
[30].
Input: Dataset D with a set of variables V, scoring function score(-)
Output: The undirected graph G with a set of edges E
Initialise an empty graph G with nodes V and no edges
Forward Phase:
repeat
for each pair of non-adjacent vertices X and 'Y in G do
Compute scoreqqq = score(GU{X,Y}) — score(G)
if scoreyqq > 0 then
Add edge (X,Y) to G
L Update E to include (X,Y)

o N O oA~ W=

9 until no further increase in score;
10 Backward Phase:

11 repeat

12 for each edge (X,Y) in E do

13 Compute score emope = score(G\{X,Y}) — score(G)
14 if score,emove > 0 then

15 Remove edge (X,Y) from G

16 L Update E to exclude (X,Y)

17 until no further increase in score;

explicit functional relationships that generate the observed data. FCMs are particu-
larly effective in contexts where the relationships among variables are deterministic,
albeit possibly obscured by external noise. FCMs place emphasis on modelling the
specific functional mechanisms that underlie the observed interactions, presenting a
clear departure from other algorithmic strategies.

Unlike score-based methods, which prioritise models based on their goodness-of-fit to
the data using specific scoring criteria, FCMs seek to unearth the actual functional form
of the causal relationships. Similarly, while constraint-based methods use statistical
tests to identify conditional independencies among variables and subsequently construct
a causal graph, FCMs begin with the assumption that a clear deterministic functional
relationship exists and strive to decipher it.

The Linear non-Gaussian Acyclic Model (LINGAM) is an example of an FCM. It
assumes that each observed variable is a linear function of its direct causes and some
non-Gaussian noise, allowing it to uniquely identify causal structures under certain
assumptions. We provide the details of this approach in Appendix A .4.

Generative Approaches

Generative methods in causal discovery emphasise modelling the process by which data
are generated. This is in stark contrast to classical causal discovery, which typically
focuses on identifying patterns or structures in already observed data. Generative
approaches operate on the principle that if we can closely mimic the process by which
data are produced, we can then make meaningful interventions in the model and observe
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the outcomes, thus inferring causality.

The recent upsurge in the application of deep learning techniques has made it increas-
ingly feasible to model high-dimensional data distributions. Generative models, such
as Generative Adversarial Networks (GAN) [31] and Variational Autoencoders (VAE)
[32], have been at the forefront of recent advances in generative AI applications. In the
context of causal discovery, these models offer the potential to approximate the data-
generating process with high fidelity, even when that process is intricate or non-linear
[33].

Deep learning’s ability to model non-linear and intricate relationships is particularly
beneficial for causal discovery. When combined with generative modelling, we have
tools that can simulate potential interventions, even if such interventions have never
been observed in the real world. This novel approach stands in contrast to classical
methods, which rely heavily on observed data and statistical tests. Some deep causal
models leverage these generative capabilities. We provide an example of how one might
employ a GAN for causal discovery in Appendix A.4.

Regarding scoring and evaluation of learnt graphs, various graph distance evaluation
metrics are used. We refer the reader to Appendix A.5.1 for a brief discussion.

We further refer the reader to Appendix A.6 for a discussion about others methods
that hint at causal dynamics and are common in the field of statistical learning.

2.12 Conclusion

This chapter provided an overview of the core concepts and methodologies required
to address the causal aspects of the research questions outlined in this thesis. A key
distinction was made between causal inference and causal learning, emphasising their
respective roles in understanding causal relationships.

Graphical methods in causality were then introduced and discussed. These methods
have been highlighted due to their utility in visualising and modelling causal relation-
ships between variables. Their use aids in both theoretical and empirical analyses.

The foundational knowledge from this chapter will be used to guide and inform the
methodologies and analyses in subsequent chapters, ensuring a structured and system-
atic approach to answering the research questions.
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Intelligence and Learning Agents

This chapter moves away from foundational causality theory to the study of intelligent
agents, tackling the challenge of defining and quantifying intelligence. We offer a brief
perspective and suggest key resources for further reading. The chapter then covers
crucial aspects of deep learning and reinforcement learning (RL), focusing on the core
models that form the basis of RL and related fields. It connects these models to
causality, leading into the formal concepts of multi-agent systems. By the end of the
chapter, readers will have a basic understanding of the relationship between causality
and RL, a theme explored in later chapters. Throughout this chapter we introduce
content that is particularly relevant for addressing the research questions, with the
theme of action as intervention.

3.1 Introduction

The idea of creating machines capable of learning from experience traces back to the
early days of computer science. In 1947, Alan Turing delivered a lecture to the London
Mathematical Society [34], envisioning a machine with the ability to modify its initial
set of instructions. Drawing parallels with a student acquiring knowledge, Turing
stated,

“It would be like a pupil who had learnt much from his master, but had added much more
by his own work. When this happens I feel that one is obliged to regard the machine as
showing intelligence.” - Alan Turing, 20 Feb 1947.

The pursuit of machine intelligence raises the challenge of defining what ‘intelligence’
entails. This act of defining often alters the very attribute we attempt to measure,
reminiscent of Goodhart’s Law [35]. As we progress in Al research, the yardstick for
machine intelligence continually evolves, evident from Turing’s Imitation Game |[36],
to the triumphs of Deep Blue in chess [37], and DeepMind’s achievements in Go [38].
Despite these advancements, determining whether such systems exemplify intelligence
remains an enigma.

Transitioning from this broad view, let’s consider RL, a sub-field that sits at the inter-
section of optimal control, animal psychology, and artificial intelligence, among other
areas [39]. The foundational principles of RL draw inspiration from the study of animal
behaviour, encapsulated in Thorndike’s 1898 Law of Effect [40]. Modern RL has made
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significant strides, with various RL algorithms showcasing unparalleled performances
across benchmarks [38, 41-45]. In particular, the application of RL to fine-tune large
language models (LLM) towards human preferences has garnered immense interest
[46, 47].

In this context, we aim to define intelligence, a crucial step in identifying gaps in
current methods and encouraging new interdisciplinary approaches, including insights
from causality. The chapter discusses intelligence, leading into key topics of RL, multi-
agent dynamics, and the vital role of causality. While offering a broad overview, the
chapter refers readers to additional resources for details not central to the thesis’s main
argument.

3.2 Measures of Intelligence

“Intelligence s the efficiency in which you turn experience into generalisable programs.”
- Francois Chollot, 2020 [48].

Following this definition, a long-standing criticism of AI research is that it has pro-
duced predominantly narrow and task-specific systems. Chollet [48]| suggests that this
is largely due to the fact that, as researchers, we've historically excelled at defining
objectives in a narrow, measurable, and actionable way. The intuitive, common-sense
understanding of intelligence often falls short when trying to establish a concrete objec-
tive for developing intelligent systems. To emphasise the challenge, Chollet mentions
that in 2007 there were a “minimum of 70 definitions of intelligence in related litera-
ture”. A recurring theme among these definitions is the idea that “intelligence measures
an agent’s ability to achieve goals in a wide range of environments.”

Before examining the latest models and formulations of learning systems, it’s crucial
to deeply understand these definitions, particularly since many modern approaches
implicitly aim for emulating intelligent (human-level) behaviour. This ambition can
be seen as early as Marvin Minsky’s definition of AT [49], who is quoted as saying
“Al is the science of making machines capable of performing tasks that would require
intelligence if done by men.”

Central to these discussions is the concept of intelligence as general learning ability,
or generalisability. Two main challenges arise from this perspective: (1) how to design
tasks that effectively measure skill, and, in turn, (2) how to use skill proficiency as a
proxy for gauging intelligence. It’s essential to recognise the implicit assumption that
intelligence should entail a degree of memory efficiency. Relying solely on memorisation
wouldn’t truly capture the essence of intelligence but would simply demonstrate recall.
This often becomes the crux of debates centered around the claim that “neural networks
are all you need.” Both lookup tables and neural networks (NN) serve as methods to
represent functions. Their key difference lies in how efficiently they capture and recreate
the underlying data. To put it plainly, NNs are better equipped to handle scalability,
especially with larger datasets.

In the quest for general intelligence, benchmarking against human intelligence seems
a logical step. Although there are various ways to define and measure intelligence,
Chollet introduces the G factor as one human-centric metric. This statement suggests
that the highest form of intellectual reasoning is achieved through extreme generalisa-
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tion. Figure 3.1, extracted from the original paper, delineates the relationship between
general intelligence and both broad and local generalisation, situating them within a
hierarchy of cognitive abilities.

G General intelligence
Extreme generalization
\4
Broad Broad Broad Broad cognitive abilities
ability ability ability Broad generalization
A B C
Task-specific skills
Task 1 Task 2 Task 3 Task 3 Task 4 Task 5

Local generalization
(or no lization, i.e. absence of uncertainty)

Figure 3.1: Hierarchical model extracted from [48] depicting cognitive abilities in the context
of generalisation.

Venturing a bit off the main path, it’s intriguing how Chollet’s ideas resonate with
Pearl’s perspectives on causality [15]. It is important to note, however, that this concept
of causality being crucial to human reasoning is not a novel idea, with its roots tracing
back to early philosophical discourses [50]. While Pearl doesn’t refute that certain
micro-phenomena in physics challenge traditional notions of deterministic cause-and-
effect, he believes that causal modelling remains an integral framework for human
reasoning. Chollet argues that for a machine to be considered genuinely intelligent, it
should be endowed with a set of core knowledge priors. There’s a vibrant discussion on
how these priors correlate with the explicit assumptions in Pearl’s graphical models.
These insights set the stage for our subsequent deep dive into RL theory, culminating
in a thorough exploration of its interplay with causal frameworks.

3.3 Exploring Deep Learning in Machine Learning

In the field of machine learning (ML), the integration of deep learning methods repre-
sents a notable advancement, particularly in their ability to handle complex functions
and discern patterns in large datasets [51]. This section considers how deep learning
uses artificial NNs to create advanced systems that exhibit intelligent behaviour.

Deep learning, a branch of ML, is increasingly used for function approximation, thereby
improving performance metrics. This trend is significant for two key reasons: it is vital
to understand why deep learning techniques work effectively, and it is important to
recognise the situations where they are most advantageous. Consequently, this section
focuses on elucidating the basic concepts of deep learning, starting with an introduction
to NNs, followed by placing these networks in the context of graphical methods and
other function approximation techniques. It is worth noting that this section will not
discuss the mathematical details of deep learning but will highlight useful resources in
this area.

An artificial NN (ANN, or NN) is a computational system that mimics biological
NNs, consisting of nodes or neurons linked by synapses with variable weights, forming
a weighted DAG [52-54]|. This structure enables the representation and learning of
complex functions, supported by modern computational frameworks. NNs’ ability to
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represent various functions is supported by universal approximation theorems, which
apply to networks with different depths and widths [55, 56]. Additionally, ongoing
research is exploring questions about the capabilities and universality of graph NNs
57, 58].

Hidden

Input

Figure 3.2: A basic NN with 3 input neurons (red), 1 hidden layer of 4 neurons (blue), and
2 output neurons (green).

Theorem 3.3.1 (Deep Neural Networks and Universal Approximation). A single-
layer feed-forward network, with a finite number of neurons in its hidden layer, can
approximate continuous real-valued functions on compact domains in R™ to any desired
accuracy.

This theorem highlights the capacity of NNs to represent a wide range of functions
by adjusting parameters and weights. It suggests that under certain conditions, NNs
can approximate any continuous function, which is both theoretically interesting and
practically relevant in fields like RL and various ML applications.

Deep neural networks (DNN) not only represent a variety of functions but also enable
the learning of approximations that accurately map inputs to outputs. A key compo-
nent of this learning process is the backpropagation algorithm, which is described in
Algorithm 2 [59].

Backpropagation is an optimisation technique that adjusts a network’s weights and bi-
ases to minimise prediction errors. This optimisation involves calculating the gradient
of the cost function with respect to each parameter, using matrix multiplication for
efficiency. Understanding the link between this method and the universal approxima-
tion theorem is important for grasping how changes in functions are managed. The
backpropagation process and its associated notation are detailed below:

e Training Data: Defined as {(z(),yM) ... (2™ y™)} where each element
comprises an input x and its corresponding target output .

e Network Parameters: Represented by W for weights and b for biases, these
parameters are adjustable within the NN. Starting with random values helps
prevent symmetric convergence issues.

e Training Iterations: The training process involves multiple epochs, each refin-
ing the model until certain criteria, like convergence, are met.
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e Forward Propagation: Beginning with a(!) = z, each layer’s activations are
calculated using a) = o(WEDal=D 4 p()) where o represents the activation
function.

e Error Measurement: The loss is calculated as J = loss(a'"), y), indicating the
difference between the network’s output, a'™), and the actual target, y.

e Backward Propagation: Starting from the error in the output layer (), the
error terms for preceding layers are computed and used for updating the weights
and biases, influenced by a learning rate «.

¢ Element-wise Multiplication: Denoted by ©, this represents the Hadamard
product, used for element-wise operations.

Algorithm 2: Algorithm for Backpropagation in Neural Network Training

Data: Training set {(z(), y™), ... (2™ y(™))} learning rate a
Result: Refined weights and biases in the neural network
Initialise weights W and biases b randomly;

=

2 while not converged (e.g., based on loss threshold or max iterations) do
3 for each (z,y) in training set do
// Forward propagation
4 aV) = z;
5 for [ =2 to L do
6 20 = W =Dgl=1) 4 0.
7 L aV) = g(z0);
// Loss calculation for the chosen loss function
8 J =1loss(a'™), y);
// Backward propagation
9 Initialise gradients of weights and biases to zero;
10 s =v,J® o' (2H);
11 for | =L —1 down to 2 do
12 50 = (WO 50D @ o' (20),
13 WO« WO — as® (@7,
14 b — b — as®;

Through iterative refinements directed by backpropagation, NNs progressively learn
optimal mappings, making them versatile in tasks from regression to classification.

While NNs were initially inspired by the biological brain, with a goal to mimic its
functions [60], contemporary research has shifted towards tailoring network designs for
specific applications. For instance, convolutional neural networks (CNN), which excel
in object detection and image classification, employ a series of convolutions to extract
and emphasise image features. CNNs have become indispensable in visual RL tasks.
Moreover, advances in recurrent neural networks (RNN) [61], capable of processing
sequential data like speech or text, represent another significant stride. RNNs, and
specifically long short-term memory (LSTM) models [62], address challenges such as
the vanishing gradient problem, enabling the processing of long-term dependencies in
data.
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3.4 Causality and Neural Networks

NN, as supported by the universal approximation theorems, have the innate ability to
approximate almost any function, given an appropriate architecture and ample data.
They adjust their weights to closely emulate a target function, driven by error min-
imisation. This adaptability lends them utility in causal inference, especially when
modelling relationships in causal DAGs.

While these networks can capture complicated relationships, it’s important to under-
stand their inherent limitations concerning causality. The training of ML methods that
use NNs for function approximation are particularly good at identifying correlations
within static data (i.e. statistical learning) but often struggle with distinguishing gen-
uine causal relationships from spurious correlations (causal learning). The fundamental
challenge lies in their observational nature. A NN trained on static data captures preva-
lent patterns but may not be equipped to predict outcomes under novel interventions,
primarily because it lacks insights from data that embodies these interventions.

To illustrate, a NN might grasp the association “if A, then B” from observational data.
However, when confronted with the task of predicting the outcomes after actively
intervening on A, it might not perform adequately if such interventions weren’t part of
its training data. This brings us to the domain of RL - interventions. Unlike traditional
supervised and unsupervised methods, RL is framed as an agent taking actions, and
can thus engage with the repercussions of its own actions, making it a promising avenue
for understanding and predicting the outcomes of interventions. In the next chapter
we will investigate the shared domain of causality and RL, highlighting the potential
of causal RL to bridge the gaps we’ve identified. This will allow us to begin tackling
the research questions. That said, we first need to develop RL theory.

3.5 Reinforcement Learning

RL is a distinct branch of ML that differs from both supervised and unsupervised
learning paradigms. Supervised learning relies on labeled data to make predictions,
while unsupervised learning seeks patterns in unlabeled data. In contrast, RL involves
agents that interact with environments, aiming to determine optimal actions based on
received rewards and consequences of their actions.

Traditionally, RL operates on the principle of trial-and-error learning. An agent, sit-
uated in a state within an environment, makes decisions or takes actions, eliciting
responses from the environment, typically in the form of rewards. The agent’s ulti-
mate quest is to maximise the cumulative reward, termed the return, G;. However,
the agent often grapples with limited visibility of the environment’s inner workings,
reminiscent of the fog of war in strategic games such as Montezuma’s Revenge'. Here,
the agent must deftly navigate and decide based on imperfect information.

As touched on earlier, intuitively understanding the nature of RL can be enriched
through the lens of causality. Scholkopf [63] considers this, arguing that an agent’s
actions can be seen as interventions in the environment, altering its trajectory. The
reactions to these interventions, coupled with rewards, illuminate the cause-and-effect

'Montezuma’s Revenge serves as a benchmark for RL agents, demanding both strategic exploration
and skill mastery for successful gameplay.
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relationships within the environment. The agent’s task is akin to a scientist determining
causal relations, albeit in a digital landscape where the consequences of actions might
not always be immediately evident.

Recent developments in RL have further enriched its taxonomy, introducing divisions
like supervised RL and unsupervised RL. In supervised RL, the rewards, which serve
as learning signals for the agent, are explicitly defined. Meanwhile, unsupervised RL
sees agents propelled by intrinsic motivations, like curiosity, carving their own learning
path.

Delving deeper, RL algorithms can be broadly categorised into two paradigms: model-
free RL (MFRL) and model-based RL (MBRL). While MFRL agents learn directly
from their experiences, honing policies and value functions, MBRL agents take a more
analytical approach. They strive to ‘understand’ and model the environment’s dynam-
ics, thereby indirectly deducing optimal actions. Though MFRL has made waves in
domains like robotics and video games, it often falters in terms of sample efficiency,
especially in environments mirroring the multifaceted dynamics of the real world. In
contrast, MBRL, with its capability to distil the environment’s complexity, can sig-
nificantly enhance both efficiency and performance. This, of course, related directly
to RQ2: Does a causal model improve the sample efficiency and/or coordination of
learning agents in a decentralised learning task? However, MBRL is not without its
pitfalls, especially when modelling inaccuracies creep in, skewing the agent’s under-
standing and leading to erroneous decisions. This intriguing interplay between the two
paradigms, especially the emphasis on modelling in MBRL, draws parallels with the
model-centric approach in causal inference, setting the stage for deeper explorations in
subsequent sections. We touch on this in more depth in Section 3.9.

Table 3.1: Different Divisions and Paradigms in Reinforcement Learning

RL Classification Description

Supervised RL Rewards are explicitly defined, serving as learning signals for
the agent.
Unsupervised RL Agents are driven by intrinsic motivations such as curiosity,

defining their own learning path.

Model-Free RL Agents learn policies and value functions directly from their
interactions with the environment. Commonly used in robotics
and video games, but may struggle with sample efficiency in
complex environments.

Model-Based RL Agents attempt to understand and model the environment’s
dynamics, deriving optimal actions indirectly. Though poten-
tially more efficient and high-performing, inaccuracies in the
model can lead to poor decisions.

3.5.1 The Reinforcement Learning Problem

Simply put, RL is about finding the best way to choose actions based on certain
situations to get the most reward over time [64]. Imagine an RL ‘agent’ that moves
around in a changing environment. The way this environment changes depends on the
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agent’s actions. The agent tries different actions, learns from its experiences, and aims
to figure out the best set of actions to take.

To systematically tackle this problem, we use the Markov Decision Process (MDP).
Think of the MDP (Definition 3.5.3) as a set of rules or a framework that’s well-
suited for basic RL problems. Many traditional RL methods use a tool called dynamic
programming. This tool works best when we have a complete model — a model that
can perfectly predict what will happen for any action in any situation. It’s like how a
video game designer, using a game physics engine, can predict what will happen in the
game based on certain actions.

We can think of RL as a way of guessing dynamic programming. This guessing or
“approximation” is what makes some areas of RL unique. In this section, we’ll dive
deeper into these ideas, preparing the ground for a detailed discussion on key RL
methods. We’'ll start by explaining a typical MDP problem.

Example 5 (Taxi Environment). The Tazi environment, as described by [65], provides
an illustrative introduction to RL scenarios. Envision a discrete 5x5 grid world, rep-
resenting a simplified cityscape. Within this environment, a taxi driver navigates to
pick up a passenger and subsequently drops them off at specified locations. While, in a
more complex representation, various factors such as fuel consumption, toll roads, or
passenger comfort might influence the driver’s decisions, we’ll streamline the scenario.
The primary goal is to minimise the total discrete steps taken to collect and deliver
the passenger. FEach step incurs a cost of 1, with a positive reward presented upon
successful drop-off.

This environment features four distinct pick-up and drop-off locations, colour-coded as
Red, Green, Yellow, and Blue. At the commencement of an episode, both the taxi’s and
passenger’s starting positions are randomised. The taxi’s objective then is twofold: to
locate and pick up the passenger and to deliver them to the predetermined colour-coded
destination. FEach episode concludes upon successful delivery. It’s worth noting the
penalty system embedded within the game mechanics. Negative rewards are imposed for
any erroneous pick-up or drop-off attempts, alongside the cost per step taken.

The ensuing discussions will harness this Taxi environment as a conceptual aid, ex-
trapolating various RL methodologies and their potential ramifications.

Figure 3.3: A visual depiction of the Taxi environment [65].

39



Chapter 3. Intelligence and Learning Agents

The Agent-Environment Interface characterises the iterative interaction between
an agent and its environment, which in turn provides essential data that facilitates
agent learning based on environmental responses. This interaction is schematically
presented in Figure 3.4. At any given time-step T = ¢, the environment is characterised
by a specific state s;. With this state as context, the agent determines an action a;.
The execution of this action leads the environment to transition into a new state s;,1,
which subsequently yields a corresponding reward r;. Conceptually, each interaction
cycle produces a data tuple, encapsulating state, action, reward, and the subsequent
state.

In the Taxi scenario, a practical example can help illustrate these abstract concepts.
Here, s; represents the current positions of both the taxi and the passenger. The ac-
tion a; corresponds to the decision made by the taxi driver, which can include several
possibilities: moving south (0), north (1), east (2), or west (3); picking up a passenger
(4); or dropping off a passenger (5). The reward r; reflects the rewards or penalties
obtained by the taxi driver at each time-step ¢, which are largely dependent on the ac-
tion executed. Finally, s;,; denotes the subsequent positions of the taxi and passenger
following the action.

\A4

State Reward Action

St Tt a

Figure 3.4: Schematic representation of data flow within a MDP. An agent, based on a given
state, chooses action A;. Subsequent to this choice, the environment reveals the following

state alongside the associated reward. This dynamic continually iterates, shaping the agent’s
learning trajectory [64].

3.5.2 Formalising the RL Problem

The RL problem can be conceptualised by recognising that the rewards an agent re-
ceives are influenced by its current state and the actions taken. In such scenarios, the
historical sequence leading to the present state is typically irrelevant for the immediate
future, characterising what is known as the Markov property. Though there exist RL
environments that remember past actions of the agent [66], these are exceptions to
the standard RL framework and are beyond the scope of this discussion. Nonethe-
less, non-Markovian problems in RL can be tackled using memory-based structures or
approximations with an MDP [67, 68].

Definition 3.5.1 (Markov Property). A state is said to have the Markov property if,
for every time step t = 1,2, ..., the conditional probability

P(Xip1 = i Xy = 0, ..., X1 =11, Xo = dg) = P(Xyq1 = 141 | Xe = 14).

In this framework, agents operate within environments where each state adheres to the
Markov property. A Markov chain is a discrete-time stochastic process that arises when
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this property is universally applicable across states, indicating a sequential dependency
among them. This concept is encapsulated in a tuple (S, P), which includes the set of
states S and their transition probabilities P.

Figure 3.5: A causal DAG illustrating the Markov property of a Markov chain. Here S
represents states of the environment in the context of RL.

In an RL setting, agent-environment interactions result in rewards, leading to an aug-
mentation of the Markov chain concept, resulting in a Markov reward process. This
extension involves rewards at various time steps and introduces the discount factor, =,
allowing the agent to value future rewards appropriately.

Definition 3.5.2 (Markov Reward Process). A Markov reward process (MRP) adds
a reward dimension to the structure of a Markov chain. It is formally defined as a
4-tuple (S, P, R,~), where S denotes states, P transition probabilities, R rewards, and
v the discount factor.

Figure 3.6: Illustration of a Markov reward process (MRP) with states S and rewards R
associated with transitions between states.

This structure highlights the dependency on states that is fundamental to RL problems,
differentiating them from scenarios like multi-armed bandits, which do not rely on pre-
vious events. However, this model still does not encompass the agent’s decision-making
processes. The incorporation of actions leads to the more comprehensive Markov De-
cision Process.

Definition 3.5.3 (Markov Decision Process (MDP)). A Markov Decision Process
(MDP) is a mathematical framework for modeling decision making in situations where
outcomes are partly random and partly under the control of a decision maker. It is
defined as a 5-tuple (S, A, P, R,~y), where S represents a finite set of states in the envi-
ronment, A denotes a finite set of actions available to the agent, P : S x Ax S — [0,1]
is the transition probability function that specifies the likelihood of transitioning from
one state to another given an action, R : S x A x S — R is the reward function that
assigns a numerical reward to each transition between states due to an action, and 7y is
a discount factor in the range [0, 1] that weighs the importance of future rewards versus
immediate rewards.

Adding decision-making capabilities necessitates an understanding of how actions are
selected, which forms the crux of the RL problem. In RL, an agent’s actions are guided
by a policy. A deterministic policy can be defined as a function 7 : S — A, assigning a
specific action a to each state s. In contrast, a stochastic policy provides a probability
distribution over actions for each state, represented as:

w(als): S x A= [0,1]. (3.1)
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Figure 3.7: Figure showing a finite part of a Markov decision process. Here states, actions,
and rewards are labelled. Transitions are represented by edges. Figure taken from [69].

In this representation, 7(a|s) indicates the probability of taking action a in state s.
Often, policies are parameterised by a set 6, denoted by my, which allows for policy
optimisation, a topic further explored in section 3.8.

With this added complexity, new challenges emerge, such as those in certain computer
games where the agent has only partial or altered access to the state space. This leads
to the concept of a partially observed Markov decision process (POMDP) [70].

Definition 3.5.4 (Partially Observed Markov Decision Process (POMDP)). A Par-
tially Observed Markov Decision Process (POMDP) extends an MDP to account for
situations where the agent does not have complete information about the current state.

Instead, the agent receives observations that provide partial information about the state.
Formally, a POMDP is expressed as a 7-tuple (S, A, P, R,Q,0,~), where:

e S, A, P, R, and vy are as defined in the MDP.

e () is a set of observations, representing all the possible observations an agent can
recetve about the current state.

e O is an observation probability function, O(ols',a), that gives the probability of
receiving observation o after taking action a and transitioning to state s'.

Figure 3.8: Figure showing a finite part of a partially observable Markov decision process.
Here states, observations, actions, and rewards are labelled. Transitions are represented by
edges. Figure taken from [69].

This modification reflects the reality that partial observability disrupts the clear link
between an observation and the environment’s true state. Agents cannot directly cor-
relate observations with the ideal Markov states, which ideally provide comprehensive
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information about the current state of the environment. The subsequent sections will
focus primarily on fully observable MDPs, acknowledging that many real-world situ-
ations often involve partial observability. The assumption is that, in many cases, the
MDP framework and the algorithms developed for it are sufficiently robust.

3.6 Optimality in Reinforcement Learning

Given the context of RL, an important question arises: given the structure of agent-
environment interactions, how can agents consistently make decisions that maximise
their cumulative rewards? This pursuit towards the best course of action forms the
essence of the concept of optimality, which, in terms of the RL formulation, is core
to emergent ‘intelligent behaviour’ — at least philosophically [71|. Fundamentally, RL
aims to maximise cumulative rewards through the appropriate selection of actions. This
objective can be represented mathematically via a value function, which quantifies the
anticipated cumulative reward an agent can accrue from a given state or under a specific
policy. Deriving the most advantageous policy, one that optimises this value function,
epitomises an optimisation challenge.

Optimisation is an important research area of mathematics and machine learning,
especially within the context of deep learning. The process of “training” or “learning”
frequently involves the iterative refinement of model parameters to enhance predictive
accuracy. Gradient descent (or similar methods) is foundational to highly performant
training of dense NNs. By utilising the gradient of the loss function, model parameters
can be systematically adjusted to minimise prediction errors. Various optimisation
schemes have become popular in machine learning research and applications. The
specifics of this are outside the scope of the core argument of this thesis, but we
provide a brief discussion in Appendix B.2.

3.7 Value-based Methods

In RL, agents are tasked with maximising their performance within defined environ-
ments. When framing these RL challenges as MDPs, a promising approach is to assign
a ‘value’ to each state within the environment. A clear analogy for this concept can
be drawn from the world of chess. In chess, players evaluate board positions relative
to their adversaries, much like how RL agents assess the expected cumulative rewards
from specific states [37, 72, 73]. By continually seeking states of higher value, agents
can be steered towards more favourable outcomes, and, ultimately, optimal behaviours.
This idea forms the basis for value-based methods — a category of RL algorithms that
emphasise optimising state and state-action values.

3.7.1 Value and Value Functions

In RL, the predicted ‘value’ of a state provides a glimpse into its potential worth in
terms of forecasted future rewards.

Example 6 (Value: A Chess Analogy). To illustrate, consider the game of chess. Dif-
ferent players, based on their expertise, may perceive the value of a board configuration
distinctively. While a novice might focus on immediate threats, a Grand Master looks
deeper. They can discern hidden strategic avenues in board states that may seem un-
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wmuiting to lesser-skilled players. However, their skill isn’t simply about evaluating more
lines or delving deeper into possible moves. The vast quantity of possible chess contin-
uations ensures that even Grand Masters touch upon only a fragment of all sequences.
Their true strength lies in recognising patterns and relying on a mental repertoire of
positions and sequences acquired over years. This pattern recognition enables them to
swiftly identify promising strategies, thereby effectively navigating through an array of
opponent tactics.

The concept of a state’s value in RL is intrinsically linked to the policy employed by
the agent. Denoted by v.(s), it reflects the expected cumulative rewards starting from
state s under policy 7.

The state-value function for a policy m, v.(s), represents the expected total rewards
initiated from state s and following policy 7. Mathematically, it is expressed as:

[e.9]

kaRHkH | Sy = 5] , for all s € S.

k=0

U(8) =E; [Gt | St = s] = Ex

Similarly, the state-action value function, q.(s,a), measures expected rewards when an
agent, starting from state s and taking action a, continues to follow policy w. This is

defined as:
qr(s,a) =E; [Gy | Sy = s, A = d

Z’Yth+k+1 | Si=s,A=a|, forall s € S,a € A.

k=0

—E,

While v, (s) assesses the expected return from state s under policy 7 without specifying
an action, ¢.(s,a) evaluates the impact of a particular action a taken from state s.
When the best possible action at state s is chosen according to policy 7, these two
values converge, leading to v,(s) = max, ¢ (s, a), which is characteristic of an optimal
value function.

Furthermore, the Advantage function, denoted by A, (s, a), evaluates the relative merit
of an action a compared to the average action at state s under policy . It is defined
as the difference between the state-action value function and the state-value function:

Ar(s,a) = g(s,a) — vi(8)

This metric is crucial for identifying actions that are particularly effective or ineffective
in a given state, thereby guiding the agent to refine its policy for improved decision-
making over time.

3.7.2 Bellman Equations

The Bellman equations [74|, derived from the recursive definitions of value functions,
form the backbone of RL. They express the recursive relationship between a state’s
value and the expected values of its successor states when following a policy 7.

Given the value function expansion:

ve(s) =Y mla|s) Y p(s',r | s,a) [r+yva(s)],

a s'r
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the state-action value function, ¢, (s, a), can be expressed as:
Zps r|s,a) 7“—1—72 a | ). (s',a")

The Bellman equations not only facilitate explicit look-ahead to compute future value
but also allow backward propagation of value from future states to the present. This
retroactive value propagation forms the crux of the Bellman optimality equations, which
aim to identify the optimal value functions, v,(s) and ¢(s,a), for all s € S and a € A.
The relationships between optimal value functions are given by:

— / /
0(5) = max 3 p(s'r | .0) [+ (). (32)
0 (s,a) = Zp(s’,r | s,a) [r +ymaxg.(s',a’)| . (3.3)

For finite MDPs, these Bellman equations can be explicitly solved. For instance, in
problems like the Taxi grid-world (Figure 3.3), an exact solution can be obtained
with computational complexity O(|S|?). However, as the problem size increases, this
becomes computationally challenging. Sutton and Barto [64] point out practical chal-
lenges: (1) the need for accurate environment dynamics, (2) computational resource
constraints, and (3) the assumption that the Markov property holds.

3.7.3 Value Iteration & Dynamic Programming

Dynamic programming is a method to solve problems by recursively solving and storing
solutions of sub-problems. Within the scope of RL and MDPs, dynamic programming
techniques are employed to solve the Bellman equations iteratively. The recursive na-
ture of these equations, specifically the Bellman optimality equation, can be converted
into an update rule for value functions, facilitating an approach known as iterative
policy evaluation.

The update rule at time-step k for the state-value function is:

veials) = Yom(a | 5) 3o p (s | 5a) [r 4+ o ().

a s',r

The classical value iteration algorithm, assuming discrete state and action spaces, is as
follows:

1. Initialise vo(s) =0 for all s € S.
2. For k=0,1,2,...:

(a) Update: vgi1(s) <= maxeea Y . p(s',7 | 5,a) [+ qvi(s’)] for all s € S.

(b) Terminate if maxes |vrt1(s) — vi(s)| < 0.

Given this, the deterministic policy is defined as:

1 if @ =argmax  A"(s;,a
(o) = {1 1 00 = g, Ao a)
0 otherwise
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With bootstrapping, the agent updates its value as:

V7(s) < 1r(s,m(s)) + VES’NP(S’ISJ(S))[Vﬂ(sl)]-

Sutton and Barto [64, pg 78] introduced the policy improvement theorem, guaranteeing
that an improved policy always yields better or equal value.

Theorem 3.7.1 (Policy Improvement Theorem). For deterministic policies m and 7',
if Q" (s,m'(s)) > V™(s) Vs €S, then ' is at least as good as 7.

Proof.

vr(8) < gx(s,7(5))
= E [Rit1 +70r(Se41)[ S = 5, Ay = 7' (3))]
= Ex [Rey1 + Y0 (St41)|Se = 5]
< Ep [Ri1 + 7qx(Se1, 7' (Sp41)) | Se = 5]
= Ep [Riy1 + v Ew [Reg2 + Y02 (Si12)] [St = 8]

<En» [Rt+1 +YRir2 + 7V Rz + ... |Si = 3}
_= ”Uﬂ_/ (S) D

The iterative application of the policy improvement theorem ensures convergence to
the optimal policy and value function:

1. Evaluate the value function.

2. Update: m +— .

Direct value function improvement, without explicit policy evaluation, is the founda-
tional idea behind walue iteration algorithms. Value Iteration is a dynamic program-
ming method utilised in RL to find the optimal value function for a given MDP. The
algorithm iteratively updates the value function until convergence, ultimately allowing
the derivation of an optimal policy. The underlying principle is to solve the Bellman
optimality equation iteratively for each state.

While the value iteration algorithm iteratively refines the value function until it con-
verges to an optimal value function, another approach is to iteratively improve the
policy itself, hence the name, policy iteration. Policy iteration consists of two main
phases: policy evaluation, where the value of a given policy is computed, and policy
improvement, where the policy is enhanced based on the current value function esti-
mate. This process starts by evaluating a random policy to estimate its corresponding
value function. Once the value function for a policy has been determined, it can be
used to derive a better policy. These two steps are alternated iteratively until the
policy stabilises, indicating it has converged to an optimal policy.

The significant advantage of policy iteration over value iteration is that it often con-
verges to the optimal policy in fewer iterations. However, each iteration can be com-
putationally more intensive due to the need to solve the entire policy evaluation step.
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Algorithm 3: Value Iteration algorithm for RL.

Input: MDP defined by states S, actions A, transition probabilities
p(s’,7|s,a), rewards R, discount factor «, and a small threshold 6 for
convergence.

Output: Optimal value function v, and the optimal policy 7,

1 Initialise v(s) =0 forall s € S

2 repeat

3 A+ 0

4 for each state s € S do

5 Vtemp — V()

6 v(s) = maxaea Yy, p(8' 7[5, @) [+ qv(s')]
7 A max(A, [Vtemp — v(5)])

03]

until convergence;
until A < 6
10 for each state s € S do

11 L Te(8) — argmax,e 4 Y., p(s', ]s, a) [r + yv(s')]

©

As we discuss more RL techniques, we encounter methods that blur the lines between
policy and value-based approaches. A quintessential example is Q-learning, which
directly estimates the optimal action-value function without needing a model of the
environment or multiple iterative policy evaluations.

3.7.4 Q-Learning

[teratively updating and refining policies is foundational in RL, leading to a class of
algorithms known as fitted Q)-value iteration, with Q-learning being one such example.
This algorithm marks a significant conceptual departure in its evaluation process: the
new policy’s value, 7', is ascertained at the subsequent state s, rendering the learning
process off-policy. This off-policy nature allows Q-learning to learn from data generated
by a different policy, aiding in convergence and efficiency.

Earlier discussions on dynamic programming emphasised discrete state-action spaces.
However, the curse of dimensionality [74, 75| reminds us that in most real-world sce-
narios, the state-action spaces become prohibitively large, making it computationally
infeasible to represent value functions in a simple table. This challenge is well suited to
ML methods, particularly deep learning, for effective function approximation. By inte-
grating deep NNs with value iteration methods, we transition to a class of algorithms:
fitted value iteration. An important example is deep Q-learning (DQN) [76], for which
we provide an algorithm in Appendix B.3.

3.8 Policy Methods

While value-based methods focus on evaluating the worth or utility of different states
or actions, there exists a more direct approach to RL. This approach seeks to directly
learn the optimal policy. Consider a robot tasked with navigating from point A to
point B in a grid city, as depicted in Figure 3.9. At each junction, the robot can either
proceed straight, turn left, turn right, or move backward. The primary objective of
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Algorithm 4: Q-Learning Algorithm for Optimal Policy Discovery: This al-
gorithm iteratively approximates the optimal action-value function Q* using a
value iteration approach. Through successive updates, it converges to the op-
timal policy 7* that maximises expected rewards over time in a given environ-
ment. The process involves collecting experiences under a policy m, updating
() values based on observed transitions and rewards, and ultimately deriving
the optimal policy from the learnt () values.

Input: Environment with states s, actions a, and rewards r, discount factor ~,
and a policy 7
Output: Optimised policy 7*

1 Initialise Q4 (s, a) arbitrarily for all state-action pairs

2 Collect dataset {s;,a;, s;,r;} by executing policy 7 in the environment

3 for a predefined number of steps K or until convergence do

4 Set y; < r(s;, a;) +ymaxy Qu(s;, a’) for each transition (s;, a;, s}, 7;)

5 Update ¢ by minimising the loss: ¢ < argmin, & >, [|Qs(s:, ;) — yil[%,
where N is the number of transitions in the dataset

6 Define 7*(s) = argmax, Q4 (s, a) for each state s

7 Return the optimal policy 7*

this agent is to minimise the total distance travelled, effectively reducing the number
of decisions or actions made.

Framing this scenario in the context of a MDP, the states are represented by the grid
positions, the potential actions are the directions, and a negative penalty is assigned as
the reward for each step taken. A natural strategy to tackle such problems is to directly
learn a policy that determines the robot’s movement across the grid in a manner that
ensures reaching the destination in the shortest time.

Mathematically, a rudimentary deterministic policy 7 might be articulated in terms of
the advantage function A™ as:

1 if a; = argmax,, A™(s¢,a)
/ — 13 at ty Ut
m(wls) = { 0 otherwise

Historically, classical RL treatments rooted their discussions in such policy formula-
tions, inspired by the foundational concepts of optimal control theory. This direct
emphasis on determining policies without delving into their underlying value functions
gave rise to policy-based methods.

In contrast to value-based methods (detailed in Section 3.7), policy-based methods seek
to directly optimise the policy without the necessity of a value function. An intuitive
policy might always instruct the agent to move in a direction that brings it closer to
its end goal. This strategy doesn’t necessarily require the calculation of cumulative
reward over time. Instead, the policy is parameterised by certain parameters 6, and it
is fine-tuned by adjusting these parameters in a manner that optimises a performance
metric, J(#). This adjustment process is an optimisation problem and is frequently
addressed using gradient descent techniques.

The policy gradient theorem, fundamental to RL, provides a mathematical foundation
for direct policy optimisation. In essence, it allows us to understand how small changes
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Figure 3.9: Illustration of a robot navigating a grid city. The robot starts at point A and
aims to reach point B. The red path represents an optimal route (path length = 8) taken by
the robot, while the solid blue path illustrates a possible sub-optimal route (path length =
10 > 8). The robot’s objective is to minimise the distance travelled, choosing paths that are
most efficient.

in policy parameters affect the expected return.

Theorem 3.8.1 (Policy Gradient Theorem). Within any MDP, applicable to both
average-reward and start-state scenarios, the gradient of the performance function J(0)
with respect to policy parameters 0 is proportional to the sum of state-action value
functions weighted by the policy gradient. Formally, this relationship is expressed as:

Vo (0) o< > 1u(s) Y an(s,a)Vr(als,8) =E | > gx(s,a)Vr(als,0)|

where the proportionality constant equals 1 for the continuous case and is equivalent
to the average duration of an episode in episodic cases. In this context, J(0) signi-
fies the performance metric parameterised by 0, and u(s) denotes the on-policy state
distribution, indicating the frequency of occupying each state under policy m [64].

For a comprehensive mathematical exposition and derivation of the principles under-
lying this theorem, refer to Appendix B.4. This section provides detailed insights
into the mathematical mechanics of policy optimisation in RL, facilitating a deeper
understanding of the theorem’s application and significance in various MDP contexts.

3.8.1 REINFORCE: Building on the Policy Gradient Theorem

Given the policy gradient theorem 3.8.1, one can derive a foundational classical algo-
rithm - REINFORCE (a.k.a. Monte-Carlo Policy-Gradient Control). This algorithm
is an intuitive extension of the principles set forth by the policy gradient theorem,
primarily emphasising direct policy differentiation.

In this approach, the gradient of the performance measure, J(0), is estimated using
sampled trajectories. REINFORCE takes this a step further, using a Monte Carlo
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method to sample trajectories under the current policy 7y and then estimate the gra-
dient for policy optimisation.

A brief overview of REINFORCE is as follows:

1. Execute the current policy my within the environment, producing a series of tra-
jectories {7°}.

2. Compute the gradient of the performance measure J(#) with the help of these
trajectories.

3. Adjust the policy parameters 6 according to the estimated gradient to improve
policy performance.

Referring to Figure 3.9, REINFORCE would iteratively hone the policy, transitioning
from less effective paths to the most efficient trajectory by updating the policy based
on reduced path lengths.

Algorithm 5: REINFORCE Algorithm for Policy Optimisation: This algo-
rithm iteratively optimises the policy parameters @ of a differentiable policy 7
using gradient ascent, based on the returns of sampled episodes and the like-
lihood of the actions taken. It effectively utilises the policy gradient theorem
to find the direction that maximises expected rewards.

Input: Differentiable policy pasteurisation 7(als, @), Step size a > 0, Discount
factor ~y

Output: Optimised policy parameters @

Initialise policy parameters 8 € RY

for each episode do

3 Generate an episode Sy, Ao, Ry, ..., S7_1, Ar_1, Ry by following policy

(|- 0)

4 fort=0toT —1do

5 L Compute return G; = Z;‘::tﬂ VIR,

6 Update 6 using the gradient ascent: 8 = 0 + ay'G;Vylog m(As| Sy, 6)

[

7 Return the optimised policy parameters 6

The elegance of REINFORCE lies in its simplicity and straightforwardness among
policy gradient methods. While it avoids the need for complex approximations, its
reliance on the Monte Carlo method can result in inefficiencies in sampling, particularly
in extensive environments.

3.9 Models in RL

Up to this point we have discussed value-based and policy gradient methods, mostly
in the context of planning. The domain has been planning where the model is known,
meaning the previous methods do not attempt to estimate the transition probability
distribution or the reward function of the MDP. What happens when there isn’t an
explicit environmental model provided? How does one then efficiently navigate large
state spaces? One could employ model-free techniques to directly learn a value function
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or policy, but this might reintroduce issues related to sample efficiency. An alternative
is to first learn an environmental model and only then employ established planning
tools, like value-iteration.

Returning to biological motivations, many intelligent agents, including humans, learn
an explicit models of their environment — a representation or blueprint of how particu-
lar facets of the world operate |77, 78]. While the prior sections were entrenched in the
learning of value functions or policies, typically facilitated by universal approximators,
model-based RL introduces an augmentation: a model representing state dynamics. A
shift in perspective occurs as we transition from the model-free paradigm, focusing on
the immediate learning of policy or value function, to a model-based setting. Here, the
priority is not just acquiring an accurate policy, but harnessing and refining a model
that can inform planning.

This connects with the discussion on causality in the previous chapter. In causal mod-
elling, it’s important to clearly define and organise the assumptions that guide causal
predictions. This method helps agents to methodically analyse how different environ-
mental factors interact. A key challenge is accurately representing the relationships
between these factors in the model. An advantage of causal models is that they can
be tested and potentially disproven through empirical methods. This is what a causal
agent does when it performs an intervention in its environment. Combining the tasks of
(1) developing an accurate model, (2) making the best decisions over time, (3) learning
from past actions, and (4) exploring sufficiently, requires careful thought.

Model learning and exploration, though intertwined, are distinct. An agent may pos-
sess qualitative knowledge about environmental dynamics without precise quantitative
understanding regarding the associated uncertainties. The Taxi example from Section
3.5.1 illustrates this point. A taxi may possess a comprehensive environmental model
but remain ignorant about the precise probability of finding a passenger at a given lo-
cation. These nuances influence the planning phase — while the agent can still devise
a plan, achieving optimal planning might remain elusive.

Classic model-based RL approaches can be categorised based on the nature of environ-
mental dynamics:

1. Deterministic: In deterministic settings, the agent has full knowledge of envi-
ronmental dynamics. Thus, given a particular state, the agent can confidently
plan, anticipating environment’s reactions to a series of actions. Formally, this
can be represented as:

T

ai,...,ar = arg maXZT(st, ay) s.t. a1 = f(sg,a4).
at,...,aT t=1

2. Stochastic Open-Loop: Here, the environment is inherently stochastic. An
agent must remain committed to its plan from inception to completion, regardless
of whether anticipated optimal conditions materialise. This can be mathemati-
cally described as:

ai,...,ar = argmax K

ai,...,ar —1

Zr(st,at)] .
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Backups
Model ———  Simulated Experience ———» Values ———» Policy

Figure 3.10: A diagram illustrating the flow from model to policy through simulated expe-
rience and values.

3. Stochastic Closed-Loop: This setting offers the agent the flexibility to adapt
its plan based on observed dynamics. The primary objective then becomes:

7 = argmaxE, ) [Z (st at)] )

i t=1

3.9.1 Model Planning

Planning, especially within model-based RL, encapsulates the procedure of employing
a known model to generate an improved policy. As the model comprehensively captures
state dynamics, policy improvement converges to the identification of actions propelling
an agent along the most reward-rich path in the state-space. The concept resonates
with the state-space planning framework.

Distinct strategies for planning come into play when considering the optimisation
of a sequence of actions, A = aq,...,ar. A basic derivative-free strategy might in-
volve randomly selecting actions and determining the optimal one. The significance of
“derivative-free” methods lies in their capacity to handle non-differentiable, noisy, or
discontinuous objective functions, offering a distinct advantage in certain RL scenarios.
Numerous nuances and advancements built on this foundational idea will be discussed
in the subsequent sections.

Rollout and Monte Carlo Tree Search

In decision-time planning algorithms, rollout algorithms are notable for their use in
Monte Carlo control for simulating trajectories. Their main goal is to refine the ac-
curacy of action-value estimates for a state by averaging returns from different action
paths. These algorithms focus on identifying the best action for a current state using a
given rollout policy, rather than estimating the optimal policy. Their effectiveness relies
on the accuracy of action-value estimates and the depth of simulated future actions.

Monte Carlo Tree Search (MCTS) builds upon rollout algorithms by adding cumulative
value estimation, leading to an approach that favours actions and simulations expected
to bring higher rewards. MCTS has enhanced many state-of-the-art algorithms and
operates through four main stages:

1. Selection: Starting from the root node, a tree policy guides the selection of a
leaf node for expansion.

2. Expansion: Expansion reveals new actions at specific nodes.

3. Simulation: A rollout policy is used at the chosen leaf node to identify promising
actions.

4. Backup: New action-value estimates are updated up the tree, ignoring values
beyond the tree policy’s scope.
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This process repeats within computational limits, as illustrated in Figure 3.11. When
it’s time to select an action, a policy determines the choice. The sub-tree rooted at the
current state can be reused from previous MCTS computations.

Algorithm 6: Generic MCTS Algorithm.
Input: Initial state s;, Number of steps K
Output: Best action from s;

1 fori=1 to K do

Find leaf s; using TreePolicy(s;);

Evaluate leaf with RolloutPolicy(s;);

Update values between s; and s; in the tree;

W N

5 Select the best action from s;.

The tree policy for selecting leaf nodes is crucial for optimising performance. A common
score function for choosing child nodes in the tree is:

Q(s¢) 2In N(s4-1)
N 2N T Ny

Score(s;) =

where N (s;) represents the visitation frequency for node s;, inspired by the UCB (Upper
Confidence Bound) technique [79].

{ Repeat while time remains }

Selection —— Expansion —— Simulation ——» Backup

Tree FIoIIout
Policy F'O|ICY

Figure 3.11: The stages of MCTS, as described by Sutton and Barto [64].

3.9.2 Planning in Model-Based RL

As already mentioned, an alternative to the model-free approach is to first learn an
environmental model and only then employ established planning tools. Such a foun-
dational approach to model-based planning is as follows:

This strategy has its roots in classical robotics for system identification, as illustrated
by [80]. Nonetheless, when integrating deep learning techniques, its performance can
degrade. This decline often arises from how data is collected according to a specific pol-
icy and then used to train the model. In situations where extrapolation from collected
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Algorithm 7: Fundamental Model-Based Algorithm.
Input: Initial policy mo(ay, s¢)
Output: Strategy using f(s,a)
1 Apply initial policy my(as, s¢) to accumulate a dataset D = {(s,a,s);};
2 Use supervised learning to determine f(s,a) by minimising:
> 1 (sis i) = sil|;

3 Strategise actions using f(s,a);

data becomes necessary, agents can make misguided decisions, leading to unintended
outcomes, often termed as “falling off the cliff” in RL literature. One solution is data
augmentation to cover the entire state space:

Algorithm 8: Augmented Data Model-Based Algorithm.
Input: Initial policy mo(ay, s¢), Number of steps K
Output: Augmented dataset D and strategy using f(s,a)

1 Apply initial policy mo(ay, s;) to accumulate dataset D = {(s, a, s');};
2 fori=1 to K do
3 Use supervised learning to determine f(s,a) by minimising:

51 (51 ) — s 1%
Strategise for action a’ using f(s,a);
Implement action o’ and augment D with the resultant data {(s,a,s’);};

[N

While this technique harmonises with deep learning approaches, it remains susceptible

to agents’ errors. Re-planning after each data addition emerges as an effective strategy
to counteract this vulnerability:

Algorithm 9: Dynamic Re-planning in Model-Based RL.
Input: Base policy mo(ay, s¢), Outer loop steps N, Inner loop steps K
Output: Augmented dataset D and strategy using f(s,a)
Apply base policy mo(ay, s¢) to gather dataset D = {(s,a, s');};
fori=1 to N do
3 Use supervised learning to identify f(s,a) by minimising:
> 1f (siy i) — sill;
4 for j =1 to K do
Strategise for action o’ using f(s,a);
L Implement action o’ and append the outcome data {(s,a,s’);} to D;

N =

Yet, a noticeable performance gap persists when compared to model-free methods.
This disparity often stems from the model’s inherent imperfections and its inability
to account for unknown factors. The ensuing model might contain misleading local
optima, leading agents to consistently opt for actions deemed high-reward based on
flawed assumptions.

We now point the reader to Appendix B.6 for a brief discussion about uncertainty
estimation in RL.
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3.9.3 Model Learning

In model-based RL, it’s vital to know how the environment reacts to specific actions.
This knowledge allows agents to simulate experiences and choose the best actions for
specific states, leading to more informed decisions. MBRL involves two primary steps:

1. Learning about the environment, called learning.

2. Using this knowledge to refine decisions, known as planning.

value/policy
acting
planning direct
RL
model experience
model
learning

Figure 3.12: Model-based RL framework highlighting the relationship between actions,
learning, and planning. More details in [64, Ch. §].

Model-based methods excel at using limited data to form strategies. Yet, design limita-
tions can sometimes make model-free methods more advantageous. Model-based RL is
well-suited for enhanced decision-making because each data instance refines the model.

In the previous sections we considered planning using a learnt model. Those methods
didn’t need any policy to understand the environment. Instead, now we’ll discuss an
approach where we use the learnt model to develop a policy.

In the stochastic open-loop scenario, the agent doesn’t realise it can modify future
decisions, limiting its planning. As an agent learns more about its state at each time
step, its expected rewards change. Earlier model-based RL strategies didn’t account
for this flexibility. The policy derived from such learning helps agents make decisions,
either globally or by combining local policies.

To train policies using models, one might think of applying backpropagation to max-
imise our objective. However, this method can face issues, like vanishing or exploding
gradients, especially in tasks that span long time horizons. An essential observation is
that policy gradients don’t rely on explicit gradient terms.

Integrating model-free RL techniques with model-based approaches leads to improved
learning efficiency, particularly through the use of experience replay. Experience re-
play, a concept often employed in model-free RL, involves storing past experiences and
then sampling from this pool to replay these experiences during the learning process.
This strategy breaks the correlation in sequential experiences and allows for multiple
learnings from individual experiences, thereby enhancing the learning efficiency.

When applied to model-based RL, experience replay can significantly enhance perfor-
mance. This hybrid approach effectively combines the predictive power of a model

25



Chapter 3. Intelligence and Learning Agents

Algorithm 10: Backpropagation Model-Based Algorithm.
Input: Base policy mg(ay, s¢), Outer loop steps N, Inner loop steps K
Output: Optimised policy my(a;|s;) and augmented dataset D
1 Use base policy mo(ay, s¢) to gather data D = {(s,a,s):};
2 fori=1 to N do
Minimise a loss, e.g., >_; [|f(si,a;) — s5||* to find f(s,a);
for j =1 to K do
Optimise policy my(a;|s;) using backpropagation through f(s,a);
L Execute my(as|s;) and add (s,a,s’) to D;

(=23 | B

with the empirical robustness of model-free learning. In stochastic systems, both back-
propagation and policy gradient methods, commonly used in model-free RL, have their
respective advantages and limitations:

1. Policy Gradient: Offers more stability with an increased number of samples
but tends to have high variance.

2. Back-propagation: While efficient, it can be susceptible to numerical issues
over long-term problems. Early deviations can lead to significant discrepancies
in later outcomes.

Dyna

This concept of enhancing model-based RL with model-free techniques, akin to ex-
perience replay, is exemplified in algorithms like Dyna, as introduced by Sutton [81].
Dyna combines model-based and model-free RL. It uses a learnt environmental model
to simulate experiences (model-based aspect) and updates its policy based on actual
experiences gathered from the environment (model-free aspect).

Algorithm 11: (Classic) Dyna.

Input: Current state s, Step size a, Number of planning steps K
Output: Updated Q-values Q(s,a)

Pick action a based on exploration (given state s);

Observe resultant state s and reward r - (s,a, s',7);

Update Q-value: Q(s,a) <— Q(s,a) + aEy ,.[r + maxy Q(s',a") — Q(s,a)];
Refine models p(s'|s, a) and 7(s, a) using new data (s, a, s');

fori=1 to K do

L Draw (s, a) from buffer;

N O kW =

Update Q-values: Q(s,a) < Q(s,a) + aEy . [r + maxy Q(s',a') — Q(s,a)];

Dyna’s structure is flexible. We can replace the model-free method or learn different
models. Several modern algorithms, like MBA [82], MVE [83], and MBPO [84], use
this Dyna-inspired structure. Interestingly, sometimes it’s harder to train a model than
a value function, making model-free methods a better choice in those cases.
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3.10 World Models

World models have emerged as a popular method in RL. Unlike traditional model-based
RL, which often presumes that agents can predict exact environmental dynamics, world
models function as agents’ internal representations, aspiring to understand the intri-
cacies of their environments based on observational data. Ha and Schmidhuber [85]
pioneered this approach, in which they emphasised the significance of agents building
and utilising their internal representations of environments. Such representations, or
world models, empower agents to simulate potential future trajectories, allowing them
to envisage action sequences and their probable outcomes without immediate environ-
mental interaction. The conceptual underpinnings of training using limited experience
in a simulated environment are aligned with the current understanding of the role of
sleep and dreaming in human cognition and skill acquisition [86, 87].

Conventional approaches in RL involve forming predictions to determine the action
expected to provide the highest return, which is then selected, and the subsequent
environmental response is used to refine the model. In [85] agents were trained to excel
in the imagined world, with the ultimate aim being their effectiveness in the real world.
In [88] the authors make several improvements to the world model formulation. The
authors introduce an algorithm called Dreamer which has an identical interface for
both the virtual and real environments, meaning policies mastered within the imagined
realm could be seamlessly transferred to real-world scenarios.

Dreamer distinguishes itself from prior approaches by iteratively updating via back-
propagation, a significant deviation from the latter’s non-iterative approach. Dreamer’s
architecture can be summarised into three integral components:

1. World model: Utilises past experience data for training.

2. Behaviour: Employs the world model to derive behaviours purely from imagi-
nation, leveraging value and actor networks.

3. Environment: The agent’s interactions with the environment augment the
model’s experiential dataset.

Dreamer uses an actor-critic approach that considers future rewards, not just immediate
ones. It creates models of actions and states in a latent (hidden) space. The main task
of the policy in this ‘world model’ is to choose actions that work best in a simulated
setting. The goal is to have this policy work well in the real world. To achieve this,
Dreamer trains both its action and value prediction models through a process of policy
iteration.

As RL methods continue to evolve, especially those using world models, the link be-
tween causality and RL becomes an exciting area to explore. Counterfactual reasoning,
key to understanding causality, aligns well with the concept of agents using their ‘imag-
ination’, as seen in these methods. The ability for agents to think about ‘what-ifs’ — to
imagine counterfactual outcomes — is crucial. It helps agents to not just move through
but to understand and think deeply about their environments. Incorporating causal
thinking could be a significant next step in making these internal world models of
agents more detailed and reliable.
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3.11 Multi-Agent Systems

This section extends the discussion from RL to environments with multiple agents.
The recent rise of RL has brought renewed attention to multi-agent systems (MAS),
leading to the development of both theoretical models and practical applications [89].
A key aspect of this resurgence is the shift towards decentralised learning in diverse
settings.

3.11.1 Historical Context and Relevance

This section provides an overview of the historical development of MAS and their
significance in contemporary technology, drawing from game theory, economics, and
swarm intelligence.

Game theory, developed in the early 20th century [90], models strategic interactions
among rational entities. Concepts like Nash Equilibrium, which describe scenarios
where no participant can gain by solely changing their strategy, have been influential
across disciplines like economics, political science, and biology. These ideas help explain
a range of phenomena from market behaviour to evolutionary tactics [91].

Economic theories have also played a significant role in MAS, particularly in under-
standing markets like oligopolies and monopolistic competition. These models illumi-
nate the dynamics of competitive and cooperative strategies in markets [92, 93].

Swarm intelligence, inspired by natural systems, studies group behaviours that emerge
from individual interactions, such as ant trail formation or bird flocking. These princi-
ples, framed within MAS, are applied in various areas, including robotics and network
systems [94].

The advancement of RL has brought new life to these classical models, adapting them
to complex, dynamic contexts. MAS scenarios, unlike single-agent RL, encompass a
range of interactions from cooperation to competition. The integration of RL into
MAS, termed multi-agent RL (MARL), introduces novel opportunities and challenges.
Game theory has been particularly important in MARL, aiding agents in navigating
dynamic strategies [95-97].

In causality, Wright’s path analysis in the 1920s laid the foundation for understanding
causal relationships, later evolving into Bayesian networks in the 1980s. These concepts
have been adapted to MAS, exploring the impact of agents’ actions on each other in
complex settings. Research in multi-agent causal models investigates cause and effect
in environments with interactive and learning agents [22, 98|.

Figure 3.13 presents a timeline illustrating significant milestones in these fields. It
highlights critical developments like Nash’s Game Theory and the progression of swarm
intelligence, which have influenced multi-agent modelling. The timeline also shows the
fusion of these classical models with contemporary RL, emphasising the shift towards
dynamic, adaptive systems. This visual representation underscores the interdisciplinary
nature of MAS research and informs ongoing and future studies in creating complex
multi-agent environments.
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Figure 3.13: This figure presents three timelines illustrating key developments in game the-
ory, RL, and causal inference from the early 20th century to the present. The first timeline
(top) highlights milestones in game theory, beginning with the formalisation of Nash’s game
theory and evolving through the advent of interactive agents and deep multi-agent reinforce-
ment learning (MARL) algorithms. The second timeline (middle) traces the evolution of
RL, from early concepts like Thorndike’s law of effect to recent breakthroughs exemplified
by AlphaGo. The third timeline (bottom) charts significant advances in causal inference,
from Wright’s path analysis to modern applications in causal ML. These timelines depict a
narrative of increasing interdisciplinary convergence, particularly in the last two decades, as
techniques and theories from these fields begin to intersect and inform one another, suggesting
a unified framework that bridges theoretical, algorithmic, and practical aspects across these
domains.

3.11.2 Models in Multi-Agent Reinforcement Learning

Contemporary MARL methodologies primarily extend the MDP framework to accom-
modate the nuances of multiple agents interacting simultaneously. A seminal model
in this domain is the Markov (or Stochastic) Game, introduced to the RL domain by
Littman [95]. This model portrays systems transitioning in discrete steps, influenced
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by the collaborative actions of agents.

Definition 3.11.1 (Markov Game (or Stochastic Game)). A Markov game encom-
passes a state space S and a collection of action sets {Aj,..., Ay} for each agent.
State transitions are dependent on the current state and the joint actions of the agents,
defined asT = T(S,{A1,...,Ax}) = PD(S). Here, PD(-) denotes a probability distri-
bution over the state space. For each agent, denoted by i, there is an associated reward
function:

Ri:SxA x--x Ay = A{Ry,..., R}

The inherent complexities of MARL arise not only from the dynamic interactions be-
tween the agents but also from variances in agent capabilities, access to information,
and even individual objectives [99]. These complexities are further exacerbated in real-
world scenarios that often present mixed interactions, comprising both cooperative and
competitive elements [96, 97, 100-102|. Moreover, the curse of dimensionality presents
significant challenges as the joint action and state spaces grow exponentially with the
number of agents.

One fundamental challenge is the non-stationarity of the environment from any agent’s
perspective [103]. As agents continually adapt and learn new strategies, the environ-
ment, as observed by any particular agent, keeps changing, introducing added layers
of complexity.

e Cooperative Agents: These agents work together to achieve a common goal
or maximise a shared reward. The need for coordination, communication, and
sometimes even prioritising the collective good over individual rewards becomes
important. Inter-agent communication, especially in cooperative settings, is im-
portant. Developing effective communication protocols or allowing agents to
evolve their communication strategies is often central to successful MARL appli-
cations.

e Competitive Agents: In contrast, these agents operate to outdo each other,
aiming to maximise their individual rewards, often at the expense of others.

e Mixed Scenarios: Real-world applications often involve a combination of both
cooperative and competitive elements. In such scenarios, agents must balance be-
tween collaborating with some agents while competing with others. For example,
in RoboCup [104] where teams of agents compete in football.

Example 7 (Cooperative Scenario - Coordination Game). Consider two agents tasked
with painting a large room. Both agents have a choice: to paint the left wall or the right
wall. If both agents choose the same wall, the room gets painted twice as fast, resulting
in a higher shared reward for both agents. However, if they choose different walls, the
room still gets painted, but at a normal pace, leading to a lower collective reward. The
optimal strategy here is for both agents to coordinate and paint the same wall together,
thereby maximising their shared reward.

Example 8 (Competitive Scenario - Prisoner’s Dilemma). Two criminals are arrested,
but the police don’t possess enough evidence for a conviction. The police give each
prisoner a choice: betray the other or remain silent. Both prisoners are in separate
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rooms, and they cannot communicate. If Prisoner A and Prisoner B both stay silent,
they both serve a short sentence. If A betrays B but B remains silent, A goes free while
B gets a long sentence, and vice versa. If both betray each other, both get a moderate
sentence. Here, the strategy that maximises individual benefit is to betray, making it a
competitive scenario.

Safety and fairness are also of principal importance in MARL. Ensuring that agents op-
erate without causing harm and that rewards or opportunities are equitably distributed
across agents are emerging as vital research areas.

In many multi-agent environments, agents encounter partial observability, where they
only have access to a subset of the overall state, known as an observation [105]. The
Dec-POMDP model addresses this by focusing on cooperative scenarios where agents
share both rewards and histories [106].

Definition 3.11.2 (Dec-POMDP). A Dec-POMDP is a 7-tuple: (S,{A;},T, R, {},0,7)
for multi-agent contexts, where:

S is the state space.

{A;} represents the joint action set.

T denotes transition probabilities.

R is the reward function.

{4} signifies the joint observation set.

O depicts the observation distribution.
e v is the discount factor.

Example 9 (Dec-POMDP: Painting Coordination Game). Two agents are tasked with
painting different parts of a room. Their visibility varies which influences their deci-
sions. When both agents paint simultaneously, the work progresses faster. However,
painting with poor visibility can lead to mistakes, resulting in penalties.

The Formulation of this scenario is as follows:

The States, S, comprise different visibility combinations for the agents. In terms of
Actions, {A;}, each agent has the option to either ‘Paint’ or ‘Wait’. The Transi-
tion Probabilities, T', are based on the assumption that there are random transitions
between these states. The Reward Function, R, assigns rewards or penalties to the
agents depending on their decisions under the various visibility states. Agents receive
Observations, {S);}, that inform them about the visibility of their respective sections.
The Observation Distribution, O, determines which observation each agent re-
cewes, based on the current state. Lastly, the Discount Factor, v, is set close to 1,
highlighting the significance of future outcomes in the decision-making process.

Using the painting coordination game as a reference, one might be tempted to simplify

the problem by considering the agents as a single entity. This single-agent approach
certainly has its merits but also comes with its own set of challenges.
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One of the main advantages of a Single-Agent Formulation is the provision of a unified
perspective. By considering multiple agents as a singular entity, this approach offers
a holistic view of the system, ensuring that strategies and responses are consistent
throughout. Furthermore, this formulation simplifies coordination. The removal of
the need for inter-agent communication means the system has the potential to make
decisions in a swifter and more cohesive manner.

On the other hand, the challenges of a single-agent formulation are multifaceted. The
foremost challenge is the explosion of state and action spaces. When you combine the
states and actions of various agents, the result is a combinatorial increase in possibil-
ities. This can make the problem exponentially larger and more intricate, especially
as the number of agents or their potential states and actions increase. Another chal-
lenge is the loss of individual nuances. A model that leans too heavily on a singular
representation might inadvertently overshadow the unique constraints, behaviours, or
specialities of individual agents. This can lead to inefficiencies or even errors in the
system’s operations. Scalability is also a concern. As more agents are integrated into
the system, the complexity of modelling them as a single entity grows exponentially,
presenting significant computational challenges. Lastly, the reduced generalisability
of this approach is evident when we consider diverse scenarios. A solution tailored
for a combined entity might struggle to adapt in situations where agents have varied
configurations or distinct roles.

The decision to opt for a multi-agent vs. single-agent formulation often boils down to
the specific requirements of the problem. If the agents have significant independent
roles or unique constraints, a multi-agent approach might be more suitable. However,
for tasks where agents have similar roles and a unified strategy is preferred, a single-
agent perspective might be sufficient. The computational complexity of the problem,
especially with increasing agent numbers, is also a determining factor. While a single-
agent model simplifies coordination, it might become computationally infeasible for
larger systems. It is therefore essential to weigh the advantages against the challenges
to determine the best approach for the task at hand. While single-agent representations
might seem simpler at a glance, they often prove infeasible for larger or more diverse
agent systems. On the other hand, Dec-POMDPs offer a more scalable and realistic
modelling approach, particularly for systems with unique agent identities and partial
observabilities.

At this point, we refer the reader to Appendix B.5 for a selective presentation of some
popular MARL algorithms.

3.12 Conclusion and Next Steps

In this chapter, we discussed how difficult it is to define intelligence and how this
makes it hard to design or intelligent agents. We talked about deep learning and
its effectiveness due to universal approximation theorems. We also mentioned the
difference between clear-cut causality and the more opaque nature of NNs, giving a
multi-layered view on this topic.

Then, we focused on RL, explaining its basic concepts and exploring value-based and
policy methods. In the context of model-based RL, we explored how agents can learn
and plan using models to perform RL tasks. We introduced the idea of world models,
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linking back to our earlier discussions about causality.

The chapter ended with a look at multi-agent systems. We provided some historical
background, talked about the challenges in modelling these systems, and gave an ex-
ample of a multi-agent RL algorithm. As we move to the next chapter, we aim to
blend the ideas from the chapters on causality and RL. A key part of this integration
is understanding action and intervention. Our goal is to create agents that are not just
intelligent but also robust, adaptable, and capable of complex reasoning. The next
chapter will explain how we can do this by combining the concepts of causality and
RL.
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Causal Reinforcement Learning

Although both causal inference and RL have individually received considerable atten-
tion, their intersection remains relatively unexplored [107]. This intersection, rich with
potential, directly relates to RQ1: Do existing RL methods exhibit causal understand-
ing? In this chapter, we consider this question, investigating how causal mechanisms
can potentially enhance RL algorithms. Emerging research indicates that integrating
causal mechanisms into RL frameworks can notably mitigate inherent limitations of
traditional RL algorithms [63, 108-112]. This promise has been one focus of my prior
research |3] which served as the motivation behind this MSc investigation.

Central to the both these domains is counterfactual reasoning. As we discussed in
detail in Chapter 2, the formal study of counterfactual reasoning has been pioneered
by Judea Pearl [15]. We argue that the resultant theory offers RL methods improved
model robustness, explainability, and versatility, particularly under varying conditions
such as offline and off-policy scenarios.

This chapter serves three primary objectives:

1. To elaborate on the methodological approach taken for this extended literature
review.

2. To dissect the specific methodologies through which causal inference can be inte-
grated into RL, enhancing both model adaptability and computational efficiency.

3. To highlight the reciprocal benefits that RL techniques offer to causal inference,
particularly in the context of data efficiency and robust estimation methods.

4. To touch on works that, although not explicitly at the junction of RL and causal-
ity, offer valuable techniques or theoretical frameworks that are pertinent for
advancing CRL.

Incorporating causal reasoning into multi-agent systems introduces an additional layer
of complexity, raising compelling research questions particularly around collaborative
modelling and decision-making. These issues will also be discussed as they are relevant
for investigating RQ1 and RQ2.
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4.1 Motivation

In domains such as healthcare and finance, the Markov property’s assumption — that
the future state only depends on the current state and action — is often inadequate.
This is highlighted in the Partially Observable Markov Decision Process (POMDP)
framework, where decisions are based on both current and historical states.

The Dynnamic Treatment Regime (DTR) in healthcare serve as a prime example of this
inadequacy [113, 114]. In DTRs, interventions must account for a patient’s comprehen-
sive medical history and unique characteristics, not just their current health state. We
define a DTR more formally in Section 4.4.2. The presence of many unobserved latent
variables, which can significantly impact treatment outcomes, further complicates this
scenario [115, 116]. The connection between DTRs, causal models, and RL is explored,
given these complexities.

In POMDPs, the transition to a future state s’ depends on the current state s, action a,
and history h: P(s|s,a, h). This interplay of observed and latent variables necessitates
a more comprehensive approach than traditional Markovian models provide. Causal
theory, with its focus on disentangling dependencies between variables, is particularly
suited for this challenge [117, 118].

The limitations of the Markov property in fields like healthcare and finance underline
the need for a more holistic approach, such as causal reasoning. This approach is
essential for understanding the intricate interactions between variables across differ-
ent histories. The following section delves into the intersection of causality and RL,
building on this motivation.

4.2 Methodology: The Landscape of Causality and RL

This section outlines the methodology used to examine the intersection of causality and
RL in academic literature. The goal was to understand their overlaps and impacts,
leading to insights into current trends. The methodology adopted in this literature
review is designed to shed light on the gaps and opportunities in the field of causal RL,
directly contributing to our understanding of RQ1 and RQ2. By focusing on literature
that intersects causality and RL, we aim to uncover the extent to which current RL
methods embody causal understanding and the potential for causal models to enhance
RL in complex environments.

The research began by identifying key terms like “Causal Inference”, “Reinforcement
Learning”, and “Bayesian networks”. The phrase “causal reinforcement learning” was
particularly fruitful, revealing significant work by Bareinboim’s Causal Al lab at Columbia
University. Additionally, multi-agent research was found to be heavily influenced by
game theory. Searches were conducted in academic databases such as Google Scholar
and arXiv using these terms.

The selection of literature focused mainly on articles published after 2016 to align with
the advancements in deep learning. Priority was given to works that combined causal
reasoning with RL. The high quality of the identified literature necessitated minimal
exclusion. Data from these articles were extracted to identify prevalent research ques-
tions and methods, revealing existing gaps in the field.
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The data were categorised by their focus on causality, RL, or their intersection. This
categorisation led to a synthesis that highlighted important trends and challenges.
Influential contributions from researchers like Judea Pearl and institutions such as the
Montreal Institute for Learning Algorithms (MILA) were significant in shaping the
review.

Key Trends The integration of causal inference, particularly graphical methods,
with RL algorithms has improved performance in various sectors. Another trend is
the use of counterfactual reasoning in RL, which has led to more efficient strategy
assessments. Combining deep learning with model-based RL is fostering advanced data
integration and understanding, with multi-agent RL in cooperative settings benefiting
from causal insights. The identified trends and emerging research questions reflect
the core objectives of this thesis, particularly resonating with the themes of RQ1 and
RQ2. By analysing how causal inference is being integrated into RL and observing
its impact on multi-agent systems and complex environments, we contribute to the
broader discourse on the potential of causal models in enhancing RL methodologies.

Research Questions Emerged. The review generated several important research
questions:

1. How can RL agents identify causal paths in mazes with complex variables like
weather conditions or other agents?

2. How does the combination of imitation learning and RL in multi-agent settings
aid in knowledge sharing, specialisation, and collective exploration?

3. In multi-agent systems, how can developing partially complete but causally ac-
curate models facilitate the merging of collective knowledge?

4. Can integrating intrinsic motivation with robust RL, supported by causal struc-
ture discovery, improve agents’ exploration in novel areas?

5. Is it possible to create a learning mechanism where agents alternate between
causal structure exploration and policy optimisation?

6. What are the effects of learning causal models through unsupervised methods on
understanding their significance?

7. What impact do incorrect causal models have on RL performance, and what
theoretical aspects are involved?

8. Can complex games like Bridge be used to evaluate causally accurate partial
models in multi-agent research for causality and RL?

Exploring the relationship between causality and RL highlights the challenge of partial
observability. In many real-world situations, agents lack complete environmental infor-
mation. This issue, framed within the POMDP model, contradicts the assumptions of
traditional MDPs. In this context, agents must consider their entire interaction history
and deduce latent factors affecting their observations. This mirrors the goal of causal
discovery, which seeks to understand the underlying structure of data generation. The
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next section on partial observability will delve into the connection between probabilis-
tic correlations and causal interpretations, aiming to provide an in-depth view of the
challenges and potential solutions in this area.

4.3 Partial Observability

Building upon the POMDP concept introduced in Section 3.5.1, the lack of complete
observability in many real-world scenarios renders the Markov property inapplicable.
In contrast to the simplified decision-making in standard MDP settings discussed in
Section 3, agents in POMDP settings could be required to sift through their entire
interaction history to make informed decisions, depending on the chosen approach.

As we have argued, the computational challenges posed by POMDPs necessitate an
exploration of causal approaches to the learning and reasoning task. Specifically,
POMDPs compel us to interrogate: What latent factors might have contributed to
the observed state? This mirrors the underlying query of causal discovery: How is the
underlying data-generating process structured to yield the observed data? [119].

Aligning with the insights from Gershman [120], there is an acknowledgement within
the RL community that viewing POMDPs as probabilistic causal models could be
theoretically useful. This paradigm shift goes beyond mere probabilistic correlations,
opening avenues for nuanced causal interpretations [117]. In POMDPs, observations
are not mere data points; they embody events moulded by latent causal variables. Var-
ious Bayesian techniques facilitate the inference of such latent factors, unveiling the
underlying generative model [121]. Transitioning towards causal approaches enriches
traditional model-free RL approaches by pivoting away from a purely behaviourist
foundation towards a more cognitively-rich, causally-informed paradigm [122]|. This
exploration into the causal implications within POMDPs underlines the primary in-
quiry of our RQ1: Do existing RL methods exhibit causal understanding? By inves-
tigating the latent factors and their causal influences in POMDPs, we delve deeper
into the capabilities and limitations of current RL methodologies in embodying causal
reasoning.

Figure 4.1 illustrates the nuanced relationships between probabilistic transitions and
causal influences in POMDP settings. The narrative of probabilistic and causal con-
nections is further illustrated through a depiction of state dependencies over time in a
non-Markovian setting in Figure 4.2.

The consideration of partial observability in complex environments, as considered in
Liang and Boularias [123], aligns with our RQ2. It investigates whether a causal model
can enhance the coordination and sample efficiency of learning agents, particularly in
decentralised learning tasks where partial observability plays an important role.

Liang and Boularias [123] present a creative approach to tackling the challenges of
partial observability. At first, their algorithm follows the Markov assumption, but as it
progresses, it brings in hidden variables similar to memory units in RNNs [61]. These
variables encode information about past events, helping to ease the issues caused by
partial observability. Metrics of information gain highlight key events, while indepen-
dence tests help identify causal relations between variables.

Foundational to all of this is awailable data. The availability of large datasets has
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Figure 4.1: Visualisation of Probabilistic vs. Causal Relationships in a POMDP. In the
figure, circles represent states in the environment, with State 1 being a focal state influenced
by the Observed State. The arrows indicate relationships between these states. Dotted arrows
depict probabilistic transitions, signified by the letter P, suggesting possible state transitions
with associated probabilities. For instance, the transition from State 1 to both State 2 and
State 3 is based on some probability. The dotted arrows between State 2 and State 3 indicate
that transitions can also occur between these states, emphasising the intricate probabilistic
interplay in POMDPs. In contrast, the solid red arrows show causal influences. The Observed
State has a direct causal effect on State 1, and both State 2 and State 3 causally influence
the Observed State. This distinction underlines the dual nature of relationships in POMDPs,
where states can be connected through both probabilistic transitions and direct causal effects.

driven much of ML progress. That said, only recently has attention shifted to offline
RL, where RL agents can learn from stored data. We now consider some of theses
ideas, highlighting what makes the problem difficult, and one might resolve the issues
that arise.

4.4 Generalised Policy Learning

Modern RL methods are often criticised for their heavy reliance on high-quality data
and a preference for online learning [124]. Online policy learning, with its changing data
and lack of clear indicators for these changes, requires agents to be flexible and resilient.
While offline learning is discussed in the literature, it doesn’t receive as much focus
as online learning. Traditional RL agents, often working in isolation, use substantial
computational resources. Offline RL, in contrast, aims to blend the proactive aspect of
RL’s learning with the proven success of classical statistical methods on fixed datasets.

At first glance, offline policy learning, which uses a fixed dataset, may seem to resemble
model-based RL. Here, static means the data is not from ongoing interactions with the
environment, but it may include interventional data. A key distinction lies in how
the data is generated. Investigating the data generation process aligns with causal
inference principles, suggesting that framing these issues with causal models could be
beneficial.
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Figure 4.2: Visualisation of state dependencies over time in a non-Markovian setting. Circles
represent states at different time steps, with solid arrows indicating the primary Markovian
dependencies (where a state depends on its immediate predecessor). Dashed arrows depict
non-Markovian dependencies, illustrating how each state can be influenced by multiple pre-
ceding states. As time progresses, the density of these non-Markovian dependencies increases,
underscoring the complexity introduced when states are not Markovian.
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Figure 4.3: A graphic delineating the differences between offline, off-policy, and online
learning modes. In offline learning, an agent is trained purely on existing data. In off-policy
learning, the agent learns from old data but can optionally interact with the environment under
a different policy. In online learning, the agent continually interacts with the environment,
updating its policy based on real-time feedback.

4.4.1 Exploitation of Causal Inference and Transfer Learning

Conventional RL agents are subjected to training in isolated environments, utilising
considerable computational and energy resources. As discussed, offline policy learning
is centred around deriving insights from a static dataset, while online policy learning
entails real-time learning, substantially constrained by time. Due to the evolving nature
of data in online scenarios, agents are required to exhibit a degree of flexibility. The
training phase for modern state-of-the-art agents can be extensively time-consuming.

Transfer learning emerges as a remedy to this learning inefficiency by utilising previous
knowledge and experience to boost learning performance, similar to how humans apply
past knowledge in confronting new tasks [125-127]. This aspect will be discussed
in greater depth in Section 4.8. Causal inference also traverses a similar challenge
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of discerning effects from diverse data sources, with a significant impediment being
learning amidst unobserved (hidden) confounders. In this context, ‘causal bounds’
refer to the bounds on the parameter space of the causal effect E[Y|z] derived from
the observational data P(x,y|z). This concept is critical when precise estimation of
target quantities is unfeasible, providing a range within which the true causal effect is
likely to lie. In this subsection, we explore the potential of applying causal models for
the Multi-Armed Bandits (MAB, see Appendix B.1) and MDPs problem setting, with
the intention to enhance learning performance through a combination of observational
and interventional learning modes.

An approach to tackling this challenge is discussed in Zhang and Bareinboim [12§],
where the authors combine transfer learning in elementary RL with causal inference
theory. This integration is illustrated in a setting involving two MAB agents provided
with a causal model of the environment. In scenarios where causal effects are elusive,
the methodology proposed for deriving causal bounds from the knowledge encapsu-
lated in available distributions is particularly pertinent. The use of methods of causal
inference for aiding policy learning, as we venture into observational and interventional
learning modes, directly pertains to our RQ1 and RQ2. This approach differs from
the traditional RL frameworks and seeks to answer if existing methods can be enhanced
for better causal understanding and efficiency, as posited in our research questions.

The discourse then shifts towards contextual bandits, a variant of MABs (see Appendix
B.1), discussed in [129], where the agent perceives additional contextual information
correlated with the reward signal. Zhang and Bareinboim [128] commence with an off-
policy learning scenario where agent A adheres to a policy denoted by do(X = 7 (e, u)),
with context u € U, outcome y, and noise ¢, leading to a joint distribution P(x,y,u).
Another agent, denoted A’, tries to learn about the environment and capitalise on A’s
experience to expedite its learning and promptly converge to the optimal policy. This
tasks boils down to discerning the causal effect of an intervention on X, expressed as

E[Y | do(z)].
Task I
(g ) ;

Task II N
~ Ny, ——— N
e

X @ Y X @ Y

Figure 4.4: Figure extracted from [128] demonstrating the transfer learning task (II) between
two MABs. (a) illustrates a causal graph with known context, U, while (b) portrays a standard
MAB with unobserved confounder (unknown context) indicated with a dotted directed edge.

One might hastily conclude that if the identifiability condition is not satisfied, the
preceding data is of no use in the transfer process. However, [128] reveals that even for
non-identifiable tasks, it’s possible to obtain causal bounds over the expected rewards
for the target agent (Theorem C.1.1). At this point we refer the reader to the appendix

for a theoretical look at regret bounds and a presentation of an accompanying algorithm
(B-klI-UCB).
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4.4.2 Tackling Dynamic Treatment Regimes

Zhang and Bareinboim [130] consider DTRs in the context of personalised medicine,
exploring the potential of online RL algorithms in selecting optimal DTRs based on ob-
servational data. They hope to leverage the success of RL in enhancing decision-making
processes in other fields for DTRs. Essentially, the aim is to find an optimal policy 7
that optimises a certain outcome Y, typically the patient’s recovery or improvement
in health markers, under the constraints of the DTR. However, the unknown param-
eters of the DTR often thwart direct optimisation attempts. Traditional algorithms
necessitate the absence of unobserved confounders, and the common randomisation
techniques usually don’t sit well in the medical domain due to the risks involved. RL
shines in this scenario by promising an efficient learning of DTRs while judiciously
exploring the state-space and harnessing rewards. We provide a definition for a DTR
below for reference.

The investigation into Dynamic Treatment Regimes (DTRs) and their optimisation
through RL algorithms speaks directly to RQ2. By examining how causal models can
potentially improve learning efficacy in these multi-staged decision-making processes,
we contribute to understanding the broader implications and applications of causal RL
in real-world scenarios.

Definition 4.4.1 (Dynamic Treatment Regime [130]). A Dynamic Treatment Regime
(DTR) can be formalised as a SCM defined by (U, V , F, P(u)), where V. = {X g, Sk, Y}
encapsulates the total stages of interventions over the course of the regime. In this
setup, X i signifies the progression {X1,...,Xg} across stages. For each stage k =
1,...,K:

1. The decision variable X}, is determined by a policy function, expressed as xj <
f1(8k, Tp_1,u), where Xy is finite and directed by a behavioural strategy.

2. The state variable Sy s derived through a transition function, denoted as s
Tk(Tp_1, Sk—1, ), where Sy is a finite state.

3. The final outcome Y at stage K is obtained via a reward function, formalised as
y < r(Tk,SK,u), and is constrained within the range [0, 1].

The exogenous variable values in U are sourced from the distribution P(u).

Despite its popularity, the typical RL techniques fall short in the DTR context because
of their dependency on the Markov property, which DTRs don’t adhere to. The treat-
ment at any given stage in DTRs is influenced by past treatments, contradicting the
Markovian assumption of memorylessness. The authors reformulate a DTR as a SCM
encompassing several stages of interventions. Each stage in a DTR consists of a deci-
sion, a state transition, and ultimately, an outcome Y at the final stage, determined
by a reward function.

A specified DTR M* results in a particular observational distribution which governs
the data observed without any intervention. A policy m within the DTR defines a
sequence of interventions that lead to an interventional distribution. The expected
cumulative reward, denoted by V,(M*), hinges on the policy 7 and the ultimate goal
is to uncover the optimal policy 7* that maximises this expected reward.
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To tackle the optimisation of an unknown DTR, the authors introduce the UC-DTR
algorithm. This algorithm embodies an “optimism in the face of uncertainty” stance,
a popular approach in the RL literature. With only the knowledge of state and action
domains at its disposal, UC-DTR impressively manages to achieve near-optimal total
regret bounds swiftly. The algorithm operates by proposing a new policy 7; based
on collected samples up to the current episode t. Using the empirical estimates for
expected reward and transition probabilities, it contemplates a range of plausible DTRs
and computes the optimal policy for the most optimistic DTR in this set. This process
iterates until a predefined tolerance level or episode count is reached.

Beyond the challenges introduced by more complex models and policies, there exist
challenges in the well studied MDP domain. Selecting where and when to intervene —
by taking an action — is a tough theoretical and empirical challenge. We now investigate
this.

4.5 Selecting Points of Intervention

A recurrent issue in the domain of RL literature deals with managing the delicate
balance between exploring the state-action space to evaluate long-term interventional
outcomes, and exploiting current knowledge about the system’s behaviour optimally.
Recent studies have gravitated towards understanding the impact of non-trivial depen-
dencies among the bandit’s arms, which is now known as structural bandits. Herein, the
causal relationships among these dependencies are portrayed using causal graph struc-
tures. For instance, the work by [131] discuss RL within a framework of causal models
with unobserved confounders, a topic further explored in section 4.6 below. The crux
of the argument is that counterfactual quantities can be instrumental in accounting for
unseen confounders, enabling a robust policy convergence where traditional approaches
falter.

This section is dedicated to identifying the most strategically beneficial action within a
MAB framework, by correlating the selection of a bandit’s arm with an intervention in
a specific causal graph. This approach utilises the understanding of causal systems to
identify what we term optimal interventional choices. The exploration of structural
bandits within the SCM-MAB framework ties directly into our RQ1, probing into
whether existing RL methods, particularly in the context of intervention selection,
exhibit a comprehensive causal understanding. To elaborate on the intersection of
MABSs and causal inference, we introduce the notion of SCM-MAB as defined below:

Definition 4.5.1 (SCM - Multi-Armed Bandit (SCM-MAB) [132]). Consider an SCM,
represented as (U, V | F, P(U)), where Y, belonging to V', serves as the reward variable
within the domain R. The arms of the bandit are conceptualised as {x € Dom(X) |
X C V\A{Y}}, signifying possible interventions on the SCM’s endogenous variables
excluding the reward. Associated with each arm is the reward’s interventional distribu-

tion, P(Y | do(x)), and its mean, defined as p, = E[Y | do(x)].

While the SCM-MAB model gains insights from the causal graph and the associated
rewards, it does not have knowledge of the SCM’s functional mappings, F', nor the
joint distribution of the exogenous variables, P(U). The objective, therefore, is to
determine a minimal set of interventions that optimise action selection. This issue has
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been discussed in the referenced literature, though it falls outside the primary focus of
this thesis. For more comprehensive definitions and further understanding, the reader
is directed to the appendix.

Figure 4.5: Illustration of a basic causal model with an unobserved confounder influencing
X and Y. Here, intervening on Z emerges as potentially optimal. However, if Z intervention
is infeasible, X intervention, alongside non-intervention, might be deemed possibly optimal,
thus expanding the POMIS definition (C.2.2, see appendix for details).

Pinpointing the ‘when’ to intervene remains a challenge. Assuming an agent accrues
causal knowledge progressively, determining when to switch from exploration to ex-
ploitation, or to intervene, embodies a crucial question. The literature illustrates mech-
anisms like confidence bounds to ensure a methodological transition from exploration
to exploitation, an aspect that harmonises with causal reasoning. With ever-evolving
causal knowledge, an agent ought to adjust its actions to mirror newfound insights.
In this sense, both the ‘where’ and the ‘when’ of intervention require thought to en-
sure an agent’s optimal performance. This dynamic decision-making process resonates
with our RQ2, investigating the potential of a causal model to enhance the coordina-
tion and efficiency of learning agents, especially in the context of optimally selecting
intervention points.

4.6 Counterfactual Decision Making

In traditional RL, decisions are made based on observed experiences and the expected
future rewards of those experiences. However, real-world scenarios often present com-
plexities that extend beyond the scope of these models. What if an agent could reflect
upon its actions, considering alternative paths and their potential outcomes? Such
hypothetical scenarios, where an agent ponders over the “what-ifs” of its decisions, are
counterfactual problems.

This process of counterfactual thinking is not alien to human cognition. People often
engage in counterfactual reasoning, contemplating scenarios like

Had I chosen a different magjor in college, where would I be now?”
or

If I had invested in that stock five years ago, how wealthy would I be?”

Such introspections can lead to better decision-making in future scenarios, learning
from past experiences, and understanding missed opportunities. Counterfactual think-
ing in humans is integral to learning and problem-solving, enabling individuals to un-
derstand causality and consequences of actions, ultimately influencing future decisions
[133, 134].

Furthermore, the concept of dreaming in humans can be seen as a sophisticated form
of counterfactual thinking and the development of world models. Dreams often involve
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scenarios that are not part of our waking experiences, allowing the mind to explore
outcomes and situations beyond the constraints of reality. This process can be viewed
as an advanced form of counterfactual reasoning, where the brain simulates various
scenarios, possibly as a means to prepare for future challenges or to process past expe-
riences. This aligns with the theory that dreaming plays a role in emotional regulation
and problem-solving [135, 136].

In a similar vein, one could posit that RL systems could employ counterfactual rea-
soning to construct and refine internal models of their environment, akin to human
dreaming. By simulating various scenarios and outcomes, these systems can enhance
their decision-making capabilities, especially in stochastic and complex environments.
This approach could lead to more adaptable and resilient Al systems, capable of nav-
igating diverse and changing situations with greater efficacy. Given this motivation,
we now consider the role that causal inference could play in explicit counterfactual
decision making.

4.6.1 The Role of Causal Inference in Counterfactual Decision Making

Causal inference stands out for its proficiency in addressing counterfactual queries. In
RL, where learning is approached through interventions in a trial-and-error fashion, the
integration of causal inference methodologies presents an ideal framework for tackling
problems in counterfactual decision-making. This is particularly relevant when unob-
served confounders influence decision-making processes. This integration idea brings
us back to RQ1: Do ezisting RL methods exhibit causal understanding? The ability of
RL agents to engage in counterfactual reasoning showcases a significant step towards
causal understanding within the RL framework.

Within RL, the ability to make counterfactual decisions potentially elevates an agent’s
learning capacity, enabling it to derive insights not only from its actual experiences
but also from potential actions it has not considered. In theory, this capability em-
powers agents to predict the results of unexecuted actions and modify their strategies
accordingly, based on these envisioned scenarios. This type of decision-making is of
paramount importance in environments where choices have long-standing impacts and
where testing every possible action is not practical.

4.6.2 Augmented Bandit and RL Models

To enhance RL with counterfactual reasoning and causal inference, it is necessary to
modify and expand our existing models. An essential modification is the inclusion of
models that consider unobserved confounders—variables that impact both decision-
making and outcomes, yet remain unobserved. We start by examining a simple bandit
problem, and then extend our insights to MDPs.

A key intersection between RL and causal inference is the objective of regret minimi-
sation. In the context of MABs, policy strategies are formulated to reduce regret over
time. The principle is illustrated in the study by Auer et al. [137], who introduced the
UCB2 policy. Their research shows that, under specific conditions, logarithmic regret
can consistently be achieved over time.
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The mathematical bound for expected regret after numerous plays is described as

> <(1 +a)(1+ 4aln(2eA2n) ca) |

2A, A

g <p*

where

o A; = p* — u; is the regret associated with choosing arm i over the optimal arm,
representing the difference between the maximum expected reward across all arms
(1*) and the expected reward of arm i (u;).

e yi; is the expected reward of arm 1.
e 1 is the maximum expected reward across all arms.

e « is a parameter that adjusts the level of exploration in the UCB2 policy, influ-
encing the balance between exploration and exploitation.

e 1 is the total number of plays.

e ¢, is a constant dependent on «, further affecting the exploration-exploitation
balance.

Nevertheless, the introduction of unobserved confounders into the equation complicates
the process of minimising regret. As discussed by Bareinboim et al. [131], traditional
bandit algorithms do not fully suffice in scenarios involving unobserved confounders. By
reinterpreting the multi-armed bandit problem through causal inference, we can utilise
both observational and experimental data to optimise rewards, despite the presence of
such confounders.

We proceed to discuss an illustrative example adapted from [131], highlighting the
complex interplay between causal structure, policy optimisation, and actor intent. The
concept of intent is defined as follows.

Definition 4.6.1 (Intent [138]). In a Structural Causal Model (SCM) M, let 11 repre-
sent the set of all decision-related variables. For any decision-related variable I1; € 11,
and at any time t, the intended decision Iy, ;, which is a function of both observable
and unobservable factors, is defined as follows:

o I, ;: The intended decision for variable 11; at time t.

o i, 1. The observed decision made by the actor for variable I1; at time t, consid-
ering the configuration of unobserved confounders.

U; = u: The configuration of unobserved confounders at time t.

pa(Il;): The set of parent variables that directly influence 11; in the SCM.

fu,: The function that maps the current state of pa(Il;) and the unobserved con-
founders up, ; to the intended decision Iy, ;.
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Therefore, the intent for I1; at time t can be formally expressed as:

[Hi,t = in (pa(Hi)t> Uni,t)

Consider the healthcare scenario, a domain riddled with intertwined causal relation-
ships. Here, a treatment decision for a patient isn’t just an isolated event; it’s a
culmination of the patient’s medical history, their current health status, the medi-
cal professional’s expertise, and even external variables like the availability of certain
medicines or treatments. Further imagine a scenario where a patient has recurrent mi-
graines. A doctor prescribes a particular medication based on its proven effectiveness.
However, the patient doesn’t find relief. The intent behind the doctor’s decision was to
alleviate the patient’s pain based on historical data. If we merely analyse this situation
using traditional RL models, the doctor’s decision might appear sub-optimal given the
outcome.

What if the patient had informed the doctor about a previously tried medication that
didn’t work? What if the doctor knew about the patient’s aversion to certain medi-
cations due to past side effects? Such nuances reveal the intent behind the doctor’s
decision. It’s not just about treating the migraine; it’s about ensuring the patient’s
overall well-being, considering their past experiences and preferences. Recognising this
intent can lead to better treatment decisions in the future, understanding the patient’s
unique needs, and even identifying biases in decision-making processes.

Given this motivation for why intent could be important, we now consider a numerical
example.

Example 10 (A Casino Exploitation Scenario). Envision a scenario where a casino’s
slot machines are equipped with technology to identify if a gambler is under the influ-
ence of alcohol. These machines have the capability to lure inebriated players through
the use of flashing lights, exploiting their diminished capacity to perceive manipulations
in payout rates. Nonetheless, the casino employs tactics that circumvent standard test-
ing procedures, creating the illusion of compliance with the legal mandate of a 30%
mainimum payout rate.

In causal inference, our approach involves segmenting the data according to the specific
slot machine that a gambler chooses to play. This acknowledges the relationship between
the player’s choice and the payout rates, which is further complicated by the variable of
mtoxication.

When we apply this refined concept of choice, our analysis reveals that the real payout
percentages hover around 15%.

4.6.3 MDPs with Unobserved Confounders

MDPs provide a foundation for RL by simplifying real-world problems into factors
of states, actions, and rewards. However, this simplification often overlooks complex
interactions, especially with regard to unobserved confounders. To address this, we
turn to an augmented model known as Markov Decision Processes with Unobserved
Confounders (MDPUC) introduced by Zhang and Bareinboim [139]. Please note that
the notation here is consistent with the formulation of a SCM (introduced in Definition
2.7.1) where U are the exogenous variables and V' are the endogenous variables. Fur-
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Figure 4.6: The first table (a) presents a breakdown of the payout probabilities for different
slot machines in a casino, categorised by the gambler’s sobriety level D, the presence of a
flashing light B, and the type of slot machine X. The preferred machines of the gamblers,
influenced by their intention, are marked with asterisks. The second table (b) contrasts the
observed payout probabilities with those under direct intervention on the choice of machines,
highlighting the discrepancy and the failure of simplistic randomisation approaches in un-
covering legal non-compliance in the presence of hidden confounders like the flashing light.
Adapted from source [131].

ther, F' represents the structural equations. We use MDP notation (Definition 3.5.3)
for actions, states, and rewards.

Definition 4.6.2 (MDP with Unobserved Confounders (MDPUC)). Defined as a
Structural Causal Model (SCM) M, a Markov Decision Process with Unobserved Con-
founders encompasses an action domain A, state space S, and a binary reward system

R:

1. The discount factor is denoted by v € [0,1).
2. At any given time-step t, UY) € U represents the unobserved confounder.

3. The set of observed variables at time t is V) = X®O U RO U SO which includes
AW c A, RY € R, and SV € S

4. Structural equations for the observed variables are grouped in F' = {f., fr, fs},
where the nexst state and reward are determined by Xt < f.(s®,u®), R® <«
fr(@® 5O u®) and S® « f, (2D 50D 41,

5. The probability distribution over the unobserved (exzogenous) variables U is given
by P(u).

The prevailing discourse in RL literature predominantly revolves around the concept
of value functions. In this context, we adapt and elaborate on these concepts specifi-
cally for the scenario of MDPUC. This adaptation paves the way for us to seamlessly
integrate and leverage the wealth of existing RL research and theories.

Definition 4.6.3 (Value Functions in MDPUC). For a MDPUC characterised by
M{(v,U,X,Y,S, F, P(u)) and a chosen deterministic policy , we define the state value
function under policy 7 for a state s as:

kv (t+k) t
E Yx([th =n | S()] ‘

In parallel, the function for state-action value is:

t+k)
Z kY((k) (LR =7 | S(t),x(t)] .

Q(s",
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These value functions in RL are typically interpreted as correlating a given state or
state-action pair with the expected cumulative rewards over future time steps. Em-
ploying these definitions enables the derivation of the renowned Bellman equation and
recursive formulas for both state and state-action value functions, as detailed in [64].
This is particularly pertinent in contexts involving unobserved confounders. The foun-
dational basis for these formulations lies in the counterfactual axioms' and the Markov
property, as described in theorem (C.3.1). While the proofs for related theorems are
detailed in the original work by [139], they are not included here for brevity. The reader
is directed to the appendix for a more in-depth discussion of the Markovian properties
in MDPUC contexts.

In their research, Zhang and Bareinboim [139] further refine a counterfactual-aware
MDP algorithm, showcasing its advantages in scenarios sensitive to intentions. This is
expanded by Bareinboim and Pearl [140| to include experimental designs. Forney et al.
[109] take a deeper dive, demonstrating that counterfactual reasoning can circumvent
the pitfalls of naive randomisation when unobserved confounders are involved. Their
approach integrates observational and experimental data for enhanced decision-making,
focusing on estimating counterfactual quantities empirically. They investigate how
combining data from various sources and under different conditions can augment an
RL agent’s learning process. A key insight from their work is the separation of seeing
and doing in data analysis. They introduce a heuristic variant of Thompson Sampling
[141], empirically shown to surpass previous algorithms. This research also extends the
earlier example involving gamblers (Example 10), incorporating the effect of flashing
lights on the slot machines, resulting in a matrix of scenarios combining sobriety and
machine states.

The discussion begins by recognising that interventional measures, denoted as E[Y |
do(X = x)], where X is the variable being intervened upon and Y is the outcome of
interest, can be equivalently expressed in counterfactual terms. In this context, Yyx—,,
or more compactly Y,., represents the counterfactual outcome of Y had X been set to x,
even if this may not have actually occurred. This allows us to express the expectation
of Y given the intervention do(X = x) as the expectation of the counterfactual outcome
Y,:

E[Y,] = E[Yx]. (4.1)

Utilising the law of total probability, we proceed to derive a practical representation:

EY] = E[Y, | &1]P(e1) + - - + E[Y, | 2k Plax). (4.2)

Here, Y, is understood as the outcome Y in the counterfactual world where X is set
to x, and P(xy) is the probability of the intervention X being set to a particular value
xj, within the set of all possible interventions {z1,...,xx}.

! Counterfactual axioms provide a set of principles for causal inference in counterfactual scenarios.
They include consistency, which relates observed outcomes to potential outcomes under the actual
treatment; independence, which asserts the conditional independence of potential outcomes and treat-
ment assignment given covariates; and SUTVA, which assumes no interference between units and a
single version of each treatment.
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The terms in this expression are categorised as interventional, observational, or coun-
terfactual, contingent upon whether x = 2’ or x # 2/, respectively. It is important to
acknowledge that counterfactual quantities are typically not directly observable in em-
pirical settings. Nevertheless, the intentions of agents provide valuable insights into the
decision-making process, potentially uncovering information about hidden confounders.
This aspect was previously discussed in the context of the multi-armed bandit (MAB,
see Appendix B.1) scenario. By strategically incorporating randomisation into the
agents’ intentionality, we can facilitate the computation of counterfactual quantities.
This approach enables the enrichment of observational data with insights gleaned from
interventional data. To maintain focus and brevity in the main body of this thesis, a
detailed exploration of this computational process is presented in the appendix.

4.6.4 Challenges and Solutions in Counterfactual Reasoning within RL

Integrating counterfactual reasoning within RL, particularly in advanced models like
MDPUCs, presents several challenges. One of the foremost challenges is the off-policy
nature of counterfactual evaluations. This arises when the evaluation policy diverges
from the policy currently being followed by the agent.

To address this, one approach is the use of importance sampling. This technique helps
to align the distribution of the collected data with that of the new policy, mitigating
discrepancies and enabling more accurate counterfactual evaluations [142]. Another
method is the twin-network approach, as proposed in [143]. This technique employs two
parallel networks: one to predict the expected reward of the action taken and another to
estimate the potential reward of the counterfactual action. This dual-network structure
allows for a comparative analysis of actual and hypothetical scenarios, enhancing the
agent’s decision-making process. The advancement of these techniques, especially in
counterfactual scenarios, addresses the core of RQ2, examining the extent to which
causal models can improve the sample efficiency and coordination in decentralised
learning tasks.

Counterfactual decision-making stands as a burgeoning area in RL, offering significant
advantages in complex environments where traditional models like MDPs may be in-
adequate. By incorporating augmented models and understanding the role of agent
intent, we pave the way for the development of more resilient and adaptable agents.
These agents are better equipped to make informed decisions in the presence of hidden
variables and biases. Future research should focus on developing reliable methods for
counterfactual evaluation, exploring the impact of agent intent in decision-making pro-
cesses, and investigating the implications of these concepts across diverse applications.

4.7 Generalisability and Robustness

Generalisability and robustness, paramount attributes of human intelligence, enable
sophisticated inference and decision-making, even in novel environments. These quali-
ties are essential for developing competent RL agents, regardless of deep learning’s role
in RL [64].

Definition 4.7.1 (Generalisability (adapted from [48])). An RL agent generalises if
its learnt policy, derived from a source environment, can manage situations or tasks
that deviate from prior experiences.
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Generalisability ties closely to the principle of transfer learning. In this regard, an
agent should utilise prior knowledge and apply it to comparable but distinct domains.
Causal models, especially SCMs, streamline knowledge transfer across environments
with congruent causal architectures [144]. This is evident in various disciplines, with
research delving into the concept of external validity, which is fundamentally a form of
generalisation. Consider a robot, for instance: if it understands the causal processes
involved, training it to pick up boxes would mean it should adeptly handle books.
This exploration of transportability and external validity in the context of causal RL
directly pertains to RQ1. By addressing whether existing RL methods exhibit causal
understanding, we delve into their capacity to generalise and apply learnt policies to
new, varied environments.

Moreover, a prominent notion in RL bolstered by causal inference is transportability.
This ability allows for the transfer of causal knowledge across different domains, akin
to meta-analysis or externally valid studies. The process of transportability becomes
vital for agents to streamline knowledge acquisition, discovery, and learning [145|. For
clarity, consider the following example.

Example 11 (Transportability Between Los Angeles and New York). Imagine a team
of social scientists who have spent years studying the effect of an educational program,
represented by X, on employment outcomes, Y, in Los Angeles. They’ve noticed that
age distribution, Z, acts as a confounding factor, perhaps due to different career op-
portunities available at various life stages. Given the success and insights from their
Los Angeles study, they now wish to predict the same program’s impact in New York.

Howewver, they’re aware of demographic and cultural differences between the two cities.
Specifically, New York might have a different age distribution due to its distinct job
market, cultural appeal, and migration patterns. Therefore, transferring knowledge
gained from Los Angeles to New York is not straightforward.

Formally, consider the situation where we aim to utilise the knowledge from the Los
Angeles experiments to make analogous predictions in New York. Let’s denote the
distribution in Los Angeles as P(y | do(z)). Our objective is to estimate R = P*(y |
do(x)), which represents the cause/effect relationship under a distinct age distribution
in New York.

The mechanism that leads to this age difference across the two populations is termed a
difference generating factor and us graphically represented by B, as depicted in Figure
4.7. This factor arises due to a set of selection variables, denoted as S. Consequently,
we have a causal link described as S — Z.

The relationship between the distributions can be encapsulated using the transport for-
mula:

R=Y P(y|do(x),2)P"(z)
=Y P(y | do(x), z) P*(2) (4.3)

This elegant formula suggests that we can approrimate R, an interventional measure,
using a drop in observational distribution P*(z | do(x),z). FEssentially, this serves
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to adjust the weight of observations based on the interventional effect observed in a
separate domain.

Figure 4.7: A Causal DAG is employed to depict the interconnections among variables X,
Y, and Z in the context of social science experiments conducted in Los Angeles. In this graph,
the symbol B signifies the factor responsible for generating differences, influenced by selection
variables S. These variables account for the variations in age distributions observed between
the populations of Los Angeles and New York.

4.7.1 Robustness: Standing Steadfast Amidst Uncertainty

Definition 4.7.2 (Robustness). An RL agent exhibits robustness if it sustains its per-
formance despite uncertainties, model inaccuracies, and possible adversarial distur-
bances. This trait is also termed local generalisation by, for example, Chollet [}8].

Causal models improve an agent’s robustness by enabling it to foresee uncertainties.
For example, a causally-informed autonomous car would modify its driving approach
during heavy rain, comprehending the causal outcomes of slippery surfaces.

This study posits the following hypothesis, informed by existing literature and logical
deduction. This could, for example, suggest a promising direction for future empirical
and theoretical research.

Hypothesis 4.7.1. An RL agent with a grasp on causality is inclined to be both gen-
eralisable and robust. This hypothesis draws on the discussion in the preceding text, as
well as the associated references, to highlight the potential of causal understanding in
enhancing the adaptability and resilience of RL agents across uncertain conditions.

Additionally, transferring knowledge links well to the big data amalgamation. Merg-
ing diverse datasets, gathered under varied conditions without significant bias, is
quintessential for reinforcing an agent’s capacity to learn in assorted scenarios. This
perspective is further considered in Bareinboim and Pearl [140], which scrutinise data
fusion through a causal lens, and [146|, discussing the extremities of identifiability and
randomisation in discerning cause-effect relationships.

Domain Adaptation in RL:  Dyaining — Dresting-

Developing a generalised transport formula is a nuanced task. At its core, the challenge
revolves around establishing the completeness of the do-calculus: Can the operations of
do-calculus consistently identify such a transport formula? It’s imperative to remember
that causal models and their resulting diagrams define relationships within a specific
domain.
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The challenge of developing a generalised transport formula and the intricacies of do-
main adaptation in RL resonate with our RQ2: Does a causal model improve the
sample efficiency and/or coordination of learning agents.

To assist with this challenge, selection diagrams emerged. They visually capture the
overlapping causal relationships and the distinct factors that differentiate various causal
systems.

Definition 4.7.3 (Selection Diagrams [145]). Consider a set of two SCMs, denoted
as (M, M*), where (,) signifies an ordered pair and the first and second elements are
SCMs representing domains (w, ) respectively, and sharing a common causal diagram
G. The ordered pair notation indicates that the models are to be considered together, in
the sequence given. These SCMs generate a selection diagram D under the following
conditions:

1. All edges found in G are replicated in D.

2. An additional edge S; — V; is incorporated into D in instances where disparities
are observed between M and M*, signified by either a variation in functions
— fi # fF — or a difference in the probability distributions of the unobserved
variables—P(U;) # P*(U;).

These S variables in selection diagrams spotlight the mechanisms where the underlying
structural differences manifest between models from disparate domains. Recognising
these shared structural elements is foundational to our understanding of knowledge
transfer across domains.

n
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Figure 4.8: Figures (a) to (f) illustrate transportability concepts in causal selection diagrams,
emphasising the significance of unobserved confounders. Figure (a) showcases transportability
of R = P*(y | do(z)) that’s efficiently addressed by re-weighting the variable influenced by
the difference-generating factor, symbolised by S — Z. Figure (b) represents a scenario where
it’s impossible to transfer a causal relationship between domains due to the indeterminacy of
the causal effect, even with randomisation on X, because of unidentified confounders (UC).
Figures (c¢) and (d) depict situations necessitating interventional data on Z; in 7 and Zs
in my for transportability, but not when combined. Meanwhile, figures (e) and (f) illustrate
cases where transportability is feasible exclusively within the integrated domain. Adapted
from [145].

4.8 Causal Imitation Learning
Bareinboim [107]’s development of the causal RL framework concludes with the explo-
ration of causal imitation learning. This intriguing area dives into imitation learning,

where the objective is to glean insights from expert demonstrations. The integration
of inverse RL in imitation learning, as investigated by Abbeel and Ng [147], brings us
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back to the crux of RQ1: Do existing RL methods demonstrate a causal understand-
ing? Investigating how causal inference can be embedded within imitation learning
frameworks is key to answering this question.

Abbeel and Ng [147] examined how inverse RL (IRL) can be integrated into imita-
tion learning. The essence of IRL lies in deriving a reward function that accentuates
trajectories exhibited by experts. This stands in contrast to behaviour cloning, an-
other prevalent imitation learning strategy. Here, an agent attempts to emulate the
expert’s policy directly. While both approaches have their merits, they both assume
that the expert’s actions are transparently accessible to the imitator. To address this,
the authors present a novel methodology, where a graphical criterion is established to
determine when imitation is possible. This determines the feasibility of imitation learn-
ing, considering observational data and inherent causal information [148]. In addition,
they provide an algorithm to deduce an imitation policy in situations where the set
criterion is not met.

Definition 4.8.1 (Partially Observable SCM [148]). A Partially Observable Structural
Causal Model (POSCM) consists of an SCM M, a set of observed endogenous variables
O, and a set of latent endogenous variables L. The union of O and L encompasses all
endogenous variables in the model.

Our focus is on evaluating the effectiveness of a specific intervention, represented by
X € 0. Considering that the rewards are latent, we aim to identify a policy 7 that
yields an expected reward, E[Y | do(w)], exceeding a predetermined threshold 7.

The identifiability of P(y | do(7)) hinges on certain conditions pertaining to exogenous
variables, allowing its unique computation from observational data and the POSCM,
M. Specifically, the outcomes should be discernible from the observations of expert
behaviour in imitation learning scenarios. Nonetheless, if the reward Y is latent,
P(y | do(m)) remains unidentifiable without supplemental data to shape an effective
imitation policy [148].

When drawing from expert demonstrations, the issue of non-identifiability is dimin-
ished. The concept of imitability is thus introduced to describe the replication of a

reward distribution P(y) based on a pre-established policy within a given policy space
and a specific POSCM.

Definition 4.8.2 (Imitation Backdoor [148]). In a causal system G with a defined
policy space 11, a set Z satisfies the imitation backdoor criterion (i-backdoor) relative
to (G,I1) if it is a subset of the parents of Il and ensures that Y is conditionally
independent of X after removing X ’s outgoing edges and considering Z .

The i-backdoor criterion offers perspectives on the practicality of imitating experts
in cases where rewards are not directly observable. The subsequent theorem further
clarifies this point.

Theorem 4.8.1 (Imitation by Backdoor [148]). In a causal framework represented by
diagram G and policy space 11, the reward distribution P(y) is imitable within (G,1I)
given the existence of a suitable i-backdoor set Z. The corresponding policy can be
formulated as 7(z | pa(Il)) = P(x | z).
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While the i-backdoor criterion is insightful, it is not the only determinant for success-
ful expert imitation. Further complexities in the relationship between variables and
interventions are established through concepts like the imitation surrogate.

Definition 4.8.3 (Imitation Surrogate [149]). For a causal diagram G and a policy
space 11, a selected subset of observations O, referred to as S, constitutes an imitation
surrogate (i-surrogate) in the context of (G, I1) if (Y 1L X | 8)qun holds true. Here, GU
I1 indicates the graph expanded by directed edges from Pa(Il) to X, with X representing
the newly added parent of X.

The investigation of i-surrogates and i-backdoors by Zhang et al. provides valuable
insights into the prerequisites for policy imitation. Nevertheless, fully capturing all
decision-influencing factors in real-world situations remains challenging, making causal
imitation learning an ever-evolving field. The pursuit of advancement in this area is a
key focus among researchers, given its significant implications for the development of
robust and human-aligned artificial intelligence.

The evolution of causal imitation learning and its implications for the development of
ATl align with the central theme of RQ2. It probes into the efficiency and coordina-
tion enhancements that causal models can bring to RL agents, especially in complex
imitation scenarios.

4.9 Causal Structure Learning and RL

RL empowers agents to devise strategies through interaction with their environments.
A fundamental challenge in RL is discerning real cause-and-effect relationships from
those confounded by external factors. Incorrectly identified causal relationships can
lead to ineffective strategies, particularly in novel situations [150]. This section consid-
ers the intricacies of learning causal structures within RL.

Deep RL has demonstrated efficacy in complex environments. However, its “black box”
nature often obscures the learning mechanisms, presenting challenges in causal under-
standing [151]. Integrating causal knowledge with RL promises to yield agents capable
of making decisions that are robust against confounding factors, yet this integration is
computationally demanding, as detailed in Section 2.11.

The integration of causal knowledge into RL, especially in deciphering cause-and-effect
relationships, directly addresses RQ1. It questions the current capabilities of RL
methods in terms of their causal understanding and the effectiveness of their decision-
making processes.

The task of understanding causal relationships has been extensively discussed in both
ML and social sciences [152, 153]. Significant progress has been made with algorithms
like IC, PC, and GES, which facilitate causal structure identification from observed
data, albeit with assumptions such as causal sufficiency. A notable advancement is
the algorithm by Kocaoglu et al. [149], which delineates causal graphs and identifies
hidden variables with minimal interventions.

RL’s potential to expedite the discovery of causal relationships is an area ripe for
exploration [154]. RL agents could discern true causal connections from mere corre-
lations, addressing challenges inherent in traditional causal discovery methods. This
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synergy between RL and causal inference could lead to a more profound understanding
of complex systems.

Kocaoglu et al. [149] enhanced causal discovery by devising an algorithm that identifies
any causal graph and determines latent variables with a limited number of interven-
tions. This algorithm operates in three phases: identifying the transitive closure of
the observable graph, reducing it to highlight key causal edges, and using conditional
independence tests to reveal latent variables. This methodology represents a significant
step in causal structure learning, combining computational efficiency with probabilistic
rigor.

The potential role of RL in facilitating causal discovery, as discussed, relates to RQ2.
It highlights how causal models, augmented with RL techniques, could improve the
sample efficiency and coordination of learning agents in discovering complex causal
structures.

Given the detailed nature of this algorithm and its specific stages, a comprehensive
exposition is provided in the appendix for interested readers. This relocation allows
the main text to maintain focus on the broader implications of integrating causality
with RL, aligning with the thesis’s primary argument.

4.10 From Single-Agent to Multi-Agent Realities

Transitioning from the exploration of causal structure learning in RL, we now shift our
focus to a broader related domain: multi-agent systems (MAS). This shift is crucial, as
the real-world applicability of RL often transcends the confines of single-agent scenar-
ios, venturing into the complex dynamics of multi-agent interactions. The principles of
causality and learning, discussed in the context of single-agent models, face new chal-
lenges in the context of MAS. This shift to a more complex, multi-agent framework
underlines the core of our RQ1: Do existing RL methods exhibit causal understand-
ing? In terms of MAS, the need for robust causal comprehension becomes even more
critical to navigate the intricate dynamics of agent interactions.

In the traditional RL framework, the focus is typically on a solitary agent learning
to optimise actions to maximise cumulative rewards over time. However, this single-
agent model simplifies the complexities inherent in many real-world situations, where
multiple agents interact simultaneously. In reality, the world functions as a multi-agent
system.

Humans, for instance, do not exist in isolation. They continuously interact with other
humans, animals, and systems, all of which can be viewed as agents. This multi-
agent perspective extends beyond cases with distinct individual entities. Consider, for
example, a multi-cellular organism: while perceived as a single entity, it comprises
numerous individual cells. These cells, or sub-agents, pursue their specific objectives
(such as reproduction or energy acquisition) while collectively contributing to the or-
ganism’s overall survival and propagation. This cooperation among sub-agents mirrors
the dynamics within MAS.

When applying these concepts to RL, mastering an environment means understanding
and navigating through these multi-agent systems. The presence of multiple agents,
each with its own goals and learning mechanisms, introduces complexities absent in

85



Chapter 4. Causal Reinforcement Learning

single-agent scenarios. This chapter will discuss these complexities, particularly focus-
ing on integrating causality in MAS, drawing on Pearl’s graphical formulation.

Example 12 (Robotic Soccer). Consider a robotic soccer game where multiple robots
interact on the field, each performing distinct actions like kicking, passing, or blocking.
In such a setting, the joint state-action space expands exponentially. Employing causal
discovery methods, as discussed earlier, could aid in discerning the causal relation-
ships between actions, helping each robot attribute outcomes to specific actions amidst
the chaos of other agents. For instance, as one robot improves its passing skill, an-
other robot’s interception strateqy might need updating. Through causal models, robots
can track environmental changes and adjust their strategies in response to their peers’
evolving tactics.

Moreover, a robot must make strategic decisions like whether to pass the ball or attempt
a goal. By applying causal reasoning, informed by Pearl’s work on SCMs, an agent
can contemplate counterfactual scenarios: “If I pass the ball, what are the chances
of teammate X scoring a goal?” This level of sophisticated behaviour likely requires
understanding and predicting others’ actions based on their mental states.

Imagine now, this robotic soccer team is introduced to a new field or faces unfamiliar
opponents. Identifying which aspects of their policy depended on the specificities of
the previous environment becomes critical. We posit that agentic causal understanding
would allow agents to distinguish transferable knowledge from context-specific strategies,
adapting their actions to better suit the new environment.

In light of this backdrop, a pertinent question arises: How can we effectively transition
towards a causal multi-agent formulation? The subsequent sections aim to address this,
exploring the methodologies and implications of integrating causal reasoning within
multi-agent environments.

4.10.1 Toward a Causal Formulation of MARL

In the previous chapter, we explored how SCMs apply to single-agent causal RL. Mov-
ing to the multi-agent setting introduces new complexities. Here, each agent operates
under its own policy, creating a non-stationary environment with dynamics affected
by various agents’ strategies. This necessitates a sophisticated approach, potentially
incorporating counterfactual reasoning to analyse causal interactions.

In environments populated by multiple agents, each with its own policy and objectives,
non-stationarity is common. The dynamics of the environment are affected not only
by individual agents’ actions and environmental randomness but also by the changing
strategies of other agents. For example, consider two agents in a shared grid-world. If
Agent A notices a change, it’s important to determine whether this is due to Agent
B’s actions or an external factor. Counterfactual reasoning helps here: it allows agents
to consider scenarios like, ‘If Agent B had not taken action X, would this change still
have occurred?’

This approach is especially useful in environments where agents have limited informa-
tion. With only a partial view of the world, agents need to distinguish changes caused
by hidden environmental factors from those due to other agents’ strategies. This relates
to the ‘theory of mind,” where understanding and predicting others’ intentions and be-
liefs is key to forming effective strategies. Counterfactual reasoning enables agents to
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model their peers’ behaviour and intentions, helping them anticipate actions and adapt
their strategies.

Therefore, we suggest that a Multi-Agent Causal Model (MACM) could be as impactful
in MARL as causal perspectives have been in single-agent RL. MACM provides a
framework for agents to understand not only their own actions and effects but also
the complex interactions between multiple agents. We define this concept in Definition
4.10.2. Our investigation into this area, though ambitious, was more focused. The
methods and results of this investigation are detailed in Section 5.1.

4.10.2 Bayesian Perspectives and Factored Models

The shift from causal RL to multi-agent systems brings us to the Bayesian approach.
Historically, Bayesian methods have been key in developing our understanding of
decision-making under uncertainty. These methods have laid the groundwork for the
causal theories that are now central to RL.

Bayesian methods are particularly useful in multi-agent settings where agents often
have limited information. They provide a way to think about how agents interact,
forming a basis for later developing causal models. In environments where agents do not
fully know the strategies or intentions of others, Bayesian models help in managing this
uncertainty [155]. The complexity of multi-agent decision-making has led to the use of
more manageable models like factored Dec-POMDPs [156]. These models simplify the
problem by dividing the state and action spaces into smaller parts, making calculations
more efficient.

In this context, Bayesian games have become a useful framework. They model situa-
tions where each agent makes decisions based on their beliefs about other agents and
their observed actions. This concept of making strategic decisions with incomplete
information is a precursor to the more complex causal models in multi-agent systems.

Definition 4.10.1 (Bayesian Game). A Bayesian game is described as a tuple (N, T, A, u, ),
where:

o N is the set of players.

o T is the set of potential types for each player.

A includes the actions players can take.

u s the utility function, based on an agent’s type and actions.
o 7 describes the probability distribution over types.

Example 13 (The Lemon Car Game). Imagine a used car market with two types of
cars: good cars termed as “cherries” and bad cars termed as “lemons”. Sellers are aware
of their car’s type, but buyers can’t distinguish between them by mere inspection.

Players N: Two players: Seller (S) and Buyer (B).

Types T: S has types Ts = {lemon, cherry}.
B has types T = {believes _lemon, believes cherry}.
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Actions A: S can either sell or not_ sell.
B can either buy or not_ buy.

Utilities u: S prefers to sell if car is a “lemon” and may not sell a “cherry” if the price
18 low.
B will decide based on their belief about the car’s type and the offered price.

Beliefs m: S knows the distribution: mg(lemon) = 0.6, wg(cherry) = 0.4.
B believes based on past experiences: mwp(believes lemon) = 0.7,
mg(believes cherry) = 0.3.

The game showcases strategic decisions made under conditions of asymmetric infor-
mation. If buyers predominantly believe cars in the market are lemons, they might
offer a price only lemons are worth, leading sellers of cherries to exit the market—a
phenomenon known as “adverse selection’.

Moving from Bayesian games to factored models in multi-agent systems, like factored
MDPs and Dec-POMDPs, marks a shift from basic agent interaction understanding
to tackling more complex environments. Bayesian methods have built the foundation,
but causal frameworks go deeper into understanding agent interactions. The next
section on Multi-Agent Causal Models will show how causal thinking adds depth to
our understanding of these interactions in multi-agent environments. The integration
of Bayesian approaches with causal models in MAS settings highlights both RQ1 and
RQ2. It questions the extent to which RL methods, enriched with causal Bayesian
insights, can achieve a deeper understanding (RQ1) and improved coordination and
efficiency (RQ2) in multi-agent domains.

Multi-Agent Causal Models (MACM) MACM serves as a robust framework
for decentralised systems. It emphasises interactions via shared and private variables,
as depicted in Figure 4.9. By focusing on causal relationships rather than explicit
learning processes, MACMs hold promise for counterfactual reasoning, intervention
analysis, and understanding emergent behaviours in MAS.

Definition 4.10.2 (Multi-Agent Causal Models). A MACM encompasses n agents,
each characterised by a semi-Markovian model M; = (Va,, Gar,, P(Var,), Kar,), where
i€ {l,...,n}. In this definition:

o Vi, demarcates the model variables for agent i.
o Gy, stands for its causal DAG.
o P(Viy,) specifies the joint probability distribution over the variables.

o Ky, highlights variables shared with other agents.

Example 14 (Pollution Control in Two Cities). Consider two neighbouring cities,
City A and City B, as illustrated in Figure /.9. Both cities are industrialised, and
their factories contribute to the pollution in the atmosphere. City A has the capability
to invest in cleaner technology for its factories, while City B can introduce stricter
requlations. Both interventions can reduce pollution. The goal for both cities is to
ensure a minimal pollution level for the benefit of their citizens.
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Shared Pollution Level

City A Q City B

Invest Tech A Regulation B

Pollution A Q Q Pollution B

Figure 4.9: A causal DAG with Venn diagram illustrating the relationship between City A
and City B in terms of pollution control interventions and their effects. The shared pollution
level captures the interdependencies between the two cities.

Agents: Two agents: City A (M,) and City B (M,).

Model Variables: Vj;, = {Invest Tech A, Pollution A}.
Vi, = { Regulation_ B, Pollution_ B}.

Causal DAGs: For City A, if Invest Tech A increases (representing more invest-
ment in clean technology), Pollution A decreases.
For City B, if Regulation_ B s stricter, Pollution B decreases.

Joint Probability Distributions: P(V)y,) represents the joint probability distribu-
tion of Invest Tech A and Pollution_A.
P (Vi) depicts the joint probability distribution of Regulation B and Pollution_ B.

Shared Variables: K);, = {Shared_Pollution_Level} - the pollution level affecting
City A due to City B’s activities. This shared pollution level can be seen at the
intersection of the two cities in the Venn diagram.

Ky, = {Shared_ Pollution_ Level} - the pollution level affecting City B due to
City A’s activities.

This MACM example highlights how different interventions in one city can influence
pollution levels in the neighbouring city. It highlights the significance of understand-
ing causal relationships in decentralised systems, especially when interventions in one
system can have far-reaching impacts on others.

4.10.3 Causality in MAS

Exploring the potential application of causal inference techniques in MAS suggests
agents could gain a deeper understanding of the effects of their actions, not only on
their immediate environment but also on other agents. While promising, this appli-
cation of SCMs and Pearl’s do-calculus in MAS remains theoretical and speculative.
Current research in causal inference provides foundational concepts that could inform
this exploration, although its practical realisation in MAS is an emerging area of study
[157].
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The interdependent nature of MAS, characterised by continuous agent interactions,
highlights the value of causal inference. This approach could clarify complex dynam-
ics that are not immediately apparent. For instance, the use of RL in single-agent
scenarios has been effective for learning from interventional information [154|. This
raises a question related to RQ1: can RL’s efficiency in single-agent domains extend
to uncovering and understanding causal structures in MAS? Such an extension could
be groundbreaking, allowing for collaborative learning and adaptation among agents.

Envision a scenario where agents in a MARL setup collaboratively learn the causal
dynamics of their environment. They would adapt their models based on both personal
experiences and observations of other agents’ actions, similar to jointly solving a puzzle.
This collaborative process represents an innovative direction in MAS research, blending
MARL with causal discovery. While algorithms for identifying MACMs exist [98], their
integration with MARL is still in its infancy and presents an exciting area for future
research.

Integrating Bayesian methods and factored models with MARL and causal inference
could offer more immediate benefits. Bayesian methods, known for their robust prob-
abilistic reasoning, can help manage uncertainty in the causal discovery process. Fac-
tored models simplify the learning process by breaking down complex environments
into more manageable components. Combining these approaches with MARL and
causal inference suggests a novel pathway for understanding MAS, albeit one that
requires further exploration and empirical validation. This novel pathway for under-
standing MAS, while still requiring exploration, directly relates to RQ2: How can a
causal model improve the sample efficiency and/or coordination of learning agents in
multi-agent environments?

4.10.4 The Landscape of Multi-Agent Systems and MARL

The study of MAS encompasses a wide range of research areas that have evolved over
decades. In this thesis, as we consider MARL, it is crucial to position our discussion
within this broader MAS context to appreciate its full scope and identify areas where
MARL intersects with other MAS themes.

Themes in MAS such as communication protocols, agent architectures, and coordi-
nation mechanisms have significant implications for MARL. Table 4.1 summarises
these intersections, highlighting how established MAS concepts can inform and en-
hance MARL strategies. For example, leveraging communication protocols in MARL
could improve agent coordination and learning efficiency. Similarly, understanding dis-
tributed problem-solving and constraint reasoning in traditional MAS settings could
provide insights into optimising MARL approaches.

The interplay between traditional MAS research and MARL offers fertile ground for
future exploration. MARL, with its focus on algorithmic learning and optimisation,
gains context and depth when considered within the broader framework of MAS. This
convergence of MAS and MARL themes, in relation to RQ1 and RQ2, showcases the
potential of causal understanding and its role in enhancing coordination and efficiency
within MAS.
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Table 4.1: Interplay Between MAS Themes and MARL

MAS Theme

Relation to MARL

Communication Protocols

Agent Architectures

Negotiations and Auctions

Coordination & Cooperation

Distributed Problem Solving

Constraint Reasoning

Swarm Intelligence

Robustness & Fault Tolerance

Environment Modelling

Agent-to-agent communication modelled as an aux-
iliary task, enhancing learning and coordination.

Leveraging architectures like BDI to guide the
exploration-exploitation trade-off in MARL.

MARL benefiting from mechanisms by learning op-
timal bidding or negotiation strategies.

MARL providing a framework where agents learn
to cooperate or compete in dynamic environments.

Agents in MARL learning complementary strategies
to solve sub-components of larger challenges.

MARL employed to dynamically learn constraints,
adjusting agent behaviours accordingly.

Simple rules for emergent behaviours - global objec-
tives are met via local interactions.

Agents in MARL trained to adjust strategies dy-
namically in the face of agent failures.

Agents in MARL learn and adapt to environmental
nuances, capturing agent-environment dynamics.

4.11 Conclusion

This comprehensive literature outlined in this chapter has provided insights into the
current state of research at the intersection of causality and RL. This review has con-
tributed to identifying key challenges and emerging solutions within the field. The
findings emphasise the role of causal methodologies in advancing RL, highlighting their
potential to address issues such as generalisation, sample efficiency, and multi-agent

coordination.

Key takeaways from the review include:

e Graphical Representations and Counterfactual Reasoning: These have
been identified as essential tools for integrating causality into RL. Their applica-
tion could lead to a better understanding and enhanced performance in complex

environments.

e Research Direction and Clarity: The review revealed some ambiguity in the
research community’s objectives regarding the role of causality in RL. There is a
need for clearer goals: whether the aim is to use causality to improve RL or to
use RL as a means to deepen causal understanding.

e Future Research Potential: The merging of causality with RL, particularly
in developing causal model-based methods, offers significant opportunities. Fo-
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cusing on the causal aspects of RL methods could advance the development of
sophisticated agents and improve learning efficiency.

e Untapped Avenues: Certain ideas from the early stages of this research remain
underexplored. While not the primary focus of this study, these topics have
shaped our overall research approach and offer potential for future exploration.

These findings underscore the importance of causal methodologies in addressing two
of three research questions — specifically RQ1 and RQ2. The findings highlight how
causal thinking can enhance RL, particularly in addressing challenges like generalisa-
tion, sample efficiency, and coordination in multi-agent settings.

The next chapter will investigate causal multi-agent RL. We will apply the knowledge
gained from the literature review to examine focused studies in this area. Additionally,
we introduce and investigate potential biases that arise in cases where learnt causal
models are applied in practice, particularly concerning fairness in ML applications.
This discussion is important as it emphasises the need to balance advanced technical
approaches with ethical considerations.
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Methodology and Results

This chapter presents the research methodology and integrates key results where rel-
evant. It focuses on an extensive literature review and theoretical development, pre-
senting results alongside the methodology for coherence.

Section 5.2 outlines the methodology and outcomes of a specific investigation. While
not all avenues are detailed, two areas are emphasised: (1) the literature review and
theoretical investigations, and (2) the analysis of induced disparities in subgroups dur-
ing causal discovery. The latter, empirical and practical, addresses RQ3 - Can applying
a learned causal model in causal inference lead to disparate impacts on sensitive sub-
groups?. Methodology and results are co-presented under structured subheadings.

Following the literature review in Chapter 4, this chapter focuses on two main studies:
(1) enhancing Multi-Agent Reinforcement Learning with causal inference, and (2) using
causality to address disparate impacts.

The first study explores combining causal inference with causal RL in Multi-Agent
RL, examining potential enhancements. The second investigates causality in reducing
disparate impacts, especially in algorithmic decision-making where causal models are
learned. These areas were chosen for their relevance and potential impact on the thesis’s
overarching theme. They build upon foundational concepts from the previous chapter,
leading to an in-depth exploration of causality and RL.

5.1 Enhancing Multi-Agent RL with Causal Inference

This section considers how causal inference principles can enhance methods and models
in Multi-Agent Reinforcement Learning (MARL). The findings of this exploration were
published in Grimbly et al. [2].

5.1.1 Methodological Foundations

The core of this research involved extending ideas presented in the extended literature
review on causal RL (Chapter 4) to the multi-agent RL setting. This integration intro-
duced theoretical enhancements to the conventional Markov Decision Process (MDP)
formulation in several ways:

e Data Fusion: Our exploration into data fusion centered on explicating assump-
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tions about the data-generating system and discerning causal relationships be-
tween key variables. This approach is based on the premise that understanding
these relationships enables the merging of datasets collected under diverse condi-
tions and policies. This concept aligns with the research by Marcellesi [158] and
Bareinboim and Pearl [159], who have demonstrated methods and theoretical
frameworks for effective data fusion in causal inference.

e Off-Policy and Offline Learning: The integration of causal inference tools
into RL has been particularly effective in off-policy and offline learning scenar-
ios. These tools provide mechanisms for bias correction when learning from pre-
existing datasets, thereby enhancing the scalability of RL. This aligns with the
findings of Levine et al. [124] and the instrumental variables approach to causal-
ity discussed by Becker [160], both of which are important for understanding and
addressing biases in RL.

e Counterfactual Reasoning: We investigated the application of counterfactual
reasoning to improve the data-efficiency of RL algorithms. This involves the
interrogation of ‘what-if’ scenarios, which is crucial in contexts where actions are
costly or risky. Our approach is informed by the work of Bareinboim et al. [131]
who emphasise the value of counterfactual reasoning in RL and explore this in
the context of decision-making under uncertainty.

e Causal Learning: A significant part of our methodology involved discussing
causal structure discovery from data, particularly methods that test for condi-
tional independence, along with considering factors like time and noise. This
aspect of causal learning is supported by the works of Glymour et al. [161],
which provide foundational methods in causal discovery, and Lowe et al. [162],
who focus on the specifics of discovering causal relationships in time-series data.

This investigation addresses RQ1: How can causal inference principles enhance RL
methods and models? and RQ2: What are the implications of integrating causality
into RL?. FExtending these concepts to multi-agent RL, we seek to uncover insights
and methodologies to improve RL in dynamic environments.

5.1.2 Application to MARL and Results

Focusing on the application in MARL, a key methodological development was the artic-
ulation of a Decentralised partially observable Markov decision process (Dec-POMDP)
as a multi-agent causal model (MACM).

Two-Agent Scenario with SCMs: In a two-agent setup under the MACM frame-
work, the trajectories of state, observation, and action were conceptualised as struc-
tural assignments in a causal context. This perspective led to the development of two
separate SCMs, each representing one of the agents. This approach was useful for clar-
ifying the interactions and commonalities between the agents. A key observation was
that both agents interacted with the same environment, sharing a global state and a
history of state-action trajectories. While this interpretation closely mirrors the SCM-
based understanding of Dec-POMDP, our MACM methodology distinctively handled
the shared aspects of agent variables, a feature not typically addressed in standard
SCM frameworks. This subtle difference was particularly beneficial in situations where
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the agents’ behaviours diverged from the typical Dec-POMDP model, especially in en-
vironments where agents collaboratively strive for optimal results without a common
reward structure. In these instances, MACMSs served as a ‘causal wrapper,” providing
a structured way to capture the dynamics of multi-agent interactions more comprehen-
sively.
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Figure 5.1: Illustration of a network of four intersections, denoted as {1, ..., I4}, conceptu-

alised as individual agents. The primary objective of these agents is to optimise overall traffic
flow by managing their respective traffic lights, with their decision-making process based solely
on the traffic data from surrounding roads. Optimal viewing in colour.

Expanding to General Cooperative Scenarios: The versatility of MACM was
further tested in more complex cooperative scenarios, such as systems of interconnected
intersections (Figure 5.1). Here, observations were shared among subsets of agents,
demonstrating the flexibility of the MACM approach.

(a)
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(b)
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Figure 5.2: This schematic presents a dual-agent system for sequential decision-making,
interpreted through a MACM framework. Rectangles in the diagram symbolise endogenous
variables linked to their causal assignments, while exogenous variables are shown as circles.
Dotted lines indicate the presence of noise variables. In this framework, parts (a) and (c)
represent the individual POMDPs of the agents, structured as Bayesian causal networks
with explicit inclusion of noise variables. The global state is denoted by .5, individual agent
observations by O, combined historical data (encompassing past observations, actions, or
rewards, subject to the specific scenario) by H, and the agents’ actions by A. Agents and
noise variables are denoted by superscripts and U, respectively. Segment (b) demonstrates
the interconnected areas of the POMDPs. While this diagram is specific to an MACM, the
model can also be applied to broader MARL scenarios.

Findings: The methodological innovations in this investigation revealed significant
potential for causal inference to augment MARL models and methods. Notably, the
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‘causal wrapper’ provided by MACMs offered a structured way to model agent inter-
actions and shared components in various scenarios. This advancement has opened
new avenues for advancing MARL frameworks, particularly in settings where agents
collaborate without a shared reward, diverging from traditional Dec-POMDP models.

The development of MACM and its application in various scenarios demonstrate prac-
tical advancements in answering RQ1 and RQ2. These findings illustrate the potential
of causal inference to enhance MARL, offering structured models that capture the dy-
namics of agent interactions and shared components, crucial for effective multi-agent
coordination and decision-making.

5.1.3 Conclusion

This investigation highlighted the potential impact of causal inference and causal dis-
covery methods in MARL, especially in the context of reformulating Dec-POMDPs
as MACMs. By introducing structured and explicit modeling of agent and environ-
ment interactions, MACMs offer a potential for significant advancements in the field
of MARL.

5.2 Causality for Addressing Disparate Impacts

In an era increasingly dominated by data-driven decision-making, the ethical ramifi-
cations of ML models, especially regarding their impact on marginalised communities,
have become a focal point of scholarly attention. Aligning with the methodology and
results theme of this chapter, this section considers the application of causal inference
methodologies in ML to address fairness and bias issues. As discussed in Section 2,
causal methods are instrumental in identifying and mitigating biases in ML applica-
tions [163-166]. Leveraging pre-existing domain knowledge is fundamental to these
methods, providing the necessary groundwork for developing causal models that help
rectify biases in data-driven systems.

When domain knowledge is sparse, causal discovery techniques become essential. These
methods are designed to extract causal structures directly from data, supplementing
limited domain expertise [167-169]. This approach informed our investigation into
RQ3 - Can learning a causal model and applying it for applied causal inference lead to
disparate impacts on sensitive subgroups?

Our methodology, detailed in this section, aims to be comprehensive and self-contained,
reflecting a distinct sub-investigation within the broader scope of this MSc thesis. It
encompasses both an exploration of the problem and an evaluation of model fairness,
employing quantitative and qualitative methods to assess potential biases in fields
such as education and criminal justice. The significance of this evaluation is amplified
by the extensive discussion surrounding model fairness and bias in existing literature
[170, 171]. Subsequent sections will expound on the specific methods and analytical
techniques utilised in our research, illustrating their role in mitigating disparate impacts
and fostering equitable outcomes in algorithmic decision-making.

In addressing these biases, a critical aspect is the consideration of sensitive variables,
such as race, gender, and socioeconomic status. These variables often represent the
characteristics of marginalised groups most affected by algorithmic decisions, but one
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can define a variable as sensitive in an abstract setting. In this sense, a sensitive
variable is a variable in the problem setting that has different properties or must be
treated differently. Due to lack of specificity here, practitioners would defer to domain
experts. In our methodological approach, identifying and appropriately handling these
sensitive variables is fundamental to ensuring fairness in causal models.

5.2.1 Problem Setting and Approach

This subsection presents the methodological framework adopted to address RQ3 - Can
learning a causal model and applying it for applied causal inference lead to disparate
impacts on sensitive subgroups? (see Section 1.1). The methodology is grounded in the
ethical imperative to understand and mitigate potential biases against sensitive groups
within ML models.

The approach was developed during an internship focusing on bias and fairness in ML,
under the supervision of Prof. Ferdinando Fioretto at Syracuse University. Central to
our methodological framework was the use of the Causal Discovery Toolbox in R [172]
and specific Python packages [173-175]. These tools were selected for their robustness
in modeling complex causal relationships and their suitability for exploring fairness-
related issues in ML.

In our methodological design, we prioritised graphical causal models to represent the
interactions between variables related to sensitivity and fairness. The choice of these
models was informed by their ability to represent intricate dependencies and their ap-
plicability to real-world scenarios. This choice was also driven by the need to illustrate
how conventional causal models might overlook or misrepresent the dynamics affecting
marginalised groups.

A critical aspect of our methodology involved conceptualising and operationalising
variables within these models. For instance, we introduced a latent sensitive variable
s as an exogenous factor in our DAG, denoted as s € U. This decision was based on
our objective to challenge and investigate the no confounding assumption prevalent
in many structure-learning algorithms (as elaborated in Section 2.11.3). Similarly, we
included an observed sensitive variable m as an endogenous factor, represented by
m € V', to further probe the complexities of sensitivity within causal models.

Example 15 (Why is this important?). To illustrate the application of our methodol-
oqy, consider the example of universities formulating policies to address disparities in
college success.

Imagine that universities are considering implementing new policies that account for
disparities in college success by adjusting for family income, similar to an affirma-
tive action policy. By implementing a policy on a causal graph learnt from the entire
observational dataset, an unfair policy would be justified.

The unfairness of such a policy is highlighted by the disparate graphs learnt between
classes. In Figure 5.3(b) we show an example of a possible learnt graph where all
students are first generation. Here the First Generation (as in 5.3(a)) variable is
mussing because this variable is not recorded in the observational dataset. Note the edge
identified for College Preparedness — College Success. This contrasts with Figure 5.5
(c) where the edge is not identified. This occurs because College Preparedness is not
(or weakly) important for legacy students in this example.
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Figure 5.3: Figure (a) depicts the foundational data structure for college success, highlight-
ing key variables such as education quality and college preparedness. This model serves as a
baseline for understanding the causal dynamics in educational success and forms the basis
for our comparative analysis of bias in different student groups. In this example, education
quality and college preparedness are important predictors of college success, with education
quality also being a causal predictor of college preparedness. An important predictor of col-
lege preparedness is whether or not the student is first generation - the first in their family
to attend college. Further, higher education quality results in higher college preparedness.
The first generation factor also has a causal influence on family income, as college educated
parents are more likely to earn higher salaries.

5.2.2 Fairness Metric

A component of our methodology involves the conceptualisation and application of a
fairness metric. This metric is crucial for evaluating the outcomes of our causal models,
especially in the context of disparate impacts on sensitive subgroups.

The fairness metric in this study is formulated based on the Bayesian Information
Criterion (BIC). The BIC is a standard scoring mechanism in graph learning algorithms
such as GES, providing a quantitative measure of the model’s goodness of fit while
penalising model complexity. Mathematically, BIC is expressed as:

~

BIC = kln(n) — 21In(L) (5.1)

where k represents the number of parameters in the model, n is the sample size, and
L is the maximised value of the likelihood function of the model.

Building upon this, the fairness metric in our study is designed as a bound on the
difference between the BIC of subgroup-specific causal graphs and the BIC of causal
graphs derived from the entire dataset:

Fairness Metric = |BICqubgroup — BIC:otal| (5.2)

Here, BICsypgroup is the BIC value for the causal graph of a specific subgroup, and
BICiota is the BIC value for the causal graph based on the entire dataset.

While the BIC-based fairness metric offers a starting point for evaluating fairness in
causal models, it is important to acknowledge its limitations. Notably, the BIC fairness
metric does not inherently encapsulate causal relationships, making it less ideal for
studies prioritising causal interpretations of fairness. However, its use in this research
serves as an initial step in understanding how fairness metrics can be integrated into
broader fairness assessment and mitigation pipelines.

A more causally-oriented metric, such as the Structural Intervention Distance (SID),
could potentially offer a more nuanced understanding of fairness in causal models.
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Figure 5.4: Data generating DAG structure for 5 variable model. Here the outcome variable
of interest is College Admission, which depends on several other variables. Of particular
interest are the sensitive variables, income and race (shown in red). These are sensitive as we
do not want the outcome to depend on them. We generate data according to three (seemingly)
possible and realistic structures. We show an example of (a) an assumed data structure, (b)
a possible different domain where income is not race dependent, and (c) the structure in (a)
after some policy intervention which ensures education quality is not directly dependent on
income.

SID, which measures an interventional distance between causal structures in terms of
the distributions they induce, could provide a more direct assessment of the fairness
implications of causal relationships. However, the exploration of SID as a fairness
metric represents future work beyond the scope of this study.

In summary, the BIC-based fairness metric used here acts as an initial foray into the
quantification of fairness in causal models. It lays the groundwork for future investi-
gations that could incorporate more causally-aligned metrics, enhancing our ability to
detect and mitigate biases in ML algorithms.

5.2.3 Data Generation

Inspired by the LUCAS dataset [176], which offers plausible yet artificial relationships
between variables, our data generation process aimed to create datasets reflecting de-
fined conditional dependencies. The LUCAS dataset’s structure provided a template
for simulating realistic, yet controlled, variable interactions, critical for exploring the
impact of biases in causal discovery.

5.2.4 Class and Magnitude Imbalancing

Gender, a frequently examined variable in fairness research, was selected for its binary
nature and prevalence as a sensitive variable. Our focus was to understand how class
imbalancing, especially in binary-sensitive variables like gender, affects the discovery of
causal structures. The experimental procedure involved generating and manipulating
datasets to reflect imbalances in gender representation, starting with a base size of
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5000 samples. The steps included:

1. Constructing datasets with balanced gender representation, ensuring 50% repre-
sentation for both male and female categories.

2. After incorporating gender’s influence on other variables, we removed the gender
variable to analyse its indirect effects.

3. Partitioning the dataset into equal male and female samples, creating a balanced
baseline for comparative purposes.

4. Introducing gender imbalances by adjusting male and female sample sizes and
incrementally varying these imbalances.

5. Replicating this process with different random seeds to generate diverse datasets,
simulating multiple training scenarios.

6. Comparing the performance across imbalanced classes to the balanced baseline
and evaluating the accuracy against the known causal DAG.

7. Assessing various algorithms, such as GES, LINGAM, and PC, using metrics like
AU-PRC, SHD, and SID.

This experimental setup aims to shed light on the influence of class imbalancing on
causal discovery, particularly when sensitive variables like gender are considered. The
subsequent section presents the results derived from these procedures, focusing on the
effects of gender imbalances on causal structure identification.

Results

The results section delineates the outcomes from the experimental procedures described
above. We specifically focus on the impact of gender imbalances on causal structure
discovery. Figures 5.7 showcase the results of applying the Greedy-Equivalence Search
(GES) algorithm on the artificially generated dataset, with varying proportions of
male to female imbalances. The graphs learnt under these conditions were compared
against the balanced dataset and evaluated using common metrics such as SHD, SID,

and AUPRC.

5.2.5 Real-World Data

Recognising the limitations of artificial datasets, our study extends to the evaluation
of real-world datasets commonly referenced in fairness and bias literature within ML.
This shift towards actual datasets, like the Adult dataset [177], is crucial to validate our
findings in more complex and less controlled environments. The unknown ground truth
in these datasets necessitated a comparative approach, where graph distance metrics
are evaluated against graphs learnt from balanced datasets.

Results

Similar to our controlled experiments (Figure 5.7), analyses on real-world datasets, such
as the Adult dataset, are conducted to observe the impact of gender imbalances. Here,
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Figure 5.7: Results for running the GES algorithm on the recreated LUCAS dataset with
gender imbalances. Graphs are compared using metrics like SHD, SID, and AUPRC to eval-
uate the effects of imbalancing male and female data on the accuracy of causal structure
discovery.

gender is treated as a latent variable, and findings are compared using common metrics
(Figure 5.10). These results underline the potential effects of gender imbalances on
causal discovery, reinforcing the need for balanced representation in real-world datasets.

5.2.6 Structural Properties

This section focuses on the effects of graph structural properties on disparate impacts,
transcending class and magnitude imbalances. We investigate causal structures with
varying configurations of chains, colliders, and forks, generated from distinct ground
truth causal DAGs. The positioning of a latent sensitive variable within these struc-
tures, particularly in scenarios with unobserved confounding, was a key area of focus.

Many causal discovery algorithms are based on the assumption of no unobserved con-
founding. Testing these algorithms in environments with hidden confounders, though
challenging, mirrors the complexities encountered in real-world data. Our analysis cen-
tres on how the scaling behaviour of BIC fairness varies with the shortest directed path
between the latent sensitive variable S and the outcome variable Y. The hypothesis
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Figure 5.10: Example figure showing sample of results when running common causal dis-
covery algorithms on the Adult dataset, and using common metrics for comparing graphs.

posits that BIC fairness diminishes as S moves closer to Y, due to increased disparity
in subgroup and combined dataset outcomes.

Figure 5.11: Illustrative DAG structures highlighting the importance of structural properties
in causal effect identifiability.

Results

Our exploratory analysis reveals how BIC fairness scaling correlates with DAG struc-
tures. The results from various scenarios, including simple causal chains and con-
figurations with confounders and forks, provide insights into the nuanced ways these
structural elements influence BIC fairness. This exploration is vital for advancing to-
wards algorithmic fairness in complex causal settings, as it unravels the subtle interplay
between graph structure and fairness metrics.

Shortest path in a chain. The objective here was to observe how the length of the
causal chain impacts BIC fairness when a latent sensitive variable directly influences
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Figure 5.14: Experimental structures testing the BIC fairness metric scaling across different

DAG configurations, focusing on the path between latent sensitive variable S and outcome
variable Y.

one observed variable in a simple directed chain without confounders. Figure 5.17
illustrates the results of this exploration. Figure 5.17(a) depicts the scaling of BIC
with chain length, showing how the position of the latent sensitive variable in the
causal chain influences the BIC of the learnt model on both the total dataset and on
one sensitive subgroup. Figure 5.17(b) highlights the BIC fairness, which is further
normalised by the number of samples in the dataset in Figure 5.17(c), displaying how
the normalised BIC fairness varies with the chain length.

Shortest path with a confounder. This section examines the impact of introduc-
ing a confounder in the causal chain on the scaling behaviour of BIC fairness. We
hypothesised that incorporating a confounder would alter the scaling characteristics
when compared to a chain without confounding. In this context, the latent sensi-
tive variable influences two observed variables, thereby serving as a confounder. The
results of this investigation are depicted in Figure 5.20. Specifically, Figure 5.20(a)
demonstrates the BIC scaling with chain length. Notably, Figures 5.20(b) and 5.20(c)
reveal the scaling properties for BIC fairness and normalised BIC fairness, illustrating
a distinct scaling behaviour due to the presence of the confounder.

Multiple causal paths. This section aimed to understand how multiple causal
paths, particularly the inclusion of a fork in the causal chain, influences BIC fair-
ness. In scenarios where the causal structure becomes complex with multiple paths,
the latent sensitive variable acting as a confounder results in an increased number of
causal paths between variables before and after the fork. Figure 5.23 provides a visual
representation of this analysis. Figure 5.23(a) shows the scaling with chain length,
while Figure 5.23(b) and Figure 5.23(c) depict the scaling of BIC fairness and nor-
malised BIC fairness respectively. This scenario portrays a different scaling behaviour,
shedding light on the interplay between multiple causal pathways and BIC fairness.
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Figure 5.17: Results from experiments where a latent sensitive variable directly influences
one observed variable in a simple directed chain (no confounders). In (a) we plot the BIC
of the learnt model on both the total dataset and on one sensitive subgroup. The absolute
difference gives the BIC fairness in (b), which is normalised by the number of samples in the
dataset in (c).

5.2.7 Conclusion

This section has examined the use of causal learning methodologies in ML applica-
tions, primarily to investigate and address bias and fairness issues. We emphasised the
importance of domain knowledge in creating causal models and the relevance of causal
discovery techniques where such knowledge is limited. Our focus was on exploring the
structural and functional properties of learnt causal models and their implications. By
employing graphical causal models, we gained insights into the relationships between
variables and how biases might be mitigated in algorithmic systems.

The implementation of a fairness metric based on the BIC was a notable aspect of our
study, providing an initial framework for fairness evaluation. However, the metric’s
limitations suggest the need for further research into more refined metrics for a deeper
understanding of fairness.

The experiments with class and magnitude imbalances, particularly using gender as
an illustrative variable, highlighted the effects of such imbalances on causal structure
discovery, and by extension, real-world impacts such methods could induce. Addition-
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Figure 5.20: Results from experiments where a latent sensitive variable directly influences
two observed variables in a simple chain. In this case, the latent sensitive variable acts as a
confounder. In (a) we plot the BIC of the learnt model on both the total dataset and on one
sensitive subgroup. The absolute difference gives the BIC fairness in (b), which is normalised
by the number of samples in the dataset in (c). We notice a sharper scaling property as
opposed to the case where the latent variable is not a confounder.

ally, the exploration of graph structures revealed their influence on fairness outcomes
in ML algorithms.

In summary, this investigation highlights the potential of causal inference in ML, but
presents evidence for caution in applying causal discovery techniques as a drop-in re-
placement of prior domain knowledge. This points toward the necessity for ongoing
research in this evolving field.

5.3 Conclusion

This chapter has presented a comprehensive overview of the methodologies employed
in this research, focusing on the intersection of causal inference and RL, as well as an
investigation into fairness, and bias in ML. We began with a detailed exposition of
our data generation process, drawing inspiration from the LUCAS dataset, to create
realistic yet controlled environments for our experiments. The exploration of class and
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Figure 5.23: Results from experiments where a latent sensitive variable directly influences
multiple observed variables in a complex chain. This configuration explores the effects of
multiple paths on BIC fairness metrics. In (a) we plot the BIC of the learnt model on both
the total dataset and on one sensitive subgroup. The absolute difference gives the BIC fairness
in (b), which is normalised by the number of samples in the dataset in (c).

magnitude imbalancing, particularly with respect to the sensitive variable of gender,
laid the groundwork for understanding the complexities involved in causal structure
discovery and its susceptibility to biases.

The application of our methodologies to real-world datasets, such as the Adult dataset,
provided valuable insights into the practical implications of our findings. This transi-
tion from controlled, artificial datasets to real-world data was crucial in validating our
approaches in more complex, less predictable environments. Through this, we high-
lighted the importance of considering balanced representation in datasets to ensure the
reliability and accuracy of causal discovery algorithms.

Further, we looked at the structural properties of graphs, examining how different
configurations of chains, colliders, and forks, as well as the positioning of latent sen-
sitive variables, influence the induced disparate impacts. This exploration not only
contributed to a deeper understanding of the algorithmic behaviour in the presence of
unobserved confounders but also underscored the challenges faced in real-world appli-
cations.
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In summary, the methodologies delineated in this chapter form the backbone of our
research, providing robust frameworks for examining and addressing fairness and bias
in ML. The findings and insights gained from these methodological explorations set
the stage for the subsequent chapters, where we will discuss their implications, and
suggest potential pathways for future research in this vital field.

Throughout this chapter, our methodologies and results have collectively addressed
our foundational research questions. The integration of causal inference in MARL
(Section 5.1) has provided approaches and theoretical insights, contributing to RQ1 and
RQ2. Simultaneously, our examination of causality and disparate impacts of sensitive
subgroups (Section 5.2) has shed light on aspects of fairness and bias in (causal) ML,
addressing RQ3. These investigations demonstrate the broad applicability and impact
of causal inference in both enhancing RL methods and ensuring ethical considerations
in ML algorithms.
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Discussion

This chapter engages in a detailed examination of the interplay between MARL and
causal inference, focusing on the potential biases inherent in causal discovery algo-
rithms, particularly in the context of fairness and bias implications. MARL involves
multiple agents that learn and adapt within a shared environment, which characterises
many of the complexities in real-world systems. The employment of Dec-POMDPs
for modelling MARL problems offers a structured framework for understanding agent
interactions and decision-making processes under uncertainty.

Central to this discussion is the concept of ‘action as intervention’, a perspective that
naturally merges methodologies from causal inference and MARL, and is a key framing
of the argument throughout this thesis. This fusion presents both promising opportu-
nities and significant challenges for future research. The integration of causal inference
within MARL, for instance, paves the way for advanced learning strategies, data fu-
sion, and the exploration of counterfactual scenarios. Conversely, scrutinising biases
from a causal perspective directs attention towards the imperative of fairness in ML
systems. As discussed, one advantage of this approach is that causal models are easily
and intuitively understood by humans, and can thus be refuted given domain exper-
tise, experiments, and even policy decisions. That said, this approach also means that
the causal models themselves must be known, and a danger of learning incorrect and
unfair models appears. Though we argue this is often a good trade-off, much research
remains to be done. This resonates with global demands for research into responsible
and transparent Al technologies.

The subsequent sections of this chapter are dedicated to two main themes. Firstly, the
integration of causal frameworks within MARL is discussed, elucidating the enhance-
ments and benefits they introduce, as detailed in Sections 5.1 and 6.3. Secondly, the
analysis shifts to examining biases in causal discovery algorithms, assessing their dif-
ferential impacts on various subgroups. This examination is aimed at contributing to
the overarching objective of achieving fairness in ML systems, as elaborated in Section
5.2.

This investigation not only endeavours to bridge existing knowledge gaps but also un-
derscores the necessity for further research into validation mechanisms and the devel-
opment of robust tools for assessing the fairness of causal models. This thesis also sets
a foundation for an in-depth exploration of the limitations and ethical considerations

108



Chapter 6. Discussion

for the deployment of (causal) RL methods.

In the following sections, the narrative aims to tackle technical challenges while simulta-
neously engaging with broader academic dialogues in the pertinent fields. A particular
emphasis is placed on the responsible and fair deployment of ML models.

6.1 Dissecting Key Trends

Causal Inference in RL: The combination of causal inference with RL, particularly
through graphical models, has been shown to improve algorithm performance in vari-
ous areas. This approach helps RL models better understand and interact with their
environments. By identifying the causal relationships in these environments, we can
develop RL algorithms that are not only smarter but also more universally applicable.
This trend directly addresses RQ2 and RQ3, demonstrating how causal models can
make RL more efficient and sensitive to different groups in learning tasks.

Counterfactual Reasoning: Introducing counterfactual reasoning to RL has been
effective in improving how algorithms learn from past actions, both in real-time (online)
and from pre-existing data (offline). This approach allows for better evaluation of
different strategies and a deeper understanding of the consequences of actions, which
can lead to better decision-making in RL systems.

Deep and Model-Based RL: Combining deep learning with model-based RL has
opened up new ways to deal with problems involving many variables. This combina-
tion takes advantage of deep learning’s ability to represent multifaceted data and the
strength of causal models in explaining and predicting outcomes, which is particularly
useful in tackling real-world challenges.

Multi-agent RL in Cooperative Environments: Applying causal insights to
multi-agent RL in cooperative settings seems to improve communication and team-
work among agents. This approach could lead to better collective performance, helping
groups of agents to work together more effectively in changing environments.

6.2 Navigating Emerging Trends and Innovative Avenues

During the initial stages of this research, several new concepts emerged that are worth
further exploration:

Learning Causal Paths: Researching how RL agents navigate environments with
changing conditions, like fluctuating mazes, is a promising area. Adding complexities
such as changing weather or the presence of other agents could provide deeper insights
into how RL agents learn and adapt in dynamic situations.

Learning from Peers: This idea looks at how agents in a multi-agent RL setting
can learn from each other through imitation, sharing knowledge, and specialisation.
Understanding the best ways to facilitate this peer learning could be key to improving
how groups of agents work together.

Partial Model Learning and Merging: In multi-agent scenarios, developing partial
models that are causally accurate could help integrate knowledge from different agents
without causing conflicts. Researching how to effectively create and merge these models
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could be valuable for advancing multi-agent RL.

These topics, along with others like the impact of incorrect causal models on RL perfor-
mance, present an interesting mix of theoretical challenges and practical applications.
A focused investigation into these areas could reveal new insights and deepen our un-
derstanding of the relationship between causality and RL. This research also paves the
way for collaboration across different fields, promoting a comprehensive approach to
address the complexities in this emerging area.

6.3 Integrating Causal Inference in (MA)RL

Our exploration into incorporating causal inference within MARL, as detailed in Sec-
tion 5.1, aims to address RQ2 and RQ3. This investigation has identified significant
opportunities to enhance our understanding and capabilities of multi-agent systems. In-
tegrating causal principles into MARL offers substantial improvements over traditional
methods in several key areas: data fusion, off-policy and offline learning, counterfactual
reasoning, and causal learning.

6.3.1 Relevance and Implications of Data Fusion

Data fusion involves merging datasets from different conditions and policies. This ap-
proach is crucial for enhancing the scope and accuracy of the models learnt. Identifying
causal relationships among variables allows for a more systematic and effective integra-
tion of these datasets, enriching the learning environment for agents. This advancement
is particularly significant for real-world applications where data often originate from
diverse sources and under varied conditions.

6.3.2 Off-Policy and Offline Learning Enhancement

Causal inference can significantly improve off-policy and offline learning strategies.
These methods are essential when resources are limited or online learning environments
are unavailable. By applying a causal perspective, we can address biases in learning
from pre-existing datasets, enhancing the reliability and effectiveness of these learning
strategies. This approach marks a step toward more scalable and resource-efficient
learning models.

6.3.3 Counterfactual Reasoning in Action Evaluation

Counterfactual reasoning allows for the assessment of alternate scenarios, which is in-
valuable in situations where taking actions could be costly. This capability improves the
data-efficiency of learning algorithms, enabling the evaluation of hypothetical scenar-
ios. In sequential decision-making tasks, the ability to simulate and assess alternative
outcomes is crucial for effective policy development and decision-making.

6.3.4 Causal Learning: Bridging The Known and The Unknown

Causal learning focuses on identifying causal structures from observational data. When
combined with model-based RL, it becomes a potent tool for model refinement and hy-
pothesis testing. This combination enables agents to adapt to changing environments,
potentially reducing the learning curve and improving model robustness.
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6.3.5 Dec-POMDPs as Multi-Agent Causal Models

Transforming Dec-POMDPs into MACMs provides a structured way to model inter-
actions and shared elements in multi-agent systems. MACMs offer a comprehensive
framework to capture the complexities of multi-agent dynamics, especially in scenar-
ios that differ from standard Dec-POMDP formulations. This approach allows for
a more detailed analysis and understanding of the intricate dynamics in multi-agent
environments.

6.3.6 Future Horizons

This exploration represents just the beginning of an exciting intersection between causal
inference and RL. Our findings underscore the need for ongoing research into causal
frameworks to enhance our understanding and application of multi-agent systems. As
MARL continues to evolve to address increasingly complex and realistic scenarios, the
integration of causal inference stands as a potential key to unlocking more efficient,
robust, and interpretable MARL frameworks. A detailed examination of the limita-
tions, backed by empirical evidence, is crucial for charting a clear course for future
developments in this field.

Future research should focus on delving deeper into causal frameworks to provide a
richer understanding that responds to RQ2 and RQ3 more comprehensively. Empirical
studies will be essential to validate the theoretical advancements and to investigate their
capacity to enhance aspects like sample efficiency, coordination among agents, and the
impact on diverse groups. This approach not only opens up new avenues for advancing
MARL but also contributes to the broader conversation on the responsible application
of AT technologies, particularly in the context of fairness and equity.

As we have delved into the integration of causal frameworks within MARL, we’ve high-
lighted their potential to improve our understanding and application of these complex
systems. The incorporation of causal principles promises enhancements in algorithmic
performance, data fusion, and decision-making under uncertainty. This advancement is
important, especially in the context of creating more efficient, robust, and interpretable
MARL frameworks, tailored for real-world applications.

However, with these advancements comes a responsibility to scrutinise the methodolo-
gies we employ, particularly in terms of their fairness and bias implications. It is also
important to acknowledge that the tools and algorithms we develop are not isolated
from the societal and ethical dimensions in which they operate. Thus we must also turn
our attention to a critical and often challenging aspect of AI and machine learning: the
potential biases inherent in the causal discovery algorithms themselves.

Therefore, the subsequent section discusses our investigation into bias and disparate
impacts that arise when applying causal discovery algorithms, particularly in sensitive
applications.

6.4 Investigating Causal Disparities and Bias
Our research, as outlined in Section 5.2, investigates the potential negative impacts

that can arise from using learnt causal graphs in fairness and policy decision-making.
This analysis emphasises the need for more fair and robust causal discovery methods,
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especially when dealing with sensitive causal pathways and latent variables that may
affect different subgroups differently [178, 179].

The experiments conducted, particularly those focusing on gender imbalances, illus-
trate the effects of class and magnitude imbalances on causal structure discovery. By
manipulating sensitive variable representation in datasets (gender and race in our ex-
periments), we have shown how biases in causal learning can manifest and potentially
lead to unfair outcomes. This is especially poignant in real-world scenarios, as demon-
strated in our analysis using the Adult dataset, where gender as a latent variable sig-
nificantly influenced the discovery process. Furthermore, our exploration of structural
properties in graphs revealed how different configurations, such as chains, colliders, and
forks, affect the fairness metrics, underscoring the complexity of achieving fairness in
ML algorithms.

The findings are significant for a wide range of stakeholders, including researchers,
practitioners, policymakers, and affected communities. As ML algorithms increasingly
influence decision-making, it is crucial to promote fairness to avoid perpetuating or cre-
ating biases. Our study underscores the perils inherent in causal discovery algorithms
that neglect subgroup distinctions, emphasising the imperative to rectify these biases
for the development of equitable and unbiased ML systems.

An important next step is to develop and implement validation mechanisms, such as
causal fairness metrics, to test the robustness of causal models. These metrics could
help evaluate and guide causal models toward fairer outcomes. However, challenges
arise, such as issues related to Pareto optimality [180], which suggests that achieving
fairness across all definitions might be unattainable [181, 182|. This raises a critical
question: should definitions of fairness be informed by judicial and regulatory frame-
works, providing a basis for fairness in causal inference [183]7

Our case studies motivate a need for engagement in the academic community - we need
to assess the real-world impact of applying methods that aim to replace domain knowl-
edge. It is important to understand the extent of bias and whether causal models can
mitigate or exacerbate it. Comparing past and current research could provide valuable
insights, especially as causal fairness criteria become more prominent in academia.

Additionally, our research motivates the development of tools for assessing the fairness
of learnt causal models. We identified a gap in the current framework for such evalu-
ations. A step towards addressing this could be creating a suite of causal DAGs that
include sensitive and latent variables. This suite could complement existing tools like
Microsoft’s CSuite [184], enhancing the evaluation of causal DAGs.

In conclusion, our investigation into biases in causal discovery algorithms and their
impact on subgroup fairness propels us towards embracing the broader principles of
fairness, accountability, and transparency in ML. By deepening our understanding of
these challenges, we progress towards more equitable and inclusive Al systems, fostering
social advancement and ensuring the responsible use of ML.

6.5 Conclusion

This discussion chapter has extensively considered the intersection of causal inference
with MARL and investigated the inherent biases in causal discovery algorithms, ad-
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dressing RQ2 and RQ3. Through this exploration, we have highlighted significant
advancements and potential future directions in MARL, counterfactual reasoning, and
fairness in ML.

We began by integrating causal inference in MARL, uncovering its potential to en-
hance algorithmic performance, foster data fusion, and improve off-policy and offline
learning strategies. This integration promises more efficient, robust, and interpretable
MARL frameworks, opening new avenues for real-world applicability. The exploration
of counterfactual reasoning and its impact on action evaluation further emphasises the
evolution of RL, offering pathways for more effective policy development and decision-
making in complex environments.

The investigation into biases in causal discovery algorithms, particularly concerning
subgroup disparities, has shed light on the critical need for fairness in (causal) ML. We
underscored the importance of developing validation mechanisms and fairness metrics
to evaluate causal models, highlighting the challenges and complexities in achieving
universally accepted definitions of fairness. This segment of the discussion stresses the
vital role of responsible Al and the implications of ML decisions on broader societal
contexts.

Future research directions have been identified, emphasising the necessity of empirical
validation, deeper exploration of causal frameworks, and the development of new tools
and methods to assess fairness in causal models. Our study sets the groundwork for a
multidisciplinary approach, inviting collaboration across various fields to address the
challenges and leverage the opportunities within this emerging research frontier.

In conclusion, this chapter contributes to the academic discourse by not only addressing
technical challenges within the domains of MARL and causal inference but also by
connecting used and the limitations of this study would provide a comprehensive closure
to this section.
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Conclusions

Based on the discussion in Section 1.1, this thesis undertook an exploration at the
intersection of RL and causality, focusing mainly on identifying trends rather than
conducting experiments. Here are the responses to the proposed research questions
based on the findings:

RQ1.

RQ2.

RQ3.

Analysis of existing RL methods showed a variation in causal understanding
across different RL and MARL algorithms. It was observed that classical al-
gorithms largely lack the theoretical ability to exhibit performance expected of
a true counterfactual reasoning agent, especially in low data resource scenarios.
This affirms the initial hypothesis regarding the limitations in causal understand-
ing in traditional RL methods.

Introducing a causal model was found to improve the sample efficiency and coor-
dination of learning agents in the single agent domain. By comparing RL environ-
ments with and without causal models/methods, it was clear that causal models
enhance the rate of skill acquisition and learning effectiveness. This finding sup-
ports the hypothesis that causal methods can bolster the reasoning capability
and sample efficiency of learning agents. Furthermore, It was found that there
is not enough existing research progress to determine the contribution causal
approaches can offer to decentralised learning tasks, especially with regard to
multi-agent RL.

Investigation revealed that causal learning can indeed lead to disparate impacts
on sensitive subgroups within learning tasks. Applying learnt causal models
to decision tasks showed evidence of disparate impacts and biased outcomes,
corroborating the hypothesis that the application of causal learning could lead
to biased outcomes affecting certain subgroups adversely.

The broader analysis in this study emphasises the potential benefits and challenges of
integrating causal methods within RL and multi-agent RL scenarios. The intersections
between causality and RL, although under-explored, present a viable path for improving
the effectiveness and fairness of learning algorithms. This thesis lays a groundwork
for further exploration into this interdisciplinary domain, demonstrating the potential
for enhanced reasoning, efficiency, and nuanced understanding of learning paradigms
through the fusion of causal inference and RL.
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Chapter 7. Conclusions

Moving forward, there are several directions for future work and exploration based on
the findings of this thesis. Here are some potential next steps:

1. Experimental Validation: While this study primarily focused on identifying
trends, there is a clear need for more experimental work to validate the findings.
Future work could include designing and conducting experiments to confirm the
effectiveness and efficiency gains from integrating causal models in RL and MARL
environments.

2. Decentralised Learning Tasks: The impact of causal methods on decen-
tralised learning tasks, especially within multi-agent RL, remains largely unex-
plored. Future research could consider experimenting with causal approaches in
decentralised learning scenarios to better understand the benefits or challenges
posed.

3. Bias Mitigation: Given the potential for causal learning to induce disparate
impacts on sensitive subgroups, developing strategies to mitigate such biases
is crucial. Future work could investigate methods to detect and correct biases
arising from causal learning applications in decision tasks.

4. Algorithm Development: Creating new algorithmic frameworks that blend
causal reasoning with RL could be a significant step towards addressing the re-
search questions posed in this thesis more robustly. Developing algorithms that
can naturally incorporate causal inference could significantly advance the field.

5. Benchmarking and Metrics: Establishing benchmarks and metrics to evaluate
the causal understanding and effectiveness of RL and MARL algorithms could
lead to a more systematic assessment and comparison. Future work could involve
creating standardised benchmarks and evaluation protocols to facilitate a deeper
understanding of the interplay between causality and RL.

The possibility of merging causal inference with RL opens up a wide range of research
opportunities. The initial exploration conducted in this thesis lays the groundwork for
further investigations that could potentially provide more nuanced insights and robust
solutions at the intersection of causality and learning paradigms.
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Appendix A

Causality Appendix

This appendix complements Chapter 2. The structure of this chapter follows the or-
der in which references are made to this appendix from the main body of the thesis.
The aim is to offer additional details, proofs, or algorithms that might not directly con-
tribute to the main argument of the thesis, but could aid in understanding or intuition.
Its purpose is to clearly demonstrate how causality differs from simple correlation and
why this distinction is crucial in data interpretation. The examples at the end of the
chapter are selected for their ability to clearly show instances where relying solely on
statistical correlations can lead to incorrect conclusions.

A.1 Graphoids as Graph Foundations

Consider a three-part knowledge system where an agent must assess the truth of state-
ment /(x,z,y), meaning “statement z is independent of y given z.” In other words,
given knowledge of z, the state of y is not required to determine x. This introduces the
idea of a dependence model M, which consists of a subset of triplets (X, Z,Y") where
the statement “X is independent of Y given Z” holds.

Definition A.1.1 (Graphoid). One defines a semi-graphoid as a dependency model
that is closed under axioms 1-4, while a graphoid is additionally closed under aziom 5

[21]:

1. Symmetry: 1(X,2,Y) < (Y, Z, X)
Example: If knowing the brand of a car Z renders the relationship between its
price X and fuel efficiency Y independent, then knowing the brand should also
render the relationship between fuel efficiency and price independent.

2. Decomposition: 1(X,Z,Y UW) = I(X,Z2,Y) & I[(X,Z, W)
Example: If the price of a car X is independent of the combination of its colour
and weight Y U W given the brand Z, then the price is also independent of its
colour and weight separately given the brand.

3. Weak Union: [(X,Z,Y UW) = I[(X,ZUW,)Y)
FExample: If the price of a car X is independent of the combination of its colour
and weight Y UW given the brand Z, then the price is also independent of the
colour given the brand and weight Z U W'.
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4. Contraction: 1(X,Z,Y) & (X, ZUY, W)= I[(X,Z,Y UW)
Example: If the fuel efficiency of a car X is independent of its colour Y given
its brand Z, and is also independent of its weight W given the brand and colour
Z JY, then the fuel efficiency is independent of the combination of colour and
weight given the brand.

5. Intersection: (X, ZUW,Y) & I(X,ZUY, W)= I(X,Z,Y UW)
Example: If the price of a car X 1s independent of its colour Y given the brand
and weight Z UW , and is also independent of its weight W given the brand and
colour Z UY, then the price is independent of the combination of colour and
weight given the brand.

These properties are well motivated by Pearl [15, pg. 12]. These graphoid properties are
favourable in settings where reasoning conditionally is important. As such, graphoids
can be used as a basis for defining graphs.

Definition A.1.2 (Graph). An (undirected) graph is a pair G = (V, E) where V is a
set of elements called vertices and E is a set of elements called edges. A directed graph
15 a graph in which the edges E have a topological ordering.

If there exists an undirected graph G such that
I(XJ Za Y) - <X7 Za Y>G7

then the graphoid is said to be graph-induced. One can show that if, in addition to the
graphoid axioms, strong union and transitivity hold, then the condition is both neces-
sary and sufficient [189]. In other words, these axioms form a complete characterisation
of undirected graphs.

A.1.1 DAG-induced Graphoids

A graphoid can be classified as DAG-induced when there is a directed acyclic graph
(DAG) D satisfying the condition

I(X,2,Y) < (X, Z,Y)p,

with (X, Z,Y)p indicating d-separation in D. This essentially means that conditional
independence can be inferred from the structure of a Bayesian network (refer to sub-
section 2.5). In this context, Geiger [190] demonstrates that no finite set of axioms
completely characterises conditional independencies in a DAG.

Theorem A.1.1 (Probabilistic Implications of d-Separation [15]). For a DAG G, if
the sets X and Y are d-separated by Z, then in every distribution that aligns with G,
X is independent of Y given Z. On the other hand, if X andY are not d-separated by
Z in G, then there exists at least one distribution consistent with G where X and Y
exhibit dependency conditional on Z.

Theorem A.1.2 (Observational Equivalence). Two DAGSs are deemed observationally
equivalent if they possess identical skeletons and v-structures. This means they share
configurations like X — 'Y < Z, where X,Y, Z are variables within the models.
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The concept of observational equivalence is crucial as it delineates the boundaries
within which causal directions can be inferred solely from (non-temporal) data and
probabilities. To extend our understanding beyond this equivalence, approaches beyond
mere observation—such as experimentation and intervention—are necessary. This topic
is further explored in subsequent sections.

e Strong Union: [(X,Z,Y) = (X, ZUW,Y)
Example: Assume we have four variables: the price of a car X, its brand Z, its
colour Y, and its weight W. If the price of a car is independent of its colour
given its brand, then adding the weight of the car to the conditioning set should
not affect this independence.

o Transitivity: I(X,Z,Y) = (Vy¢ XUYUZ, I[(X,Z,v)orI(y,Z,Y))
Example: Continuing with the car analogy, assume we have a fifth variable: the
engine size 7. If the price of the car X is independent of its colour Y given its
brand Z, then either the price of the car is independent of its engine size given
the brand, or the engine size is independent of the colour given the brand. This
axiom essentially posits a sort of “transitive” independence amongst variables
outside the given conditioning set.

Assuming that we remove all the arrowheads in a directed graph G, we are left with
the skeleton of G. We define a path as any unbroken, non-intersecting route in the
graph, regardless of direction of the edges involved. A directed path is a path in which
every edge points in the same direction. That is, every edge in the path has an arrow
point from the first to the second vertex.

Though directed graphs may include directed cycles, they may not include a self-
contained edge. For example, X — X is not a well defined edge in this context,
though there may exist a directed path X — Y — X.

A.2 Other Causal Frameworks

In the study of causality, while graphical models such as those proposed by Judea
Pear]l have been foundational, they are not the only paradigms in existence. This
section ventures into alternative causal frameworks that offer different approaches and
mathematical tools for causal inference. The aim is to explore these frameworks as
complements (or sometimes alternatives) to graphical causal models. We begin with
the potential outcomes framework, more commonly known as the Rubin Causal Model,
which has gained significant traction particularly in economics and social sciences.

A.2.1 Potential Outcomes Framework

The potential outcomes framework [20, 201, 202], offers a complementary perspective
to Judea Pearl’s graphical approach in causal inference. It provides a mathematical
framework for analysing causal effects and underpins numerous statistical methodolo-
gies. This framework quantifies causal effects by considering the potential outcomes of
interventions. Here, the potential outcomes relate to a unit—the entity under causal
investigation. For instance, in a study on student performance, the unit would be the
individual student, and the potential outcomes might be their grades under various
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influencing factors (like family income or school type). It forms the basis for methods
such as matching, instrumental variables, and propensity score analysis.

With a binary treatment variable T', the potential outcome for unit ¢ under treatment
(T'=1) is denoted as Y;(1), and under control (7" = 0) as Y;(0). The observed outcome
Y; for unit ¢ is then expressed as:

Yi=T-Y,(1) +(1-1)-Y(0). (A1)

The causal effect for unit 7 is defined by the difference between these potential outcomes;

7 = Y;(1) = Y3(0). (A.2)

A.2.2 Assumptions

The potential outcomes framework rests on several assumptions:

e Stable Unit Treatment Value Assumption (SUTVA): This posits that the
potential outcomes for any unit are not influenced by the treatments applied to
other units.

e Ignorability: It assumes that the treatment assignment is independent of the
potential outcomes, conditional on observed covariates.

e Positivity: It holds that every unit has a nonzero probability of receiving each
level of treatment.

Example 16 (Simple Worked Example). Consider a simple ezample to demonstrate
the potential outcomes framework: evaluating the effect of a new training program on
employee productivity. Suppose a company introduces a training program to enhance
productivity. The potential outcomes for an employee 1 are:

Yi(1) : Productivity if employee i undergoes the training.
Y:(0) : Productivity if employee i does not undergo the training.

The Causal Effect; is then Y;(1) — Y;(0). Assuming data from 10 employees, with 5 in
the treatment group and 5 in the control group, their observed outcomes might be:

Treatment Group: 'Y = {100,110, 120,90, 105}
Control Group: 'Y = {95,90, 80, 85,92}

The challenge in causal inference is the inability to observe both potential outcomes for
each employee. However, the average treatment effect (ATE) can be estimated from the

data:
Y.(1 Y, 2 442
ATE = 2. Yi(l) —Z Z(O):ﬁ——:wﬁ

N Treatment N, Control 5 5
Here, Nrveatment and N contror ar€ the numbers of employees in the respective groups. This
estimation indicates an average productivity increase of 16.6 units due to the training,
assuming no confounding factors.
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In terms of causality, the potential outcomes framework helps address issues like Simp-
son’s paradox by structuring and quantifying causal effects. To navigate the paradox
and avoid misleading conclusions, it’s crucial to account for confounding variables and
stratify analyses where necessary. This topic is discussed in depth in Section 2.9.2,
especially in relation to Pearl’s graphical methods.

Comparison with Pearl’s Graphical approach. As we introduced in earlier sec-
tions, Pearl’s graphical approach utilises DAGs to depict causal relationships, and it
introduces the do-calculus for reasoning about interventions and counterfactuals. Here,
we draw parallels between these two frameworks to give an idea of the approaches and
advantages of each.

e Representation: While potential outcomes focus on the outcomes of treatments
without specifying the underlying causal structure, Pearl’s DAGs provide a visual
representation of the causal mechanisms.

e Intervention: Both frameworks handle interventions, but Pearl’s approach offers
the do-calculus to compute interventional distributions, providing more explicit
tools for reasoning about interventions.

e Counterfactuals: Pearl’s formulation gives a clear mechanism to reason about
counterfactuals through structural equations, whereas the potential outcomes
framework considers counterfactuals implicitly.

e Assumptions: Both require untestable assumptions, such as the Stable Unit
Treatment Value Assumption (SUTVA) in potential outcomes, and causal suffi-
ciency in Pearl’s framework.

A.2.3 Information Theoretic Approach

The information theoretic approach to causal inference, as detailed in Peters et al.
[196], offers a distinctive perspective compared to Pearl’s graphical framework and the
Rubin-Causal Model. Unlike these models, which primarily utilise structural equations
and potential outcomes, the information theoretic approach hinges on the statistical
properties of observed variables, integrating principles of information theory into the
study of causality.

This approach, fundamentally different in its reliance on statistical dependence mea-
sures, posits that causal relationships are asymmetric and can be captured through
these dependencies. This asymmetry is formalised through concepts like the indepen-
dence of mechanisms or the algorithmic independence of conditionals [204], suggesting
that causal mechanisms operate independently from the distributions of the variables
involved.

Key elements of the framework include:
e Entropy: The uncertainty of a random variable X is quantified by entropy:

H(X) == p(z)logp(z) = E[-logp(X)] (A3)

This measure is foundational in identifying how much information is gained when
one variable is known, impacting the inference of causality.

141



Appendix A. Causality Appendix

e Mutual Information: This quantifies the dependency between variables X and
Y:

1Y) = Y play)log £520) (A4

It’s instrumental in discerning correlations that might hint at causal connections.

e Causal Direction: Employing entropy and mutual information, the causal di-
rection can be inferred, often using additive noise models [199]:

Y =f(X)+ N (A.5)

Here, f represents a deterministic function, and /N is noise independent of X.

The independence of mechanisms principle is crucial. It implies that the mechanism
connecting cause and effect (e.g., fin Y = f(X) + N) is independent of the input dis-
tribution (the distribution of X'). This principle helps distinguish causal relationships
from mere statistical correlations, especially in complex, multivariate environments.

The framework’s application extends from simple bivariate causal inference to multi-

variate settings. For a comprehensive introduction, see Peters et al. [23] and Janzing
and Scholkopf [203].

In the context of ML and RL, this approach could offer novel pathways for embed-
ding causality into learning algorithms. While not discussed extensively in this thesis,
the information theoretic approach’s potential for enhancing predictive models and
decision-making processes in these fields warrants attention.

Example 17 (Inferring Causal Direction with Additive Noise Model). Consider a
causal system with variables X and Y. Under the additive noise model (ANM), if X
causes Y, then Y can be expressed as a function of X with additive noise N,,:

Y = f(X) + N, (A.6)

Assume X is uniformly distributed over [—1,1] and N, is standard normal noise. We
examine both forward (X — Y ) and reverse (Y — X ) causal directions:

1. Model the Forward Direction (X — Y ): Fit the model Y = aX + N, and
estimate a. Test for independence between residuals and X using criteria like the
Hilbert-Schmidt Independence Criterion. Independence supports X — Y.

2. Model the Reverse Direction (Y — X): Fit X = bY + N, and estimate b.
Test for independence between residuals and Y . Lack of independence challenges
Y —- X.

If residuals are independent in the forward but not the reverse direction, it suggests
X — Y. However, independence in both directions or dependence in both directions
complicates causal inference, underscoring the need to consider model assumptions and
potential hidden confounders.
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A.2.4 Causal Quantities

Understanding the specific causal quantities is crucial for any study involving causal
inference. The Average Treatment Effect (ATE) is often the starting point, providing
a population-level measure of the expected outcome difference between treated and
untreated groups. Formulated as ATE = E[Y (1) — Y (0)], it lays the groundwork for
other, more granular causal metrics.

Building upon the ATE, we turn our attention to Individual Treatment Effects (ITE),
which focus on the treatment impact on specific units. This is denoted as 7; = Y;(1) —
Y;(0). ITE becomes particularly important when personalisation is key, such as in
personalised medicine or recommendation systems.

Another refinement of ATE is the Average Treatment Effect on the Treated (ATT),
represented as ATT = E[Y (1) —Y(0)|T" = 1]. ATT is invaluable when the focus is only
on the subset of the population that actually receives the treatment, thereby narrowing
the scope of investigation.

From the specificity of ATT and ITE, we extend to the Total Effect (TE), which cap-
tures not just the direct but also the cascading impacts of an intervention. This mea-
sure is pertinent in sociological or economic domains where indirect causal pathways
are often significant.

Finally, we consider the Conditional Average Treatment Effect (CATE), represented
by CATE(X) = E[Y(1) — Y(0)|X]. CATE is crucial when we aim to condition the
treatment effects on observed covariates, thereby investigating how the effect varies
based on other variables.

Having established these causal quantities, the next logical question is how to actually
identify or estimate them. This leads us to the issue of identifiability.

Table A.1: Mathematical Formulations and Levels of Application of Important Causal Quan-
tities

Causal Quantity =~ Mathematical Formulation Level of Application
ATE E[Y (1) —Y(0)] Population-level
ITE 7, = Yi(1) — Y;(0) Individual-level
ATT E[Y (1) =Y (0)|T = 1] Treated population
TE Varies; includes intermediates Population-level
CATE E[Y (1) = Y(0)|X] Conditional on covariates

Table A.2: Positive and Negative Aspects of Important Causal Quantities

Causal Quantity Positive Aspects Negative Aspects
ATE Simple; Broadly applicable Masks individual heterogeneity
ITE Personalised; Targeted interven- Requires rich data; Computation-
tions ally intensive
ATT Focus on treated individuals; Biased if uncontrolled
Practical
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Causal Quantity Positive Aspects Negative Aspects

TE Captures cascading effects; Com- Complex; Requires full causal
prehensive pathways

CATE Addresses heterogeneity; Tailored Data-intensive; Model-dependent
interventions

A.3 Adjustment Criteria

The concept of the Back-Door Criterion is important in causal inference for establishing
a causal relationship between variables. This concept, initially proposed by Pearl [193],
helps in identifying the causal effect P(y | &) for a given set of variables Z C V.

Definition A.3.1 (Back-Door Criterion). A wvariable set Z adheres to the back-door
criterion for a pair of variables (X,Y') within a Directed Acyclic Graph (DAG) G, if

the following conditions are met:

(i) Z contains no nodes that are descendants of X.

(11) All paths from X toY, which have an arrow entering X, are obstructed by Z.

This criterion essentially implies that only the paths originating from X and leading
to Y are allowed.

Theorem A.3.1 (Back-Door Adjustment). The identifiable causal effect of Z on'Y,
provided Z meets the back-door criterion with respect to (X,Y), is quantifiable. The
causal effect can be calculated using the formula: P(y | £) =Y. Py | x, 2)P(z).

The primary objective is to identify a suitable set of variables that, when conditioned
upon, obstruct all spurious associations between a given variable or variables X and Y.
One practical approach is to intervene on a subset of these variables, effectively elimi-
nating the incoming edges to the independent variable X. For instance, an intervention
such as do(X = z) results in a distribution where the causal pathway X — M — Y,
mediated by M, remains the sole connecting path between X and Y. The goal is
to achieve this path blocking using observational data, avoiding the need for direct
intervention which might be restricted due to ethical or financial considerations.

Example 18 (Back-door Adjustment). Imagine a causal model represented by a DAG
with four variables X, Y, Z1, and Zy. In this model, Zy is a confounder influencing
both X and Y, while Zy 1s a mediator impacted by X and influencing Y .

In this setup, Z1 represents the minimal set blocking all back-door paths from X to'Y
as per the back-door criterion. Since Zy is a descendant of X, it is excluded from the
adjustment set. Adjusting for Zi enables the identification of the causal effect of X on
Y, calculated as:

Py|&) =) Ply|z 2)P(z)

Here, Zy fulfills the back-door criterion, facilitating the estimation of the causal impact
of X onY.
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Aside from the back-door criterion, the front-door criterion serves as another method
for causal effect identification. It utilises the structure of intermediary variables. If a
causal effect of X on Y operates through a mediator M, analysing the effect of X on
M and subsequently M on Y should reveal the causal relationship between X and Y,
assuming that any non-causal or back-door influences are appropriately controlled.

Definition A.3.2 (Front-Door Criterion). The front-door criterion is met by a variable
set Z for the ordered pair (X,Y) when:

(i) All direct paths from X toY are intercepted by Z.
(11) X toY has no unobstructed back-door paths.

(111) X blocks all back-door paths from Z to'Y .

Theorem A.3.2 (Front-Door Adjustment). Given that Z satisfies the front-door cri-
terion for (X,Y) and P(x,z) > 0, the causal effect of X on'Y s identifiable. It can
be computed using: P(y | &) =Y _ P(z|x))Y Py |2, z)P(x).

A.4 Causal Structure Learning Algorithms

Inferred Causation (IC) Algorithm Originally introduced by Verma and Pearl
[29], the IC algorithm operates on the premise of utilising v-structures to differentiate
between different Markov equivalence classes of directed acyclic graphs (DAG). The
algorithm predominantly identifies such v-structures to partially orient the edges of
the graph. Like the PC algorithm (introduced below), the IC algorithm also relies
on the Causal Markov and Faithfulness conditions. However, its distinction lies in
its approach to the orientation phase, which puts emphasis on the identification and
orientation of v-structures.

Peter-Clark (PC) Algorithm PC [119]is an algorithm that is very commonly used
in practise because it is relatively fast and is readily available in many causal inference
packages (e.g. [191, 192]). PC starts by assuming a complete graph, and iteratively
reduces the number of edges until convergence to a Markov Equivalence Class. Given
the correct assumptions and a large enough sample size, the PC algorithm is guar-
anteed to converge. The main assumptions are the Causal Markov and Faithfulness
assumptions, i.i.d. samples, and no unmeasured confounders.

Generative Model Approach Here we provide pseudocode for a possible approach
one could take for applying generative models to learn a causal model. This accompa-
nies the discussion in the main text (Section 2.11).

Once the GAN is adequately trained, it can be used as a proxy for the data-generating
process. We can then employ interventions on this model to simulate potential causal
relationships.

Linear non-Gaussian Acyclic Model (LINGAM) LiNGAM is a causal discovery
method designed specifically for situations where the data are linear and acyclic but not
necessarily Gaussian [200]. In typical structural equation models (SEM), the presence
of non-Gaussian distributions can hinder the precise identification of the causal struc-
ture. However, LINGAM, by leveraging the non-Gaussian nature of the data, enables
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Algorithm 12: IC algorithm. Adapted from [29].

1
2
3
4

©

10
11

12

Input: Dataset D with variable set V, and a chosen significance level a
Output: Partially directed graph G with edge set E
Initialise a complete undirected graph using variables in V
for each non-adjacent variable pair (X,Y) in G do
for each subset S of V\{X,Y} do
if Conditional independence test 1(X,Y|S) is not significant at level o
then
Remove the edge between X and Y from G
Record S as the separating set for (X,Y)
Break the inner loop and continue with the next pair of
non-adjacent variables

Apply orientation rules to identify v-structures:

for each triplet (X,Y,Z) in G where X —Y and Y — Z but not X — Z do
if Y is not in the separating set for the pair (X, Z) then

L L Orient X =Y —Zas X Y « 7

Apply additional orientation rules based on the directed edges and identified
v-structures.

Algorithm 13: PC algorithm. Adapted from [206].

1
2
3
4

© o N o «

10
11
12
13

14
15

16

Input: Dataset D encompassing a variable set V, and a chosen significance
level «

Output: Partially directed acyclic graph G featuring edge set E

Begin with a complete undirected graph using nodes from V

Set depth d =0

repeat

for each pair of adjacent nodes X and Y in G do

if Jadj(X,G)\{Y'}| > d then

FoundIndependence <« false

for each subset Z C adj(X,G)\{Y'} with |Z| = d do

Conduct test I(X,Y|Z)

if Independence 1(X,Y|Z) is found at level o then
Remove edge between X and Y from G
Record Z as the separator for (X,Y)
FoundIndependence < true
break

if /FoundIndependence then
L Continue with the next adjacent node pair

Increment depth d by 1

17 until no changes are made to G,
18 Execute edge orientation rules to infer directed edges (consider using Meek’s

rules).
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Algorithm 14: Causal discovery using GANs.

Input: Dataset D with variables V, GAN architecture with generator G and
discriminator D, number of training epochs 7', learning rate n

Output: The causal structure inferred from interventions on the generator

1 Initialise the weights of the generator G and the discriminator D randomly

2 for epoch =1 to T do

3 for each batch in D do

4

5

Generate fake data V4. = G(z) using random noise z
Calculate discriminator loss Lp (e.g., binary cross-entropy) for real and

fake data
6 Update weights of D to minimise Lp using learning rate n
7 Generate fake data V ok = G(2z) using random noise z

Calculate generator loss Lg (e.g., binary cross-entropy) using
discriminator’s feedback
9 Update weights of G to minimise L using learning rate n

10 for each variable v; in V do

11 Perform an intervention, such as setting v; to a specific value v’

12 Generate intervened data Viptervened = Go(v,=v)(2)

13 for each other variable v; # v; in 'V do

14 Calculate the effect of the intervention on v; (e.g., using statistical tests
or effect size measures)

15 if the change in the distribution of v; is significant according to a
predefined threshold then

16 L Mark v; as a potential cause of v;

a unique determination of the causal order. The algorithm operates under the premise
that each observed variable is a linear function of its direct causes and a non-Gaussian
noise term. The central idea is to exploit the unique statistical characteristics of non-
Gaussian distributions. Specifically, while mixtures of non-Gaussian variables gravitate
towards Gaussianity, their demixtures do the opposite. This property, known as the
non-Gaussian nature of the data, aids in revealing the causal ordering of variables.

A.5 Interplay Between Structural Causal Models and Differen-
tial Equations

Although tangential to the thesis’s main focus, this subsection provides crucial insights
by bridging SCMs and differential equations—two frameworks foundational to scientific
theory. Despite a rising academic interest in causal models, a conceptual chasm remains
between traditional differential equations and contemporary causal frameworks.

We direct our discussion to the specific alignment between SCMs and Ordinary Differ-
ential Equations (ODE) [222]. Although the scope of this alignment has been expanding
in the literature to include other types of differential equations, we limit our discus-
sion to ODEs. Notably, the Pearlian SCM framework enforces acyclic constraints on
its graphical models. While beneficial for isolating causal pathways among variables,
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Algorithm 15: LINGAM algorithm. Adapted from [200].
Input: Dataset D with a set of variables V
Output: Causal ordering of the variables in V
1 Estimate the mixing matrix B from data D using independent component
analysis (ICA) Compute the connection strengths for each pair of variables
(X,Y) based on the entries in B
Initialise an empty directed graph G with nodes V and no edges
for each pair of variables (X,Y’) do

W N

4 if connection strength(X,Y’) exceeds the predefined significance threshold
then
5 L Add directed edge X — Y to GG based on the sign of the connection
strength

6 Derive the causal order from the directed acyclic graph G by performing a
topological sort of the nodes

these constraints fall short in capturing systems with feedback mechanisms, like coupled
harmonic oscillators.

Modelling Cyclicity Mooij et al. [222] address this limitation. They assert that
SCMs can seamlessly adapt to feedback systems by relaxing the acyclicity constraints.
Through the lens of underlying ODE systems, SCMs can be reinterpreted to illuminate
how interventions on variables affect the system’s equilibrium state.

We consider a dynamical system D consisting of D coupled first-order ODEs, initiated
with Xy € Rz. The set of variable labels is defined as Z = {1, ..., D}. Mathematically,
Xi(t) = fi(Xpap@iy), Xi(0) = (Xo); Vi € Z. Here, X;(t) represents the time derivative
of X, pap(i) indicates the parent variables, and f; maps the parent variables to X;. We
can graphically represent this system’s structure, similar to SCMs. The Lotka-Volterra
model serves as a canonical example, especially pertinent when exploring multi-agent
interactions, as further elaborated in section 3.

Lotka-Volterra model example Let’s consider the Lotka-Volterra model, intro-
duced in 1910 by Alfred J. Lotka [276] and later commonly used for modelling predator-
prey dynamics [277|. This seemingly simple model produces remarkably interesting
interactions. Let’s assume we are working with the predator-prey analogy where we
start with an abundance of prey, X; and predators X5. We are particularly interested
in how the populations change over time due to the interactions of the populations as
well as time. The variables at play are as follows:

1. X; represents the number of prey.

2. X5 represents the number of predators.

3. X7 and X, represent the growth rates of the respective populations with respect
to time £.

4. 0;; 1,5 € {1,2} are model parameters controlling interaction of the populations.
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{ Xl = X1(911 - 912X2) { X1(0) =a
X9 = —X2(922 - 921X1) XQ(O) =b

This dynamical system can be implemented simply in Julia using the Differential Equa-
tions package. The code is as follows:

using DifferentialEquations

# Define the DE model
function lotka_volterra(du,u,p,t)

X, y = u

a, b, delta, gamma = p

duf[l] = dx = a*x - b*xxy

du[2] = dy = -delta*y + gamma*xx*y
end

# Define initial conditions and timespan

tspan = (0.0,10.0)

p=1[1.5,1.0,3.0,1.0]

prob = ODEProblem(lotka_volterra, [ul,u2],tspan,p)

# Solve and plot the DEs
sol = solve(prob)

using Plots

plot (sol)

A.5.1 Graph Distance Evaluation

Comparing the performance of various causal discovery algorithms necessitates depend-
able metrics to gauge the precision and quality of the produced causal graphs. Given
that these algorithms yield graphical representations of causality, their evaluation be-
comes indispensable. Among the tools for such assessments are graph distance metrics,
with the choice of metric often relying on the problem specifics and the available ground
truth.

One of the commonly adopted metrics is the Area Under the Precision-Recall
Curve (AUPRC/AUC-PR). It offers a comprehensive view of performance by illus-
trating how the algorithm fares across different thresholds. By juxtaposing precision,
which refers to the accuracy of the predicted edges, against recall, which denotes the
identification rate of true edges, a clearer picture emerges. A higher AUPRC means the
algorithm strikes a better balance between precision and recall. Notably, when classes
display imbalance, the AUPRC stands out by accounting for both false positives and
negatives.

On a more structural note, the Structural Hamming Distance (SHD) quantifies
the variance between two graphs. Essentially, it enumerates the operations (additions,
deletions, or reversals of directed edges) required to align the predicted graph with the
true one. A lower SHD signals a closer match to the true causal graph, and if the SHD
amounts to zero, it means the two graphs are indistinguishable.
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When the emphasis is on interventions, the Structural Intervention Distance (SID)
[285] becomes vital. It gauges the disparity between predicted interventions on the in-
ferred graph and the true interventions on the original. A diminished SID indicates that
predicted interventions resonate more with the genuine causal relationships. This met-
ric stands out when the intent of causal discovery leans toward directing interventions,
as it contrasts predicted outcomes against actual results.

Another important metric is the False Discovery Rate (FDR), which captures the
ratio of incorrect edges to the total predicted edges. A decline in FDR translates to
fewer mistakes in the discoveries. If an algorithm exhibits a high FDR, it might be
prone to overfitting or pinpointing random relationships, underscoring the importance
of maintaining a low FDR to uphold the trustworthiness of causal findings.

Lastly, the F1 Score emerges as the harmonic mean of precision and recall. This
metric, especially pertinent when there’s an imbalance in classes, guarantees an even-
handed evaluation. A soaring F1 score implies the algorithm adeptly balances precision
and recall, and when the score maxes out at 1, the algorithm is faultless. Such a score
becomes invaluable when neither precision nor recall should overshadow the other,
making it ideal when high true positive rates matter.

In practice, these (among other) metrics might see individual or combined usage, con-
tingent on the study’s aims. The paramount task lies in aligning chosen metrics with
research goals. For instance, if the priority is predicting accurate interventions, SID
becomes more consequential. Conversely, if the focus sways towards the graph’s ag-
gregate accuracy, then SHD or the F1 score might take precedence. Conventionally, a
blend of these metrics ensures a thorough assessment of the algorithm’s competence.

A.6 Causality-like Methods

While the causal frameworks primarily championed by pioneers like Judea Pearl lay the
foundational understanding of causal relationships, many methods in ML and statistics
offer insights that, while not strictly causal in nature, can resemble or hint at causal
dynamics. These methods often exploit strong correlations or structured relationships
among variables to deduce patterns that might be interpreted in a causal-like manner.
It is imperative to approach the results from these methods with caution, recognising
their limits and understanding that correlation does not necessarily imply causation
[294].

Correlation-based Approaches are both common and noteworthy. In general, these
methods aim to quantify the strength and direction of linear relationships between two
variables [293]. Many of these statistical methods make use of Pearson’s correlation
coefficient. Though statisticians would not consider this to be causal, the causal mis-
interpretation of correlation coefficients are common. While a high correlation might
suggest a possible causal link, it’s vital to remember it doesn’t account for confounding
factors or guarantee a cause-effect relationship.

Another set of techniques involve Decision Trees and Random Forests. As ML
models, they can implicitly capture and visualise relationships between variables [292,
295]. For instance, a variable that frequently appears at the top of decision trees might
be viewed as ‘important’ or even a root cause for certain outcomes. But, again, this
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isn’t indicative of a strictly causal relationship.

The domain also benefits from Feature Importance from Machine Learning
Models. Techniques such as SHAP (SHapley Additive exPlanations) or permuta-
tion feature importance play a role in ranking features based on their impact on a
model’s prediction [296]. Although a high importance suggests that a variable strongly
influences the outcome, a clear causal interpretation is lacking.

From the field of econometrics, Granger Causality is often employed [299, 300]. It
tests whether past values of one time series can predict another. While it identifies a
type of ‘predictive causality’ based on temporal precedence, it doesn’t establish causa-
tion in the Pearlian sense.

Information Theoretic Approaches like Transfer Entropy also deserve mention
[297, 301]. Such methods, especially relevant for time series, hint at causal dynamics
by gauging how much uncertainty in predicting one variable’s future states is reduced
by understanding another variable’s past states.

Lastly, Regression-based Approaches, such as linear regression, are frequently used
to quantify relationships between predictors and outcomes [298, 302]. However, ex-
tracting causal implications from them requires more than just observing coefficient
estimates. One must control for confounders and ensure other criteria are met to move
beyond mere associations.

In sum, while causality-like methods illuminate relationships between variables, it’s
crucial to interpret their results carefully. Using these methods with strictly causal
methods might be one way to present a balanced view of the data. That is, using both
associative patterns and genuine causal relationships.

A.7 Motivating Examples for Application of Causal Inference

In relation to Chapter 2, this section further clarifies the distinction between statisti-
cal correlations and causality through emblematic examples. These scenarios highlight
situations where conventional statistical reasoning might mislead, while causal inter-
pretations offer clarity.

Example 19 (Simpson’s Paradox). Simpson’s Paradox is a well-known example of
complezxities in statistical analysis, where trends in different groups change or disappear
when the groups are combined.

Consider a hypothetical example of a university’s graduate admissions, appearing to
show gender bias. At the departmental level:

e Department A: 90% of male applicants gain admission versus 80% of their
female counterparts.
e Department B: A mere 10% of male applicants are admitted as compared to

20% of female applicants.

Looking at these numbers separately, Department A seems to favour males, while De-
partment B appears to favour females. However, if we combine the data and assume
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more females apply to Department A (which has a high acceptance rate) and more
males apply to Department B (which is more selective), the overall data might show
that females have a higher acceptance rate.

Simple statistical analysis might suggest the university is biased based on overall data.
Howewver, causal inference reveals a deeper issue: the choice of department is a con-
founding variable that affects the apparent trend.

Key Takeaway: The example illustrates how causal inference can reveal underlying
factors in observed trends that are not apparent in simple statistical analyses.

Example 20 (Berkson’s Paradox). Berkson’s Paradoz, also known as Berkson’s Bias,
1S a counterintuitive phenomenon in statistics and probability that challenges our intu-
ition about correlation and causation.

Imagine a study assessing the relationship between fitness levels and the frequency of
hospital wvisits. In this study, two groups of individuals are considered: those who
frequently visit the gym and those who are often admitted to the hospital.

o Gym-goers: Individuals who regqularly visit the gym tend to have fewer hospital
admissions.

e Non-gym-goers: Individuals who rarely or never wvisit the gym have a mized
record of hospital admissions, with some having frequent visits and others very

few.

At first glance, the data might suggest a negative correlation between gym attendance
and hospital visits, implying that those who frequently visit the gym are less likely to
require hospital care. However, this interpretation overlooks a critical selection bias:
the study does not account for healthy individuals who neither visit the gym frequently
nor require hospitalisation often.

Berkson’s Paradox reveals itself here: the absence of this ‘healthy’ group in the data
skews the apparent relationship between gym attendance and hospital visits. Causal
inference, considering this missing group, helps to correct the bias and leads to a more
nuanced understanding that reqular gym attendance does not necessarily cause fewer
hospital visits.

Key Takeaway: This example highlights the importance of considering potential
selection biases in data when drawing causal inferences, as overlooking such biases can
lead to misleading conclusions.

Example 21 (Ice Cream Sales and Drowning Incidents). A dataset depicts a robust
correlation between the sales of ice cream and incidents of drowning. A simplistic
statistical inference might suggest that a surge in ice cream sales augments the risk of
drownings—a patently implausible conclusion.

Causal deduction, however, unravels the underlying truth: both these phenomena are
modulated by an extraneous factor, namely temperature. As the mercury rises during
sweltering summer months, there’s a surge in ice cream sales. Simultaneously, the
allure of swimming to beat the heat results in an amplified risk of drowning. The
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temperature acts as a confounding variable, underscoring the nuances that causality
can unearth which pure correlations might overlook.

Example 22 (Thought Experiment in Reinforcement Learning). Though we develop
and consider RL in much more detail in the next chapter, we consider a simple thought
experiment here.

Visualise a RL agent tasked with mastering a video game where the protagonist ac-
crues coins whilst evading adversaries. The agent’s modus operandi is governed by a
reward function: accumulating coins amplifies its score, whereas confrontations with
foes deplete it.

Quver iterative training cycles, the agent discerns a pattern: a specific auditory warning
imwvariably precedes a negative reward. A myopic statistical model might deduce that
the auditory cue 1s detrimental, leading the agent to eschew actions triggering this
sound—even when they might be strategically advantageous.

Contrastingly, a causal paradigm enables the agent to comprehend that the auditory
signal s merely an indicator, not the causative factor of the negative reward. The
real menace is the lurking enemy. Recognising this cause-effect relationship—the audi-
tory cue heralds an impending adversary which can be strategically outmaneuvered—the
agent can optimise its strateqy, leveraging the cue as a beneficial sentinel rather than an
intrinsic threat. This vignette accentuates the centrality of causality in decision-making
paradigms, transcending even artificial milieus.
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RL Appendix

This appendix complements the main discussion on RL in Chapter 3 with a focus
on advanced methodologies and algorithms. The structure of this chapter follows the
order in which references are made to this appendix from the main body of this thesis.
The aim is to offer additional details, proofs, or algorithms that might not directly
contribute to the main argument of the thesis.

B.1 Multi-Armed Bandits

Multi-armed bandits (MAB) are a simplified framework in RL, focusing on the exploration-
exploitation trade-off in decision-making. In MAB problems, a learner interacts with
an environment consisting of several actions (or arms), each providing a stochastic
reward. The learner’s goal is to maximise the cumulative reward over time.

The mathematical formulation of MAB can be focused on the concept of regret, which
is defined as the difference between the reward obtained by the optimal strategy and
the strategy followed by the learner. Formally, if R;(a) is the reward received at time
t from arm a, and a* is the optimal arm, the regret after T trials is:

Regret(T') = Z Ri(a®) — Ry(ay)

where a; is the arm chosen at time ¢.

The exploration-exploitation dilemma, fundamental in MAB, is also a core aspect of
general RL. MAB’s insights are vital for understanding and developing strategies in
more complex RL environments.

B.2 Optimisation

While the basic gradient descent approach is foundational, its stochastic variant, Stochas-
tic Gradient Descent (SGD), and advanced optimisers like Adam [185], have become the
mainstay in training deep NNs due to their efficiency in computing gradients, essential
for parameter updates.

Beyond gradient-based methods, the broader optimisation landscape encompasses tech-
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TRANSFORMATION

Figure B.1: Transformation of a dataset with a non-linear boundary into one that is linearly
separable.

niques such as conjugate gradient descent and the Broyden-Fletcher-Goldfarh-Shanno
algorithm (BFGS) [186]. Although less dominant in the deep learning domain, these
methods hold significance in specific applications. The rise of NNs as a primary model
in deep learning necessitates a deep understanding of parameterisation. Given the
vastness of parameters in these networks and their interactions, efficient optimisation
methods are crucial for effectively training them. Parameterisation, gradients, and the
ensuing quest for optimality collectively contribute to the success of NNs in myriad
applications. Listing B.1 is a concise Python implementation illustrating gradient de-
scent. Following standard gradient descent implementations, we have some function
f and an associated gradient function df which is the gradient in the usual sense, %
(assuming univariate). x0 is the initial value for z, and Ir is the learning rate chosen for
this implementation. We can select the number of iterations, nj,, to run the algorithm
until it is ‘close’ to convergence.

Listing B.1: Implementation of the gradient descent algorithm in Python.

def gradient_descent(f, df, x0, 1r=0.01, n_iter=1000):
"!""Numpy tmplementation of gradient descent.'''
x = x0
for i in range(n_iter):
x =x - 1lr *x df(x)
return x

B.3 Deep Q-learning
Deep Q-learning (DQN) employs a Huber loss function to stabilise learning by treat-
ing the loss quadratically for small deviations and linearly for large ones, preventing

substantial fluctuations in Q-value approximations. A comprehensive pseudocode of
DQN can be found in Algorithm 16.

B.4 Direct Policy Differentiation

This section develops the mathematical foundations of direct policy optimisation in RL,
a method crucial for efficiently learning policies in various contexts. This approach is
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Algorithm 16: Deep Q-Learning algorithm.
Input: Replay memory capacity N, number of episodes M, number of steps
T, discount factor v, exploration probability e, update frequency C'
Output: optimised policy 7* based on the learnt @)
1 Initialise replay memory D to capacity N
2 Initialise action-value function ) with random weights 6

3 Initialise target action-value function Q with weights 6= =6
4 for episode = 1 to M do

5 Initialise sequence s; = {z1} and pre-processed sequence ¢ = ¢(s1)
6 fort = 1toT do

7 if Random() < € then

8 ‘ Select random action ay

9 else

10 L Select a; = argmax, Q(¢(s:), a; 6)

11 Observe reward r; and image ;11

12 Set Si41 = 8¢, Gy, X441 and pre-process ¢Gppq = G(Si41)

13 Store transition (¢, az, 1, ¢p11) in D

14 Sample a random sub-sample of transitions from D

15 Compute y;: if episode terminates at step j + 1 then

16 ‘ yj = Tj

17 else

18 L y; = r; + ymaxy Q(¢j41,a;07)

19 Perform a gradient descent step on (y; — Q(¢;, a;; 0))? with respect to ¢
20 Reset Q = Q every C steps

21 Return the optimal policy 7* based on the learnt Q).

powerful due to its ability to handle high-dimensional action spaces and continuous
domains.
B.4.1 Mathematical Derivation

The key to understanding direct policy differentiation lies in the manipulation of the
gradient of the expected reward function, J(6), with respect to the policy parameters,
f. The derivation starts by expressing the gradient as an integral over all possible
trajectories 7:

Here, my(7) denotes the probability of trajectory 7 under the policy parameterised by
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6, and r(7) represents the reward associated with 7.

B.4.2 Finite-Horizon Scenario

In a finite-horizon setting, where the trajectory has a defined end, the policy for a
trajectory 7 comprising states s; and actions a; over a time horizon 7' is given by:

atlst 5t+1’3t7 at)

||E%

T

log 74(r) = log p(s1) + Z log T (arls:) + log plsi]se, ar)
t=1

Vo log my(T Z Vo log my(a|s:)
t=1
B.4.3 Practical Policy Update

The gradient of the objective function, V.J(6), is estimated through sampling, leading
to the following practical policy update rule:

VJ(0) = Erryr) [(Z Vg log m(a;|s:) ) (Z T(Sn@)]
~ %Z (ZV@lOgﬂ'Q a|st) ) (Z’F St, )

t=1

This leads to the update rule for the policy parameters:

6 <«— 0+aVJb),

where « is the learning coefficient. This update rule is applicable even in partially
observed MDPs, showcasing the flexibility of direct policy differentiation in various RL
contexts.

B.5 MARL Algorithms

Multi-agent reinforcement learning (MARL) involves various algorithms designed to
tackle the complexities of learning in environments with multiple agents. These al-
gorithms address challenges such as non-stationarity, large action spaces, and credit
assignment. Key MARL algorithms include:

Independent Q-Learning (IQL) [268|: In IQL, each agent independently applies Q-
learning, treating other agents as part of the environment. While simple, IQL struggles
with non-stationarity as it does not account for the learning and adaptation of other
agents.
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Joint Action Learning (JAL) [267]: JAL extends the learning process by consider-
ing the actions of all agents when updating Q-values, better handling non-stationarity
but suffering from the curse of dimensionality as the number of agents increases.

Value Decomposition Networks (VDN) [266]: VDNs decompose the joint action-
value function into individual value functions for each agent, allowing for cooperation
and manageable learning complexity.

Counterfactual Multi-Agent (COMA) Policy Gradients [264]: COMA ad-
dresses the credit assignment problem in cooperative settings using a centralised critic
that evaluates each agent’s action contribution to the overall performance.

Mean Field Multi-Agent Reinforcement Learning [263|: This method simplifies
interactions in large-scale agent scenarios by considering the average effect of neigh-
bouring agents, enhancing scalability and reducing computational complexity.

Each algorithm has its strengths and is suited for different types of multi-agent envi-
ronments and objectives.

Multi-Agent Deep Deterministic Policy Gradient (MADDPG) [265]: MAD-
DPG, an extension of DDPG, uses a centralised critic for policy evaluation and a de-
centralised actor for action execution, facilitating information sharing during training
while preserving independent decision-making.

MADDPG supports both cooperative and competitive interactions among agents. MAD-
DPG utilises centralised learning with decentralised execution, allowing agents to ben-
efit from shared information during training while acting independently during execu-
tion.

B.6 Uncertainty Estimation in Model-Based RL

In the context of MBRL, ensuring the accuracy and reliability of predictive models is
important. One potential avenue for achieving this reliability is through the estimation
of uncertainty. This uncertainty serves as an indicator, highlighting areas where the
model might be deficient, thereby reducing the need for extensive data collection. The
capturing of uncertainty information could mean the difference between an agent taking
a risky action with unintended consequences, versus one that is calculated and safe.

The concept of uncertainty in this context can be bifurcated into two distinct types:

1. Aleatoric (statistical) uncertainty: Inherent noise in the data itself.

2. Epistemic (model) uncertainty: Uncertainty related to the model’s parameters,
given the available data.

A simplified analogy encapsulates the difference: “The model may be certain about the
data, but our confidence in the model can vary.” The notion of high entropy being
synonymous with high uncertainty is misleading. In RL, there’s a nuanced relationship
between entropy and uncertainty. For instance, consider a model that overfits: such a
model might exhibit low entropy despite being unreliable.

One method to understand and estimate uncertainty is the Bayesian NN. In this ap-
proach, each weight connecting neurons within the network is treated as a distribution,
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Algorithm 17: MADDPG Algorithm for Multi-Agent Reinforcement Learn-
ing.
Input: A multi-agent environment with states S, actions A; for each agent i,
transition probabilities T', reward functions R; for each agent, discount
factor v, and a replay buffer R.
Output: Optimal policy functions pu, for each agent.

1 Initialise critic networks @)y, and actor networks ji4, for each agent 4.
2 Initialise target networks Qg and py with weights 0} < 0; and ¢; < ¢;.
3 Initialise replay buffer R.
4 for episode = 1 to M do
5 Receive initial observation state o'.
6 fort = 1toT do
7 for each agent i do
8 L al < Select action using ps, with exploration noise added.
9 Execute joint actions a’ and observe reward r* and new observation
o'l
10 Store transition (of,a’,rf, o'™!) in R.
11 for each agent i do
12 Sample a batch of transitions from R.
13 L(6;) < Calculate critic loss based on sampled transitions and
update the critic network.
14 Update the actor network using the sampled policy gradient.
15 Update the target networks:
0, + 76, + (1 — 1)6;,
¢; = 7¢i + (1 — 7).

rather than a fixed value (see Figure B.2). Typically, these weights are considered in-
dependent, leading to the assumption that the distribution over the weights is the
product of the individual distributions, expressed as p(6|D) = [], p(6;|D), where each
marginal follows a normal distribution, p(6;) = N(u;, 0;). While this assumption sim-
plifies computation, it does introduce potential limitations, making it a common yet
controversial practice in ML.

While Bayesian NNs remain an active area of research, another technique gaining
traction in the quest for uncertainty estimation is the use of bootstrap ensembles.
Here, multiple networks are trained on independent datasets, all aiming to predict the
same policy. These disparate policies, when viewed collectively, can help approximate
the full distribution, described as p(f|D) ~ + >, d(6;). Essentially, a mixture model
is formed using these models, leading to the relationship:

1
/p(3t+1|3t7 G, 9)p(9’D)d9 ~ N Zp(3t+1|5t> ag, 9@')-

These independent datasets can be synthetically created by sampling with replacement
from the primary dataset, D.
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Figure B.2: Illustration of a Bayesian NN.
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Causal RL Appendix

This appendix extends the discussion on causal RL presented in Chapter 4. The
structure of this chapter follows the order in which references are made to this appendix
from the main body of this thesis. The aim is to offer additional details, proofs, or
algorithms that might not directly contribute to the main argument of the thesis.

C.1 Theoretical Foundations

This section presents key theoretical aspects of causal RL, starting with regret bounds
in K-MAB problems.

Theorem C.1.1 (B-kl-UCB Regret Bounds). Consider a K-MAB problem with re-
wards bounded in [0, 1], with each arm x € {1,..., K}, and ezxpected reward i, € [l,, h,]
s.t. 0 <l, < h, <1. Taking f(t) = log(t) + 3log(log(t)), in the B-ki-UCB algorithm
(shown in algorithm 18), the number of draws of E[N,(T)] for any sub-optimal arm a
is upper bounded for any horizon T > 3 as:

0 if hy < lmax

4 + 4elog(log(T)) if hy € [lmax, 1)
log(T) log(log(T")) . *

RL(uo™) T O (KL(M#*)> if he 2

This is orchestrated by utilising prior knowledge to formulate a general SCM that
aligns with all available models. A deeper examination of this concept is provided with
a representation of a stochastic MAB problem with a prior depicted as a list of bounds
over the expected rewards. For any given bandit arm z, the expected reward is bounded
by Eser|Y | do(z)], with u being the contextual variable. The proposed B-kl-UCB
algorithm (Algorithm 18), an augmentation of the well-known kl-UCB algorithm [79],
leverages these bounds to expedite the learning process.
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Algorithm 18: B-kl-UCB
Result: Compute causal bounds for non-identifiable transfer task
1 Input: Non-decreasing function f: N — R
2 Input: A list of bounds over p, : {[lz, ha]}zeqr,.. k)
3 Exclude any arm a with h, < [,,4.. Let K’ denote the number of remaining
arms. Pull each arm of {1,..., K} once. for t = KP"™¢ to T — 1 do
4 for each arm x do
5 Compute U, (t) = min{U,(t), h,} where

Us(t) = sup{p € [0,1] : KL(ji(t), 1) < 72051

6 end
7 Select an arm X; = argmax, ¢y xn U, (t).
s end

The promising connection between causal inference, transfer learning, and the gener-
alisation of policy learning lays the foundation for a multitude of intriguing research
directions. This integration could help RL agents to move beyond the limitations of
their training environments, offering improved adaptability and learning efficiency.

C.2 Intervention Sets

Consider the information acquired by an agent engaged with an SCM-MAB as sym-
bolised by (G,Y).

Definition C.2.1 (Minimal Intervention Set (MIS) [132]). A subset of endogenous
variables, denoted as X C V \ {Y'}, is termed a minimal intervention set in relation
to (G,Y) if no smaller subset, X' C X, exists that yields the same mean reward, i.e.,
Ly = pg for every x' € X', in every SCM adhering to the causal graph’s stipulated
structure.

Reflecting on this definition, it becomes evident that intervening on the reward variable,
Y’s ancestors is both a necessary and sufficient condition for achieving an MIS.

Proposition C.2.1 (Minimality [132]). A set X C V \ {Y'} qualifies as an MIS for
causal graph G and reward variable Y if and only if X C an(Y)q

This proposition furnishes a strategy for identifying MISs given the available informa-
tion. A simple perusal of all possible subsets of endogenous variables X \ {Y} while
checking the proposition suffices. However, the structure of causal graphs may dic-
tate that certain variable sets are always superior for intervention, thereby establishing
a partial ordering. This scenario propels the quest for formalising the concept of a
possibly optimal MIS.

Definition C.2.2 (Possibly-Optimal MIS (POMIS) [132]). Given the information
(G,Y) and an MIS X, a POMIS scenario arises if there exists a particular SCM
adhering to causal graph G rules such that pig > p,sVZ € Z\ {X}. Here, Z embodies
the potential MISs compliant with G and Y .

The preceding discussion of POMIS facilitates the recognition of optimal intervention
points, highlighting the ‘where’ of allocating intervention.
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C.3 Markovian Property in MDPUCs

Theorem C.3.1 (Markovian Property in MDPUCs [139]). Given an MDPUC model
My, U, X,Y,S, F,P(u)), a policy m € Foppy = {m | m: S = X} (state to action map),

and an initial state s®, the agent exvecutes actions do(X® = z®)) at round t and
do(X HHLHHED) — 7y subsequently (k € Z1), the following relationship holds:
P (Y;{r)kx([ﬂrl )= =y | S(t(;l)’ S(t)> P (Y, {500 =y | )

Further extension of MDPUCs to encompass counterfactual policies is possible by
considering Fiyp = {7 | m : S x X — X}, a set of functions defining the relation-
ship between the current state s), agent’s intuition 2/®), and the action z®. Hence,
VO = VOO /) and QW = QW (s, /" £®). This facilitates the derivation of
an insightful result, encoded as theorem (C.3.2) below.
Theorem C.3.2. Given an MDPUC instance M('y,U X, Y, S, F,P(u)), let 7Texp =
arg maX,cp, V™ (s") and 7}, = arg maX,cp,, V(s '(t)). For any state s, the
following statement holds:

Vmean (sM) < Ve (51)),

In essence, contemplating counterfactual quantities (intent) never deteriorates perfor-
mance.

S S(2) 5&3) S S(2) 5£3)
(1) (2 (1) (2
(\T N {f N X — Y unconfounded " i
L - — L — —¢e —_— L L )
b (ORIt s 2005 QNGRS 4C) xw Yy x@ o Y@
M E M E M E M E
(1 (1) (2 (2) (1 (1) (2 (2)
(a) (b)
1 X — 8 confounded T X — S unconfounded
S S 53 S 5(2) 533)
D 7 1@ =7 D S ) s
g\ i (\r\ /,’// X — Y confounded {{ //({ R
T P c — Ty x@ )
XM N 2T m YW XA TS0y X g ” Y XYW Tt Y
MO g1 M(Z) E(2) MO g M2 E®

() (d)

Figure C.1: (a) Depicts an MDPUC with a confounded pathway from action z® to reward
y®). (b) Shows a conventional RL model of MDP without any confounders. (c) Illustrates
an MDPUC with a confounded route from action () to reward y*), and also from action
to subsequent state (¥ — s+ (d) Represents an MDPUC where only the action to
subsequent state path 2 — st is confounded. Modified from [139], with a notation
variation: X for actions and Y for rewards.

Figure C.1 depicts various configurations of MDPUCs, illustrating how unobserved
confounders can affect diverse pathways in decision-making processes [139].

C.4 Learning from Agent Intent

Theorem C.4.1 (Estimating the ETT [109]). The empirical estimation of the effect
of treatment on the treated (ETT) is viable for any number of choices of actions when
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agents base their decisions on a specific intent I =i and then evaluate the response Y
to their final action X = a.

Proof. Representing the ETT counterfactual as E[Yx—, | X = ¢] and utilising the law
of total probability alongside the conditional independence Y, 1L X | I, we derive:

EYx—q | X =i] =) E[¥x— | X =i, I =¢|P(I=i|X =1i)

= EYx— | I =PI =1|X =1i)
Given that I, = I in G (graph minus edges into X), which implies (I 1L X)q_, it
follows that:
EYx—o | X =i =) E[Y |do(X =a),] =i|P(I=i|X =i)
This expresses the counterfactual quantity as an interventional one. Observationally,

the intent aligns with the outcome, allowing us to represent this as an indicator func-
tion, leading to the conclusion.

E[Yy—o | X =i =E[Y | do(X = a), =]

[]

Forney et al. [109] utilises this theorem to develop heuristics for learning counterfactuals
from both experimental and observational data, even when the data might be noisy.

A
I =x, I=x, =Xy
X=x; | ELY,,[x] ELY,,1x2] ELY,, |xi]
X=x; | ENY,Ix | EDY,,[x] ELY,,[xd B
X=XK E[Yxklxl] E[Yxklxz] i E[Yxklxk]
\/

©

Figure C.2: This diagram presents various counterfactual scenarios for distinct actions
and their intents. The diagonal line represents the counterfactuals that actually transpired.
Utilising known counterfactuals, we can infer about other potential counterfactual outcomes.
(B) symbolises learning across different intents, and (C) symbolises learning across different
actions. Adapted from [109].

1. Cross-Intent Learning: Referencing Equation 4.2 and analysing each arm inde-
pendently, we establish a set of equations reflecting the outcomes based on varying
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intents. For determining E[Y;, | z,], insights into alternate intent conditions are
utilised:

E[Y, | 2] = |ElY,,] = Y EY, | 2]P(z:) | /P(xy).
1#w

. Cross-Arm Learning: In a manner similar to the first point, knowledge about
two distinct arms under an identical intent aids in understanding a third arm within
the same intent context. This leads to the following expressions:

E[Y,,] — Zf;w]E [Ya, | @] P ()

Plre) = E[Y, | 2]
. E [Yxs] B Zf;w E [Yxs | xz] P (931)
E [Ymg xw]

By integrating these outcomes, we derive an expression for E[Y,, | z,] as follows:

EY, ]~ 25, ElYa, | 2] P(2)| E[Y,, | 2]
E[Y,, | 2.) = ()

However, this estimate is sensitive to sample noise. A pooling method that uses an
inverse-variance-weighted average can address reward variance:

Zf;r hx Arm (xr; Loy, xz) /Ui,mw
K
Zi?ﬁT 1/O-§i7$w

where hx arm (T, Ty, Ts) applies equation (C.1), and afm denotes the reward vari-
ance for arm z under intent 7.

IE'XA?”m [}/ZUT | xw] =

Y

. Combined Approach: Accumulating estimates through execution and integrating
both cross-intent and cross-arm learning methodologies, we deduce a comprehensive
approach:

IEcombo [Yxr | xw] - y where

™| Q

@ = Esamp Yo, | 2] /Ua%,.,xw + Exmt [Yz, | 7] /Jgﬂnt + Exarm [Yz, | 7] /chArm

ﬁ = 1/U§T,zw + 1/U§(Int + 1/0-§(Arm

C.4.1 Additional Transportability Theory

Definition C.4.1 (mz-Transportability [145]). Consider a set of selection diagrams,
D = {DW, ..., DM} originating from source domains Il = {m,...,m,} and con-
verging on target domain w*. Let Z; denote the variables where experiments can be
performed in domain w;. The causal effect R is deemed mz-transportable from 11 to
m* within D if it can be exclusively computed from the collective observational and
interventional distributions.

The graphic depiction of mz-transportability has an algebraic counterpart derived from
the do-calculus.
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Figure C.3: This illustration outlines the method of integrating data through counterfactual
reasoning as discussed in this section. It shows how an agent combines both interventional
and observational history to determine counterfactual outcomes. The agent’s decision-making,
incorporating intended actions, is informed by both counterfactual considerations and intent
awareness, taking into account unobserved confounders and maximising the use of available
data. Image sourced from [109].

Theorem C.4.2. Assuming previous definitions, the effect R = P*(y | do(x)) is mz-
transportable from 11 to 7* if the expression P(y | do(x),S1,...,Sy) adheres to the
do-calculus rules, such that:

1. The do-operators, relevant to subsets of I', exclude any S;-variables.

2. Do-operators are exclusively connected to subsets of I..

In essence, this theorem reaffirms the completeness of the do-calculus for pinpointing
transport formulas. For a comprehensive understanding, including an in-depth dive
into the established algorithm for deriving these formulas, readers are encouraged to
consult the primary source [145].

C.4.2 Causal Structure Learning Theory

Kocaoglu et al. [149] presented a significant enhancement over previous methodolo-
gies by offering an algorithm capable of discerning any causal graph. Additionally, it
ascertains both the presence and position of latent variables utilising O(dlog(n) + 1)
interventions. Here, d signifies the highest node degree, while [ represents the most
extended directed path in the causal graph. The authors also put forth a proba-
bilistic approach that can learn the observable graph, inclusive of all latent variables,
with O(dlog®(n) + d*log(n)) interventions, with high probability. Due to its promis-
ing nature, we opted for an in-depth examination and elaboration of this theoretical
framework. The authors have partitioned the task of understanding the observable
graph and latent variables into three specific stages:

1. First, they introduce a methodology to ascertain the transitive closure of the
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observable graph.

2. This obtained transitive closure is then reduced to spotlight a subset of the edges
inherent in the foundational causal graph.

3. Employing conditional independence tests, they proceed to reveal latent variables.

Delving deeper, the authors have demonstrated that separating systems can facilitate
the formulation of sequences for pairwise conditional independence tests. The aim here
is to unveil the transitive closure of the observable causal graph, essentially determining
causal pathways by identifying which variables are dependent on others. To articulate
this notion rigorously, the post-interventional causal graph concept is invoked. It repre-
sents the causal graph G, albeit devoid of edges directed towards intervened variables.
A vital consideration here is faithfulness, ensuring causal connections materialise solely
due to d-separation, implying the nonexistence of perfectly counterbalancing relations
that masquerade as non-causal (see Section 2.11.2).

The formalised conditional independence test is as follows:

Lemma C.4.1 (Pairwise Conditional Independence Test [149]). For a causal graph
with latent variables denoted as D; and an intervention set S C V of observable
variables, the post-interventional faithfulness presumption stipulates that for any pair
Xi € 5,X; e VS, (Xi L Xj)p,s if and only if X; is an ancestor of X; in the
post-interventional graph DIS].

This lemma presents methodology to discern ancestry for any variable pair, (X;, X;).
Yet, its scope is limited. To illustrate, consider X; — X; — X; with X;, X}, € § and
X, ¢ S. The authors address this limitation by suggesting a sequence of interventions
steered by a separating system, culminating in the discovery of the accurate causal
graph through the identification of the transitive closure.

Definition C.4.2 ((m,n) Strongly Separating System [149]). An (m,n) strongly sep-
arating system encompasses a collection of subsets {S1, Sa, ..., Sm} of the foundational
set [n]. For any pair of nodes i and j, a set S exists within this collection such that
i €S,j ¢S and vice versa in another set S'.

The utility of the aforementioned definition is further underscored by findings in [149].
A strong separating system is invariably present on the ground set [n]| provided m <
2[logn]. This paves the way for the introduction of a deterministic algorithm tailored
for deciphering the observable causal graph D derived from ancestral connections. This
algorithm requires 2[logn| interventions coupled with conditional independence tests.
The key insight is that when the intervention set encapsulates all ancestors of X, the
only variables showcasing dependence with X; in the post-interventional cohort are its
direct parents, denoted as Pa,.

Let’s consider r as the most extended directed pathway of D,.. Utilising the partial
order, <p,., on the vertex ensemble V', it’s feasible to derive a distinct partitioning of
vertices expressed as {T; | i € [r + 1]}, where the relationship 7; <;. T} holds for all
t < j. Every node within ¢ therefore constitutes a cohort of mutually non-comparable
components, symbolising the set of nodes at the " layer in the transitive closure graph
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D,.. If we articulate 7, = Uz;llTk, then it’s evident that Pa; C T; — an observation
leveraged in the deterministic algorithm proposed by the authors.

Perhaps the standout element of this study is the introduction of a randomised algo-
rithm. The operational strategy is rooted in the recurrent deployment of the ancestor
graph learning algorithm to decipher the observable graph. This modus operandi leans
heavily on transitive reduction:

Definition C.4.3 (Transitive Reduction). For a given directed acyclic graph, D =
(V, E), with its transitive closure expressed as Dy, the Tr(D) = (V, E,) represents a
directed acyclic graph, characterised by the minimal edge count, such that its transitive
closure mirrors Dy..

Such a transitive reduction is both straightforward and efficient, setting the stage for
a repetitive mechanism designed to uncover causal correlations.
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