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Abstract

Machine learning and quantum computing are both fields which have gained a signifi-
cant amount of popularity and attention in recent years. The intersection of these two
fields, quantum machine learning, looks at whether quantum computers can aid or im-
prove classical machine learning methods, or whether quantum computers can perform
machine learning tasks which classical computers cannot. In this thesis we explore dif-
ferent implementations of quantum machine learning algorithms on near term quantum
computers, and the limits of these systems. We focus on support vector machines and
kernel methods, which are a form of supervised machine learning. We examine whether
using quantum kernels to search for a quantum advantage over classical computers is
suitable, and why it may be wise to search for quantum advantages using other methods.
Lastly, we construct a quantum circuit which can approximate a wavelet kernel with a
mean squared error over sample plots of 9.09 x 107 by estimating the Fourier coefficients
of the kernel. We hope that this can be used as a starting point for performing wavelet
analysis on quantum computers.
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Chapter 1

Introduction

1.1 Machine Learning

Over the past few decades the field of computing has made many advances. These
have come through developments in both hardware and software. On the hardware
front computer processors have gotten smaller and continue to shrink, allowing us to fit
more transistors on chips and enabling us to compute at faster speeds while also being
more power efficient [1]. Advancements in graphics card technologies have allowed us to
perform parallel computing at new speeds. We have also developed specialised chips such
as tensor cores and ray tracing cores, which excel at highly specialised tasks [2].

Computer algorithms and software have also improved greatly. One of the most promi-
nent advancements in recent times is machine learning. Machine learning refers to many
different algorithms, all of which aim to learn from data in some way. In a broad sense
they are algorithms which often aim to find relationships between inputs and outputs in
data, or to find patterns in data. Machine learning can find patterns much faster than
humans and can parse though much larger volumes of data. Due to these factors and
the increasingly large amounts of data being generated by humans, machine learning has
become a popular method for analysing data [3].

Machine learning can be broken down into three broad categories: supervised learning,
unsupervised learning, and reinforcement learning. In supervised learning, the algorithms
are given information about the inputs and the outputs of the data and the algorithm is
tasked with finding a suitable relationship between them [4]. In unsupervised learning,
information about the data is not given. The algorithms usually group or cluster data
points based on similarity in order to form a prediction about the output [5]. Reinforce-
ment learning algorithms learn by constantly making decisions and queries so that they
can learn from their mistakes [6]. In this thesis we will focus on supervised learning,
particularly, support vector machines and kernel methods.

1.2 Quantum Computing

With the number of advancements in computing and the rate at which they have
occurred, one might think that, given enough time, computers can do anything. However,
there are still limitations. At some point we will not be able to make transistors any



smaller, and that will put a cap on the current model of CPU development [1]. There are
also certain tasks that our computers cannot perform in a feasible time period. Given
these factors, it is reasonable to ask if we can improve computers in any other way, and
if so, how?

One of the most important theories of physics from the last century is quantum me-
chanics. Quantum mechanics aims to model how the world works at microscopic scales.
It has changed the way we look at the world. People asked if we could use the results and
properties of quantum mechanics to improve how we perform computation. One of the
first people to make this proposition was Richard Feynman, at a talk in 1982, where he
proposed using quantum computers to simulate quantum systems which were too difficult
to simulate using classical computing methods [7]. This was the beginning of the field
known as quantum computing [§].

In the circuit model of quantum computing, we replace the binary system of bits con-
sisting of 1’s and 0’s - used by classical computing with qubits. Qubit is short for quantum
bit, refers to a quantum bit of information. Qubits are quantum objects which can be
put into a state of superposition and can then be used to encode quantum data. Com-
putation is performed inside a quantum computer by performing unitary operations on
qubits. We are able to exploit the quantum properties of qubits such as superposition,
entanglement and interference in order to perform some of the calculations which are not
feasible on classical computers. Some examples of these calculations include Shor’s algo-
rithm and Grover’s algorithm [9-11]. Shor’s algorithm enables us to factorise numbers in
polynomial time. Gover’s algorithm is an unstructured search algorithm which provides a
quadratic speedup over all known classical algorithms for unstructured search. Quantum
computers can also, in theory, perform all tasks which a classical computer can perform.

Quantum computers work well in theory but are often hard to realise physically. Re-
search to improve physical implementations of quantum computers is ongoing. Some
implementations include; superconducting quantum computers, trapped ion quantum
computers, photonic based systems, nuclear magnetic resonance quantum computers,
and many more [12-14]. These quantum computers use different objects as qubits, pho-
tonic based systems may use photon packets or light beams as qubits, whereas other
systems may use electrons or atoms. Due to the field being in relative infancy, the class
of quantum computers we deal with in the real world is usually referred to as noisy inter-
mediate scale quantum computers. (NISQ) [15]. Noisy refers to the noise inside quantum
circuits. This, is a result of quantum circuits not being closed systems and often having
decoherence and dissipation. Intermediate scale refers to the number of qubits in the
quantum computer, usually up to 100 qubits [16].

Quantum supremacy is the point at which a quantum computer surpasses a classi-
cal computer at a specific task. Companies like Google have claimed to have already
reached quantum supremacy with their Sycamore processor, which was said to perform
calculations 3 million times faster than the Summit supercomputer [17]. As quantum
computers grow larger and have more qubits on their processors, and with the refinement
and discovery of quantum computing techniques we can expect more cases of quantum
supremacy to appear over time.



1.3 Quantum Machine Learning

Quantum computing and machine learning are both rapidly developing fields, and it
is therefore very interesting to examine the intersection of the two. The main questions
that are asked are: what benefits can quantum computers provide to the field of machine
learning? Can quantum computers enable us to run machine learning algorithms faster
than classical computers? Can quantum computers enable us to learn functions and give
us access to algorithms which are inaccessible on a classical computer?

None of these are straightforward questions. Quantum algorithms running faster than
classical ones is referred to as speedup and can be broken down into different categories.
In this thesis I will follow the categories laid out by Ronnow et al |[18] so that mentions of
speedup in the thesis can be kept consistent. Provable quantum speedup requires a proof
that no classical algorithm can perform as well or better than the quantum algorithm.
Strong quantum speedup compares the quantum algorithm to the best known classi-
cal algorithms. Potential quantum speedup compares two specific algorithms. Limited
quantum speedup compares two conceptually equivalent algorithms.

The transition from classical to quantum machine learning (QML) can be broken down
into two approaches, as seen in figure [19]. The figure shows two axes: data processing
and data generation. Along these axes we can define four quadrants. The first quadrant
is classical classical denoted by CC, with the first classical referring to the type of data
being processed and the second one referring to the type of computation used to process
the data. This represents classical machine learning, and most machine learning that
goes on today falls into this category. The next is classical quantum, CQ, where classical
data is being processed by a quantum computer. The CQ implementation of quantum
machine learning usually takes the form of parameterised quantum circuits. This will be
one of the main focuses of this thesis and will be explained in detail in a later section.
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Figure 1.1: The four approaches to quantum machine learning. Image taken from ”Su-
pervised Learning with Quantum Computers” .

Next is quantum classical, QC, which is when quantum data is processed by a classical
algorithm. This can happen when an experiment creates quantum data, such as photon
manipulation experiments, and the data is processed using classical techniques. Last is
quantum quantum, QQ, where quantum data is processed by a quantum algorithm. This
is the hardest of the four approaches to implement at present but it is still being actively
researched.

This thesis will focus mainly on the kernel method, which falls under the CQ quadrant.
The kernel method refers to a class of machine learning algorithms used mainly for pattern
analysis such as classification, correlation and clustering. One of the most well known
implementations of kernel methods are support vector machines. Support vector machines
and kernel methods will be discussed in detail in later sections.

In CQ machine learning we need to convert our classical data into quantum data.
There are many ways to do this and the process of doing so is known as encoding. Each
method of encoding has its own pros and cons, and some methods are more suitable for
certain problems than others. Some methods of encoding will be explained in depth in a
later section, as well as their effects on quantum machine learning algorithms.

\]



1.4 Research Questions

The first set of questions on which this thesis will try to shed some light is why it’s
so hard to find a quantum advantage. This question will be answered through the lens
of quantum kernel methods. We will ask what quantum advantages have been found in
the field of quantum kernel methods. We will also ask how they are found and what
researchers suggest as reasons for why it is so hard to find quantum advantage. We will
finally ask whether quantum kernel methods are the best way to search for quantum
advantage in general.

The next set of questions will deal with approximating kernels on near term quantum
computers. We will first ask what kinds of kernels can be approximated and how it can
be done. We will then ask whether the current methodology can be adapted in order to
approximate a wavelet kernel and finally ask what the implications of this could be. The
approximation of the wavelet kernel on a quantum computer has not been attempted
before, and if successful could be used in the future to perform wavelet analysis on a
quantum computer.



Chapter 2

Literature Review

The aim of this background section is to provide a strong mathematical basis for the
concepts that will be used throughout the thesis. It will cover a broad range of topics
from many fields, but should go over everything needed to understand the work in the
main body. We begin by going over the general definitions and workings of support vector
machines, kernels, Fourier analysis and wavelet analysis. We then summarise quantum
circuits and their notation so we can go into quantum machine learning and parametrised
quantum circuits. Next we look at practical examples of parametrised quantum circuits
and then look at quantum encoding. Lastly we look at quantum kernels and how kernel
methods are related to supervised machine learning models.

2.1 Support Vector Machines

Support vector machines (SVMs) are a form of supervised machine learning. They
are mainly used to do classification and sometimes regression analysis. They do this
by finding a function which defines a hyperplane or set of hyperplanes which optimally
separate the given data, the hyperplane is then used to classify new data points. In
general the optimal hyperplane is the one which creates the largest separation between
the data groups [21]. This process can be visualised easily and seen in figure We
will start by examining a support vector machine that is given data which is linearly
separable, and then move on to the non-linear case.

2.1.1 Linearly Separable Support Vector Machines

Given a linearly separable data set containing n data points of the form

(@, 1), s (2, yn) (2.1)

Where each x; is a p-dimensional vector and y; has a value of either 1 or -1. The data
points being linearly separable means that a hyperplane can be drawn which divides that
data such that all the values labelled 1 appear on the opposite side of the hyperplane to
the values labelled -1. The hyperplane dividing these data classes can be written using
the normal vector to the hyperplane, w, with x € RPas:

wix; —b=0 (2.2)



We now select two parallel hyperplanes which separate the data classes such that the
distance between them is as large as possible. The region created between these two hy-
perplanes is called the margin, and the SVM looks for the maximum-margin hyperplane,
which is the hyperplane that lies in the middle of the other hyperplanes. The data set is
also normalised so that we may write the following equations:

wle —b=1 (2.3)
wle —b=—1 '

This step allows us to classify the points. All points which appear above the hyper plane

given by wx — b = 1 are classified as 71”7, and all points which appear belowe the
hyperplane w?x — b = —1 are classified as ”-1”. We also add the constraint:
yi(wlz; —b) > 1forall1 <i<n (2.4)

This constraint ensures that each data point will lie on the correct side of the margin.
The distance between the two hyperplanes which define the margin is given by:

2
|w]

The problem of the SVM then becomes to minimise |w| subject to y;(w?x; —b) > 1
for all data points ¢. The maximum-margin hyperplane is completely determined by the
data points, x;, which lie closest to it. All of the data points are checked against the
condition given by equation [2.4] which ensures that the correct data points are chosen.
These data points are known as the support vectors, and it is possible to have multiple
support vectors as long as they have the same distance from the margin. A visualisation
of this process can be seen in figure [2.3

The minimisation which needs to be performed is usually done using the Lagrange
method. The Lagrangian which will need to be minimised in this case is:

L= 2wl - > sl — ) — 1) (2.5)

This is the Lagrangian dual of the SVM problem. The «; is the Lagrange multiplier. The
-1 comes from taking the 1 over to the other side in equation [2.4] To solve this equation
we set:

oL oL 0L
e =0 g = 0,5, =0 (2.6)

Plugging in these expressions will leave:
1
L= Z =g Z Zaiajyiijj " L (2.7)
i i

What we have done is create an expression which has variables which depend implicitly
on w. Using this equation allows us to simplify the computation of the support vector
machine greatly. The maximisation of the margin will require only the computation of
dot products of pairs of support vectors. This computation can be done fairly quickly on
a computer and is sped up further if we have any information on which data points can
be used as a support vector.
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2.1.2 Non-Linear Support Vector Machines

Separating data clusters with a margin is fairly easy when the data is linearly separable,
however, data is often non-linearly separable. To deal with this, the support vector
machine must be adapted in order to create margins which can divide this data. In order
to do this we employ the kernel trick. Data points are mapped into a higher dimensional
space using feature maps and are then separated in the higher dimension before being
projected back down. A feature map is a function which maps data into a new space
called the feature space. The family of functions which could be considered feature maps
is broad, but in general they are used to try and map data to a space where certain
features are easier to identify.

A visualisation of the mapping process can be seen in figure 2.1l The projection sends
the data to a new space and can allow us to more easily separate data clusters. A margin
drawn in this space may look like a surface in the higher dimension, but when projected
back down into the original space it can take on a more complex form and therefore allows
us to create non-linear margins.

1o/ e o o
[ ] ° [ X' [ ]
o °, %,
0.54 [
.. % e® o
00l % o%%@& o0 . kernel
e o O P — r
-059 @ ° % o
L4 ° ° °
_104 o o o0
1.0 [ ) ° °

-1.0 -0.5 0.0 0.5 1.0

Figure 2.1: A visualisation of projecting a 2-dimensional problem into a 3-dimensional
problem in order to create a non-linear support vector machine.

The lift causes the Lagrangian in equation [2.7] to become:
1
L= Z =g Z Z ooy d(@;) - d(a;) (2.8)
i i j

Where ¢ is a feature map which ¢ : X — F and ¢(x;)-¢(x;) is the inner product between
two vectors which have been mapped into a new feature space. We then define a kernel
function K:

K(z;, ;) = ¢(x;) - ¢(x;) (2.9)
The exact nature of the kernel will be explained in depth in the next section, but for now
using the kernel trick we are now able to calculate the inner product of the mapped data
without having to perform the actual mapping and only using the sample data set. The
kernel trick allows us to not need to specify the feature map explicitly and to instead just
consider a kernel function which we know there is implicitly a feature space. This allows
margins to be drawn between data sets which are not linearly separable. This helps us
to classify a larger family of data sets without the need for intense computation [22].
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This is very useful as it allows us to use computational power more efficiently and
process larger volumes of data. Different kernels project the data into different spaces
and therefore some kernels are more suited to certain problems and data sets than others.
Some popular kernels include:

e Polynomial k(x;, x;) = (x; - ;)?
e Inhomogeneous Polynomial k(z;, ;) = (z; - x; + 1)¢

e Radial Basis Function k (x,x’) = exp (—%)
The Gaussian kernel is used in many cases as it works well when there is no prior knowl-
edge of the data [23].

Example: Support vector machine

Now that the theoretical framework of support vector machines has been discussed, it
is useful to see an example to see how they work in practice. We will start by looking at
a data set which is linearly separable, and then look at a data set which is not linearly
separable. The linearly separable data set we are using can be seen in figure 2.2, The
data was generated randomly using the scikit-learn module in python.

7.0 1 ®
e
6.5 - Y
(]
% o @
5.5 A ..o. °
® °
5.0 -
@y
454 @ L]
()
4.0 -
3.5 1
-10 -8 -6 -4 -2 0

Figure 2.2: A randomly generated linearly separable data set.

By applying the methods above, we are able to identify the support vectors and create
the maximum-margin-hyperplane between the green and blue data clusters. The reults
of this can be seen in figure 2.3 The solid line is the maximum-margin-hyperplane and
the data points along the dashed lines are the support vectors. It is relatively easy for a
person to identify the support vectors visually and separate the two data sets by drawing
a margin. However, drawing the maximum-margin is much harder to do visually.
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Figure 2.3: The maximum-margin-hyperplane drawn between the two data sets and the
support vectors used to draw the margin.

We now move on to the non-linearly separable data set which can be seen in figure

This data set was also randomly generated using scikit-learn.

1.0- °.8 °
' (] ® ( X J [
) [ J
°
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Figure 2.4: A randomly generated non-linearly separable data set.

Applying the same SVM algorithm used to generate figure 2.3 we obtain the results
seen in figure [2.5 The margin drawn does not separate the two data sets in a way that

would reliably classify new data points into the correct categories.
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Figure 2.5: Applying the algorithm for a linear support vector machine to a non-linearly
separable data set.

We now use a kernel to project the data into a feature space where the two data sets
can be separated by a linear margin. For this data set we do so using the Radial Basis
Function (RBF) kernel, and the projected data set can be seen in figure [2.6]

Figure 2.6: Using the Radial Basis Function kernel to map the non-linearly separable
data set into a feature space where it is linearly separable.
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Once we have mapped the data into the RBF feature space we can apply the support
vector machine algorithm in order to find the support vectors and draw the maximum-
margin-hyperplane. We then map the data back into the original space and draw a
margin which is non-linear and separeates the two data sets. The results of this can be

seen in figure 2.7 The solid line shows the maximum margin and the data points which
lie on the dashed lines are the support vectors.
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Figure 2.7: Using the Radial Basis Function kernel to map the non-linearly separable
data set into a feature space where it is linearly separable.
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2.2 Kernels

Kernels can play an integral role in support vector machines and, as will be shown in
a later section, kernel methods are also closely linked to supervised quantum machine
learning models. In this section we will go through the mathematical definition of kernels
and some of their properties as well as some special kernels, following Chapter 3 of " Kernel
Methods for Pattern Analysis” by J Shawe-Taylor and N Christiani [24].

Definition 2.2.1 (Kernel). Let X be a non-empty set. A function X x X — R is a
kernel if there exists a Hilbert space, the feature space, and a map ¢ : X — F such that
for all z, 2" € X

k(x,x) = (o(x), p(x)) 7 (2.10)

¢ is known as a feature map. H is the Hilbert space, which is a real or complex
inner-product space that is also a complete metric space with respect to the distance
function induced by the inner product. Hilbert spaces can be infinte dimensional. The
notation used here is slightly different to the notation used in equation Here we have
defined the kernel using the inner product instead of a dot product. The dot product
is an inner product in some spaces, but defining the kernel in this way gives us a more
general definition.

The feature map is a function which can take data set and map it into a feature space.
This is very useful for support vector machines, as they can allow us to take data which
is not linearly separable and project into a space where it is - as was demonstrated in
the previous section. The kernel is a function which allows us to evaluate inner products
in the feature space We will now define the Gram matrix and Mercer’s Theorem. These
concepts are important as they allow us to extend kernels into infinite-dimensional input
spaces and allow us to define the Reproducing Kernel Hilbert Space.

Definition 2.2.2 (Gram matrix). Given a data set {x;|i € [n]} the Gram matrix is the
matrix G € R"*" with entries G;; = (x;, x;)

Definition 2.2.3 (Kernel matrix). Given a kernel, &k : X x X — R and a dataset
{z;]i € [n]}, the kernel matrix is the matrix K € R"*" with entries K;; = k(x;, x;)

Theorem 2.2.1 (Mercer’s Theorem). A symmetric function k(.,.) is a kernel iff for any
finite sample X the kernel matrix for X is positive semi-definite.

As mentioned before, each feature map maps data to a unique feature space. Feature
maps are specifically chosen to try and exploit underlying patterns in the data and the
kernels associated with these feature maps are used to compute the inner products. The
polynomial kernel functions mentioned above are often used in image processing prob-
lems. Sigmoid and hyperbolic tangent kernel functions are often used in neural networks.
The graph kernel, which is used to compute the inner product on graphs, is often used
in fields like bioinformatics and the string kernel is often used to text processing.

Kernel Properties
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Let k; and ky be kernels over X x X, X C R", with a € R*, f(:) a real valued function
on X, ¢ : X — F, with a kernel k3 over R" x R™. Then the following functions are
kernels

) ki, 2) + kao(z, 2)
) aki(x,z)
(1ii)  ki(z, 2)ko(x, 2)
) f@)f(2)
) ks(o(x), 0(2))

For Support Vector Machines, a special type of kernel is used which maps us into a
space known as a Reproducing Kernel Hilbert Space.

Definition 2.2.4 (Reproducing Kernel Hilbert Space). Let X be a non-empty set and
‘H be a Hilbert space consisting of functions f : X — R.

e A function k£ : X x X — R is called a reproducing kernel of H, with inner product
(-, )y if for all x € X and the reproducing property.

f(@) = (f, k(- x))

e The space H is called a reproducing kernel Hilbert space over X if for all z € X
the Dirac functional 0, : H — R defined by:

5m<f) = f(l‘), feH

1s continuous.

The RKHS allows us to ensure the existence of an inner product and the ability to
evaluate each function in the space at every point in the domain. Every kernel has a
unique RKHS and every RKHS has a unique kernel. From this definition we can say
that if two functions inside an RKHS are close in norm, then each of the functions are
pointwise close. i.e. for two functions, f and g, if ||f — g¢|| is small then |f(z) — g(x)| is
small for all x.

A visual representation of how basis the functions of an RKHS can be used to recreate
functions can be seen in figure 2.8l Each time we have a data point we pass it to the
kernel function, which in this case is a Gaussian kernel. These Gaussians produced by the
kernel function are then summed together in order to create a new function, f. We can
think of the kernel as assigning a distance measure at each point. When we give the kernel
the data points x and 2/, we are taking a distance measure between these two points.
The functions inside of an RKHS can therefore be thought of as linear combinations of
distance measures with the kernel regulating the resolution of the distance measure.

Every reproducing kernel is also positive-definite and each positive-definite kernel de-
fines a unique RKHS. Feature maps are also linked to RHKS. Every feature map defines
a kernel via:

K(z, ") = (¢(x), o(z"))
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K is symmetric, and the positive definite property follows from the properties of the
inner product and therefore has the properties of an RKHS. Conversely, every positive
definite function and corresponding reproducing kernel Hilbert space has infinitely many
associated feature maps. These properties also make support vector machines, and kernel
methods in general very attractive in quantum machine learning. The reasons as to why
will be explored later.

xéX

Figure 2.8: A visualisation showing how a general function can be constructed within
an RKHS. Image taken from ”Supervised quantum machine learning models are kernel
methods” by Maria Schuld [25]
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2.3 Fourier Analysis

Fourier analysis is a widely used tool in modern computing and is named after the
French mathematician Jean Baptiste Fourier. It is primarily used for complex signal
analysis, and allows us to break down waves into their fundamental components. This
has uses in everything from telecommunications to breaking down wave functions in
quantum mechanics, and is useful for many aspects of quantum computing. We will first
define the Fourier series and give some of its properties, and then go on to discuss the
limitations of Fourier analysis.

The Fourier series tells us that if a function is periodic then it can be written as a
discrete sum of trigonometric functions with specific frequencies. Consider a function
f(z) which is periodic on the interval 0 < x < L. Fourier’s theorem tells us that any
periodic function can be written as:

(@) :ao+i {ancos (2?&7) + by, sin (QWLM)] (2.11)

n=1

The coefficients a,, and b,, are defined by:

an = %/0 f(z) cos (27;?%) dx (2.12)

2 [F 2mnx
b, = Z/o f(:v)sin( 7 )dm (2.13)

This can require an infinite sum to reproduce the original function. Often in practice there
are certain terms of the Fourier series that dominate the sum and have a larger weight
in determining the shape of the function. These terms will have higher coefficient values
and in practical use cases it is usually enough to only calculate a small number of leading
terms in the Fourier series in order to have a good representation of the function [26].

and

An interesting property of the sine and cosine functions that make up a Fourier series
is that they are orthogonal.

L 1 L

/ cos(max)cos(nz)dx = 5/ cos((n —m)x) + cos((n +m)x)dr = Tum
0 0
similarly,
L
/ sin(max) sin(nz)dr = Ty,
0
and

L
/ sin(max) cos(nz)dz = 0
0

The sine and cosine functions which make up the Fourier series form an orthonormal
basis in a Hilbert space and can also be written in terms of exponentials.

eZZ + 6712 €ZZ _ 6712

cos(z) = i sin(z) = ¥ (2.14)
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This allows us to rewrite equation [2.11] as:

fla) =Y Cne™t® (2.15)
with
1 L —i27nx
C’n:—/ flz)e o dx (2.16)
L Jg

In practice, the sum of the Fourier series goes from —N to N as it speeds up computation
drastically. The higher the value of N the more frequencies we have access to and therefore
we usually obtain a more accurate approximation of the function.

The Fourier transform can also be applied to functions which are not periodic. To do
this we replace the discrete sum with a continuous integral.

) = /_ T Ck)et=dk (2.17)

where,

C(k) = % /_ T H@)e e (2.18)

The Fourier transform is often used to switch between the time and frequency rep-
resentations of functions. The same technique is used in quantum mechanics to switch
between position and momentum space. To more clearly illustrate the time and frequency
space, as well as the Fourier transform in general, we can look at the Fourier transform
of a square wave.

/M

—Time

Amplitude
Magnitude

Frequency

Figure 2.9: The frequency and time representations of a square wave function. The
square wave function is shown on the left and the Fourier coefficients of the square wave
are shown on the right.

The example we will look at is the square wave, also known as the periodic odd step
function, pictured on the left in figure 2.9, The function has a value of 1 from 0 < x <=
and a value of 0 for 7 < & < 27 with this pattern repeating. We know that the function is
odd and therefore we know that only the sine terms will contribute to the Fourier series.
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We therefore only have to calculate the b, coefficients.

L
2 (2 2
b, = — ’ f(x)sin( 7m:£> dx
L L

L

2 (7 2
—2~z/0 sin( ﬂgzx) dx (2.19)

%(1 — cos(mn))

This gives us a Fourier series for the square wave of
4  [(2mnx
flz) = Z ;sm( 7 )
4 . (2#(271 - 1):10)
=Y —sin ([ ————
s L

We can now visualise the results by plotting the approximation for the square wave with
an increasing number of terms as seen in figure We can also plot the frequency and
time domains of the square wave function.

(2.20)

Square wave: 2 terms Square wave: 5 terms

1.0 A

0.5 1

0.0 -

—0.5

—1.0 -

Square wave: 10 terms Square wave: 50 terms

1.0 A 1.0 A

051 0.5
0.0 0.0 1

—0.5 - —0.5 A

~1.0 4 —1.0 A

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 2.10: We have the plots of four different Fourier approximations of the square
wave. Each plot has more terms of the Fourier series than the previous plot with the
number of terms appearing above each plot. An ideal square wave is plotted with a red
dotted line in each plot so we can compare our approximation to what we are trying
to approximate. We can see that as more terms are included the function more closely
resembles the square wave function.
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While Fourier analysis has many uses, it is not always the best tool to use when ap-
proximating functions. As has been shown, any function can be approximated, but the
approximations are not always true to the original function. It can often be computa-
tionally expensive to make the series accurate enough for every use case. The other main
weakness is that real world data is often not periodic and can contain transients. Fourier
analysis is not able to accurately account for these things when the number of terms in
the Fourier series is constrained and therefore other methods must be used. One of these
methods is wavelet analysis which will be discussed next.

2.4 Wavelet Analysis

Real world data and signals are often not periodic, and that can make performing
Fourier transforms more computationally expensive. Data often has transients, which
are sharp spikes in data. This can be seen in things like stock market data and complex
audio waves. Images also often have large smooth regions which are interrupted by edges
or sharp changes in contrast. Fourier analysis can’t reliably account for all of these factors
when computational or time resources are constrained. One of the main reasons for this
is that the waves used are not localised in time [27].

The basis functions of Fourier analysis are sine and cosine functions which are periodic
across the entire spatial domain, or for all of time. This means that a singular spike
cannot be easily represented.

1.0 4

0.5 4

> 0.0+

—0.5 1

-1.0 4

0 1000 2000 3000 4000 5000 6000 7000 8000
X

Figure 2.11: An example of transients within periodic data which are hard to approximate
using Fourier analysis. Here we have a sin function which has 3 transients in the data
causing a quick jump up or down. The transients have no discernable period to them.

To accurately analyse signals with abrupt changes, we need a new class of functions
which are localised in time and frequency. These functions will act as a new basis for
the Hilbert space. The functions which are usually used for this are wavelets, which
are rapidly decaying wavelike oscillations that have zero mean. Wavelets can have many
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shapes and different wavelets are suited for different problems. Some popular wavelets
include Daubechies, Biorthogonal, Morlet and the Mexican hat wavelet.

Morlet Paul 2 derivative of gaussians (dog2) Haar Beylkyin

Vaidyanthan Daubhechies 2 Coiflet 2 Symlet 4 Battle-Lemarie, 4

Figure 2.12: Plots of various mother wavelet functions .

The basis functions of wavelet analysis are known as mother wavelets, ¥

1 t—>
Uian(t) = —4=V 2.21
o) =220 () 221
Here the variable, b, can be viewed as a factor which moves the wavelet around in time
and a would increase or decrease the frequency of the wavelet. Using this we can express
the wavelet transform as the inner product between the mother wavelets and a function
f:

W (f)(a,b) = (f(t), Cap)(t)) (2.22)

By varying the values of a and b we create functions which are orthogonal to each other.
These orthogonal functions can then be used to create an orthogonal basis. By taking
the inner products of each wavelet with the function we wish to decompose, we can
break down any function and represent it in the basis of the orthogonal wavelets. This
is essentially the same process as the Fourier transform, but we now have frequency and
time data about a function instead of just one or the other [29)].

There are two types of wavelet transforms: discrete and continuous transforms. The
continuous transform is used for frequency analysis and filtering out time localised fre-
quency components from data. Discrete wavelet transforms are often used for de-noising
and the compression of data.

This brings to a close the discussion of the necessary concepts used in classical com-
puting which will be needed in this thesis. We now move on to the quantum concepts
which will be needed. We start by going over some of the notation used in quantum
mechanics and laying out the postulates of quantum mechanics. We then move on to
quantum computing and quantum machine learning.
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2.5 Quantum Mechanics

In order to understand quantum computing, we must lay out the parts of quantum
mechanics which are used for quantum computing. We start by looking at Dirac notation,
which is used throughout quantum mechanics and quantum computing. We then give
an overview of the postulates of quantum mechanics before going over density states,
which are used in the formulation of quantum kernels. We then look at the quantum
Fourier transform and finally look at Shor’s’s algorithm, which is an implementation of
the quantum Fourier transform that gives us an advantage over classical computing.

2.5.1 Dirac Notation

Dirac notation is also known as bra-ket notation and is used throughout quantum
mechanics to represent quantum states. Kets denote vectors in abstract complex vec-
tor spaces. For most of our cases, the vector space will be a Hilbert space. The ket
representation of a vector ax with coefficients «; is:

o) = (2.23)

The adjoint of a ket is called a bra. The bra of the vector a is denoted by:
(a] = [ozl Qg - ozn} (2.24)

Dirac notation is useful because it provides a compact way of expressing large vectors
and performing operations on and with them. Using Dirac notation we can compactly
represent the inner product between two vectors. If we take two vectors, |a) and |3),
from a Hilbert space with an orthonormal basis, the inner product using Dirac notaion
is:

(o, B) = (a]B) = Z o B; (2.25)

If we place a number in front of a bra or ket this has the effect of multiplying each element
contained in the bra or ket by the integer.

a; e
(6] T -+ Qo

rla) =1z = (2.26)
Q, e

Lastly we can multiply kets with matrices, and this is used in quantum mechanics for
applying measurement operators to systems.

2.5.2 Postulates of Quantum Mechanics

In this section we will go over 4 postulates of quantum mechanics as laid out in Nielsen
and Chuang [8]. These are statements which we make and assume to be true when
beginning to formulate a theory or build a model. We then derive the properties of the
theory or model from these postulates.
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Postulate 1:
Any isolated physical system has a state space. A state space is a Hilbert space with
inner product that is completely described by its state vectors. A state vector is a unit
vector in the system’s state space.

Postulate 2:
The evolution of a closed quantum system is described by a unitary transformation. The
state, 1), of the system at time, 1, is related to the state [¢)') at time, ¢t by a unitary
operator which depends only on time.

¥y = Ultr, t2) [¥) (2.27)

The time evolution of the state of a closed quantum system is described by the Schrodinger
equation:

L dly)
ih=t = H i) (2.28)

Where A is the reduced Planck constant and H is the Hamiltonian, a measurement
operator which gives the total energy of a system.

Postulate 3:
Quantum measurements are described by measurement operators, {M,,}. The different
outcomes of the measurements are represented by the subscript, m. Measurement oper-
ators act on the state space of the system being measured. If the state of the quantum
system is |() ¢)) immediately before the measurement then the probability that the results
M OCCurs is:

p(m) = (| M, My, [4b) . (2.29)
The state of the system after the measurement is given by:
My,
¥) (2.30)

\/<@/}‘MLMm‘¢>‘

The measurement must also satisfy the completeness equation given by:

> MM, =1. (2.31)

m

The satisfaction of the completeness equation indicates that the sum of the probabilities

will be one.
L=> "p(m) =" (¢ |M},Myn| ) (2.32)

Postulate 4:
The state space of a compostie physical system is the tensor product of the state spaces of
the composite physical systems. For a system of n states, numbered 1 through n, where
a system i is prepared in the state |¢;) the total system is given by:

V1) @ |tho) @ -+ ® [hy) - (2.33)
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2.5.3 The Density Operator

The postulates of quantum mechanics laid out above are described using state space
and state vectors. This formalism is used throughout quantum computing. However, it
is also useful to view quantum mechanics through the alternate formalism of the density
operator and density matrix. The mathematics is equivalent, but conceptually it can
allow us to more easily tackle certain questions within quantum computing.

The density operator allows us to more easily describe quantum systems with states
that are not completely known. It is a generalisation of state vectors which allows us to
represent mixed states. Mixed states occur when there are systems which are entangled
together or when the preparation of the system is not entirely known. The density
operator of a system is defined as:

p= sz‘ |1i) (il (2.34)

Where |¢;) is one of the possible states of a quantum system, and p; are the probabilities
of these states. The ensemble of pure states is labeled {p; [1;)}. An operator can only be
the density operator of some ensemble {p; [1;)} if and only if tr(p) = 1 and p is a positive
operator. An operator, T, in a Hilbert space, H is a positive operator if:

=1, (2.35)

(w[Tv) >0, veH ‘

The density operator must be positive and have a unit trace, this is because we need

to associate a probabilistic interpretation to the density operator. Using this formalism,
we can rewrite the postulates stated above as:

Postulate 1:
Associated with any isolated physical system is a Hilbert space, which is known as the
state space of the system. The system is completely described by its density operator,
which is a positive operator, with trace 1, acting on the state space of the system. If a
quantum system is in the state p;, then the density operator for the system is, Y. p;p;.

Postulate 2:
The evolution of a closed quantum system is described by a unitary transformation. The
state, p, of the system at time, t¢q, is related to the state p’ at time, t5, by a unitary
operator which depends only on the time.

pl - U(tl, tg)pU(tl, tg)T (236)

Postulate 3:
Quantum measurements are described by measurement operators, {M,,}. The different
outcomes of the measurements are represented by the subscript, m. Measurement oper-
ators act on the state space of the system being measured. The only possible result of a
measurement of an observable, M , is one of the eigenvalues of the corresponding operator
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M. If the state of the quantum system is p immediately before the measurement then
the probability that the result m occurs is given by:

p(m) = tr (M} M,,p) . (2.37)

The state of the system after the measurement is given by:

M, pM}
_mPm (2.38)
tr (M,T,LMmp>
The measurement must also satisfy the completeness equation given by:
> MM, =1. (2.39)

Postulate 4:
The state space of a composite physical system is the tensor product of the state spaces
of the component physical systems. If we have states numbered 1 through n, and the
system number, ¢, is prepared in the state p;, then the joint state of the total system is
P1 R ps @ cdots @ py,.

One of the most useful forms of the density operator is the reduced density operator.
It is used as a descriptive tool for sub-systems of a composite quantum system. Let A
and B be physical systems whose state is described by the density operator, pAZ. The
reduced density operator for system A is:

pt = Trp (p*?) (2.40)

Where trp is the partial trace over system B. The partial trace is linear and is defined
as [8,130]:
Trp (lar) (az| @ [b1) (ba]) = [a1) (az| Tr (|b1) (b2]) (2.41)
Where |a;) and |ag) are any two vectors from the state space of system A and |b;) and
|by) are any two vectors from the state space of system B. The trace operation on the
right hand side is given by:
Tr(|by) (ba|) = Tr (ba]b1) (2.42)

We now have a very simple overview of the concepts from quantum mechanics which
we will need in order to explore the field of quantum computing.
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2.6 Quantum Computing

2.6.1 Qubits

Quantum bits, or qubits, are the basic unit of information in quantum computing. A qubit
is any quantum mechanical system in the Hilbert space C?. They are typically denoted
by the Dirac vectors, |0) and |1), which form the orthonormal basis of a 2 dimensional
Hilbert space known as the computational basis. They may also be represented in vector
and a geometric representation depending on the problem. The states correspond directly
to 0 and 1, the two states a bit can assume in classical computing [8]. The most general
form of a qubit arises from representing it as a superposition of the two basis vectors.

where ay,ay € C. The coefficients must also be normalised, |a;|* + |az|*> = 1 The vector
notation representation of a qubit is:

¥) = (&1) (2.44)

6%)

The basis states can also be represented in the vector notation as:

"= (o) o

And the geometric representation is:

) = e <cos (g) |0) + €' sin (g) |1>> (2.46)

Where, 6,7, ¢, € R with, 0 < 0 < 7 and < ¢ < 27. v is a global phase factor.
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11)

Figure 2.13: The geometric representation of a qubit, also called a Bloch Sphere.

Dirac notation is the most common way of representing qubits as, for one, it allows us
to compute inner products easily. Vector notation is useful when trying to understand
the effect of quantum gates and building quantum circuits. The geometric representation
of a qubit is known as a Bloch sphere, and can be seen in figure 2.13] A Bloch sphere is
a unit 2-sphere with the North and South poles corresponding to the |0) and |1) states,
respectively. The points on the surface of a Bloch sphere correspond to the pure states
of the system and the interior points correspond to mixed states. This notation is often
used when doing rotations and encodings.

Given two qubits:

_ (™
o = (22
_ ﬁl)
o= (5
The inner product of two qubits is given by:
(V1[1p2) = i B1 + 5B (2.47)
and the outer product is:
a1y a3
= 2.48
ol = (250 222%) (2.49
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We can also describe systems with multiple qubits.

Definition 2.6.1 (Separable state). Let {|a;)},_; C H1 and {|b;)}}_; C Hs be orthonor-
mal bases for H; and Hs, a pure or separable state of the composite system can be written

as:

[0) = cog (Jai) © [by)
i
=Y ciglaib;)
i

If the qubits are entangled then the states of the individual qubits are no longer
separable. To represent this we rewrite the tensor product between two qubits, |0) and
|1), as |01). The entangled state then becomes:

(2.49)

) = a1 [0---00) 4+ @z [0---01) + - -+ + g |1+ - 11) (2.50)

Writing out states like this can be very tedious and therefore a different notation is used
in order to compress the expressions.

) = _aili) (2.51)

The state |i) refers to the i component of the computational basis state in the basis.
The binary integers in the state correspond to ¢ — 1. For example, |5) = [100) as 100 is
the binary representation of the number 5-1. We can also use this notation to represent
a general density matrix with mixed states:

p=_ i) (jl (2.52)

4,j=1

2.6.2 Quantum Gates

Quantum gates perform two operations that are central to quantum computing, the
implementation of quantum logic gates and measurement operations. Quantum logic
gates are used to perform operations on one or more qubits in order to perform compu-
tations. The measurement operations project the qubits into the computational basis,
which allows us to see the results of a quantum circuit after it has been run, and interpret
the results.

Quantum logic gates are represented by unitary transformations. On a single qubit
this takes the form of a 2x2 unitary matrix. The operations must be unitary so that they
preserve the normalisation condition on the state vector. A set of quantum gates that
allows us to approximate any quantum gate to any desired precision is called a universal
gate set. Using the Solovay-Kitaev theorem we can also approximate any single qubit gate

to arbitrary precision using a set of fixed, single qubit gates as long as the set generates
a dense subset in SU(2) [31].
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One example of a universal set of gates is the CNOT gate, which can be represented
in matrix form as:

1 000
0100

Uev =10 0 0 1 (2.53)
0010

The CNOT gate uses a controlled qubit: if the control qubit is set to 1 then the target
qubit is flipped; if the controlled qubit is 0 then the target qubit is left alone. A CNOT
gate can be seen as a generalisation of the classical XOR gate. The possible state outcomes
of a two qubit system interacting with a CNOT gate can be seen in the table below.

Before After

Control | Target | Control | Target
10) 10) 10) 10)

10) 1) 10) 1)

1) 0) 1) 1)

1) 1) 1) 10)

Some of the most common single qubit gates are the Pauli matrices:

X:((l)(l)), Y:(?‘Oi), Z:<(1)_01> (2.54)

The effect of the Pauli gates can be visualised as rotating a qubit by 7 degrees on a
Bloch sphere, with the rotation occurring along the axis of Pauli matrix. For example,
the Pauli-X matrix can be used to perform a bit flip operation by rotating the qubit 7
degrees along the x axis:

X|O):<?é)(é):((l)):|l> (2.55)

There is also the Hadamard gate, which is used to entangle qubits, the phase gate, denoted
by S, and the T or T' gate. The matrix representations of the aforementioned gates are

given by:
1 1 1 10 1 0
i h) o) r-(o ) e

These gates are important as they allow us to manipulate the states of our qubits and
by doing so in specific ways we are able to perform computations. The Hadamard gate is

of particular interest as it allows us put a qubit into an equal superposition of the basis
states:

1
0) = =5 (10) + 1))

1
ﬁ(l()) - 1)

The phase gate is used to rotate a qubit by a quarter turn around the Bloch sphere.
It is also interesting to note that unlike the Pauli gates the phase gate is not its own

(2.57)
1) =
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inverse. Phase gates can be adjusted to rotate qubits to any position within a Bloch
sphere and this is useful for encoding classical information in to qubit, something which
will be explored in depth in a later section.

In classical computing multiple bit gates are an integral part of computation. The
NAND, not-and, gate is known as the universal gate because any function on bits can be
computed using just NAND gates. When it comes to quantum computing, it is natural to
think that we should try and implement the same gates on quantum computers because
if a NAND gate can be implemented on a quantum computer then we would be able to
perform the function of any classical gate.

However, it turns out that the NAND gate cannot be implemented on a quantum
computer directly. The reason for this is that the NAND gate, as well as some of the
other classical gates, are irreversible and non-invertible. Quantum gates are required to be
unitary to preserve the normalisation condition and, unitary gates are also reversible [8].

2.6.3 Quantum Circuits

Quantum circuits are theoretical objects made up of gates which are connected by
wires and look quite similar to the circuit representations used in classical computing.
Each wire corresponds to a qubit and shows the evolution of the qubit through the
circuit in time. The qubits are changed and can interact with each other via gates placed
throughout a circuit. A key difference between quantum and classical circuit diagrams
is that in classical circuits, the wires represent the flow of information, whereas in a
quantum circuit the wires show how the qubits are being changed over time.

The circuit representation of some of the gates we have talked about can be seen in
figure 2.14] The circuit representation of the CNOT gate can be seen at the bottom of
figure 2.14] The black circle on the wire identifies that wire is the controlled qubit and
the @ represents addition modulo 2.
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Operator Gate(s)

Pauli-X (X) — X —b-
Pauli-Y (Y) —Y
Pauli-Z (Z) — 4
Hadamard (H) —H[
Phase (S, P) — S —
= /8 (T) — T

Controlled Not
(CNOT, CX)

Figure 2.14: The circuit representation of a several different quantum circuit gates. Image
taken from [32].

There are also certain elements of classical circuits which cannot be emulated with
quantum circuits. For example, a classical circuit operation which merges two or more
bits and outputs a single bit known as FANIN, cannot be performed on a quantum
computer because it is not reversible. Quantum circuits are also acyclic. This means
that wires cannot loop back to previous points in the circuit. This is because looping
back in a quantum circuit would signify sending information back in time which, is not
possible. Gates can be repeated multiple times in a quantum circuit but we do not
visually represent that with a loop as we might in a classical circuit diagram.

While specific circuit elements cannot always be implemented, the circuit itself can
always be simulated efficiently by a quantum circuit. This means that although we may
not be able to create one-to-one copies of classical circuits on a quantum computer, the
computation of the classical circuit is always possible on a quantum computer using
appropriate transforms.

Although quantum circuits are theoretical objects they, can be implemented physically.
This can be done in many different ways as long as the physical implementations are able
to perform all the functions laid out by the quantum circuit. According to DiVincenzo,
there are five characteristics that we should look for when looking to create physical
implementations of quantum circuits [33].

The first is that the qubits should be well characterised and scalable. This means that
the physical parameters of the qubits should be well known and that we should be able
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to build on the physical system in order to implement more complex quantum circuits.
The second characteristic is the ability to initialise the qubits into a base state reliably.
This is useful because it allows us to minimise variance between runs of the same circuit
and helps with error correction.

The third characteristic is that decoherence times should be much longer relative to
the gate operation times. Physical implementations of qubits are often prone to noise
and outside interference. We would prefer systems which minimise this interference so
we can be more confident that the operations performed on the qubit by the gates are
the only interactions that the qubit has had. If this is true we can perform quantum
computations more reliably and have less need for quantum error correction. The fourth
characteristic is that the gates should be universal. This means that we would like to
have the ability to perform arbitrary single and multi-qubit operations thereby allowing
us to to implement any quantum circuit on the physical system. The last characteristic
is the ability to measure individual qubits. This is needed so that we can accurately take
measurements once the circuit has run and get the results of what the quantum circuit
has computed.

The above points characterise an ideal quantum computer. However, it is impossible
to physically realise an ideal quantum computer. Current implementations of quantum
computers are prone to noise, and decoherence times are not always as long as we would
like. To help get around this, we use quantum error correction. Quantum error correction
is a sub-field of quantum computing with a lot depth and research however, it is outside
of the scope of this thesis.

2.6.4 Quantum Parallelism

At this point we have all the tools needed to implement a quantum algorithm. The
first algorithm we will explore allows us to extract the global properties of a function. A
global property is true for the whole space, when viewed as a single neighborhood. We
can achieve this by using superposition to evaluate many values of z in parallel, hence
the name quantum parallelism.

The first example will not give any advantage over a classical computer, but it is useful
to understand how a quantum computer operates. In the next section we will alter the
algorithm in order to obtain a quantum advantage. The general idea is to prepare an
equal superposition over all basis states. Once we have this state we pass it through a
unitary operation which evaluates a function in parallel on all inputs by virtue of the
linearity of unitary transforms.

Consider a function f(z), f:{0,1} — {0,1}. This is a function that takes a bit as an
input and outputs a bit. We want to construct a unitary transformation which uses two
qubits,  and y:

Up: (z,y) = (v, ® f(x)) (2.58)
Here @ is addition modulo 2. The possible outcomes of adding two bits modulo 2 are,
0p0=1,001=1,and 1® 1= 0. The reason why we use two qubits instead of one
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is because the unitary operations must be reversible and if we use one qubuit this is no
longer the case. We can express the unitary transform in operator notation as:

Us(lz) @ ly)) = |2) @ |y @ (=) (2.59)

At this point we set the qubit, y, to 0 so that after the transform the second qubit is only
the value of f(x):
Us: (2,0) = (2,08 f(z)) = (z, f(x)) (2.60)

Consider the circuit pictured in figure We start by applying the Hadamard gate to
the |0) qubit.

1
V2
Applying the unitary transform from equation to the qubits x and y both in the
state, |0) results in a state, |¢):

) = Up(H|0) ® 1))

_ Uf%(|o> ®10) + |1) ®10)) (2.62)

1
=—(]0) ® [f(0)) + 1) ® |f(1
\/5(| ) @ 1£(0) + 1) @ [f(1)))
The end result of this circuit is a state which contains information about both f(1) and
f(0), however when we take a measurement in the computational basis we are only able
to extract information about either f(1) or f(0).

H10) = —=(10) +[1)) (2.61)

0) — H

Uy
0) —

Figure 2.15: A simple quantum circuit to demonstrate quantum parallelism.

2.6.5 The Deutsch Algorithm

Binary functions that take in a single bit and output a single bit, such as the one used
above, can either be constant or balanced. In order to know which, we would usually
have to compute the function for both possible inputs. Using Deutsch’s algorithm allows
us to find this information by running a quantum circuit once. The entire circuit can be
described by:

) = (H © 1)Uy (H © H) |01) (2.63)

The circuit can be seen in figure 2.16] The state of the qubits in the circuit initially is
labelled [ty) and the index is increased by one each time a new gate is applied. This allows
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us to differentiate between the different states that occur in the circuit as it evolves. At
the start of the circuit the two qubits are in the state |10) and each qubit passes through
a Hadamard gate, giving us:

[¢1) = (H @ H)[01)
(45 (22)
2

:%|00> 01) +[10) — 11))

<Z|x> - 1)

We now evaluate the action of Uy on |¢4), to do this we have to consider the case
where f(x) =1 and f(z) = 0 separately. For f(z) =

Us(lz) @ (|0) = 1)) = |2,0® f(z)) — |z,1® f(z))
=z,000) —|z,1®0) (2.65)

= [} (10) = 1))

(2.64)

and for the case of f(z) = 1:

Us(lz) @ (|0) — 1)) = |z,0® f(z)) — |z, 1@ f(x))

=z, 00 1) —|z,1®1) (2.66)
= =) (10) = [1))
The state |1)9) can then be expressed as:
va) = (Z(—nﬂw) \x>) @ (10) - 1) (2.67)

Lastly, we apply a Hadamard gate to the first qubit:

[¥3) = (H@ 1) (% (Z(—l)“z) |w>> ® (|0) - !1>)) (2.68)

=0

The effect of this is:

1

H E (Z<—1>f<f> W)] = LD O+ (1) 0) 4 S~ — (1) 1) (269

=0

We can now simplify the final state to:

) = 170) 0 p(a)) |0 (270

Now, by measuring the first qubit we can determine whether the function is constant
or not. If the first qubit is measured to be in the state |0), then f(1) = f(0) and the
function is constant. If it is measured in the state |1) then we know that the function
is balanced. This means that we have successfully determined a global property of the
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function by taking a single measurement, something which cannot be done on a classical
computer.

Uy
1) H—v ydf(x)

T ) T T
vo) 1) W2)  |1b3)

Figure 2.16: A quantum circuit to implement the Deutsch Algorithm.

2.6.6 Quantum Fourier Transform

As mentioned in section the Fourier transform is an important tool in many fields.
The quantum Fourier transform is an implementation of the discrete Fourier transform,
described by equation [2.15(over the amplitudes of a wavefunction. It is used in a multitude
of quantum algorithms, most notably Shor’s algorithm.

The classical Fourier transform takes a periodic function and gives frequency informa-
tion, in other words, we go from a time domain to a frequency domain. The quantum
Fourier transform takes us from the computational basis into the Fourier state basis. In
the computational basis, numbers are stored using binary representations. The quantum
Fourier transform encodes the same information by rotating about the z-axis. This can
be seen in figure where we see the state of the electrons both storing the number 5.

The quantum Fourier transform is useful because it allows us to transform our data
into a new basis. This can help us solve certain problems such as phase estimation or
the hidden subgroup problem, which will be explored in the next section when looking
at Shor’s algorithm. Viewing the data in a different basis allows us to see patterns or
perform computations that were previously not feasible with the given resources. In the
quantum Fourier transform we go from the computational basis to rotating the qubits
around the z axis. This puts the qubits into a phase space and makes performing certain
computations related to the phase of the qubits easier.
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Figure 2.17: The first four qubits are in the z basis and are used to implement the binary
representation of 5. 5 shows the qubits in the Fourier basis and demonstrates how the
quantum Fourier transform can be used to embed the same information into a new basis
on the same 4 qubits. Image taken from [34].

The quantum Fourier transform performs the mapping of a vector of complex numbers,

x = (zg, 21, -+ ,ZN_1) to a vector of complex numbers, y = (yo, ¥1,** ,Yn_1):
N-1 N-1
QFT : |X) = a;li) = [V) = k) (2.71)
j=0 k=0

The formula for the coefficients, y; is given by:

ik

1 N—-1
275
Yk \/NJ;O J
N-1

1 .
= \/_N ijw%“

J=0

(2.72)

Where we have introduced the variable wy = e~ to simplify notation.

There are some differences to the classical discrete Fourier transform described in equa-
tion We now sum from 0 to N — 1 instead of summing over all numbers. L has
been relabelled to N to show the number of qubits instead of the period. The variable,
7, is used to describe a state instead of n to avoid confusion with the number of qubits
in the system, which is usually labelled n.

We can also represent equation as a map of the qubit state as:
N-1

W k) (2.73)
k=0

17) =

Bl

and as a unitary matrix as:
N-1

~1N-1
1 e .
Ugrr = —= Y Y wi [k) (j] (2.74)
\/N 7=0 k=0
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We can now express the quantum Fourier transform acting on a state, |x) = |x1, 29, -+ , x,),
composed of N = 2" qubits:

N—

> Wil

=0
-1

H

QFTy |z) =

2:&

e2mi/2" |y (2.75)

<
o

S |l

2= =l- %\H
(]!

(|0> i e27rix/2k’1>>

k=1

We now write |y) in fractional binary notation, |y) = |y1 -+ yn)

=

eZWi(Zzzl yk/2k>:c |

QFTy |x) = Y1 Yn)

o

<

(2.76)

=2

H 627rwyk/2k N yn>

k=

- -

[e=]
—_

y:

We then rearrange the sum and products and then expand, 25::01 = 211/10 211;2:0 e Z;nzo

QFT, |2) = VLN (10)+ 7)) @ (10) + eF 1)) @...® ([0) + e

(2.77)
27
® (|0) + 62T$|1>>

Figure [2.18 shows a quantum circuit which is able to implement the quantum Fourier
transform on n qubits. The n qubits are labelled |x;xs - - - x,,). The circuit uses only two
types of gates: the Hadamard gate and the controlled rotation gate. The general idea of
the algorithm is to apply a Hadamard gate to a qubit and then apply controlled rotation
gates to the qubit for every other qubit below it in the circuit. The process then repeats
for all the following qubits, first applying a Hadamard gate and then applying controlled
rotations for all the qubits below them. The CROT gate is a two qubit controlled rotation
and its action on a two qubit in state |z;z;) is:

2mix ;

CROT, |12;) = 5 ) 1) (2.78)

Here the first qubit is in a state 1 and therefore the rotation is applied. If the first qubit
was in the state 0, the second qubit would be left the same. The CROT gate can also be
expressed as:

_ IZ><2 0
cron= (i o) -
with
1 0
UROT}, = < 2m) (2.80)
0 e=f

The Hadamard gate acting on a qubit in state |zy) is
1 2mi

H |zi) = —= (10) + 55 1)) 2.81

) = 5 (10) + 7 1) 2:81)
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Figure 2.18: A quantum circuit used to implement the quantum Fourier transform. Image
taken from [34].

Following the circuits, we start by applying a Hadamard gate, H;, to the first qubit
which leaves the circuit in a state:

1 2mizy
Hy |z xy) = ﬁ <]0> +e 2 \1)) ® |rows - -+ xy) (2.82)

After this the UROT; gate is applied to the first qubit using the second qubit as the
control qubit leaving the circuit in the state:

1
V2
After this the rest of the controlled rotations are applied and after the final rotation,
CROT,, is applied the circuit is left in the state.
1

[‘0) + (Fart o) ]1>] ® |Tox3 ... Tp) (2.83)

27 27e

2 [|0> + 6( S Tt e T 14 2 xg—&-—xl) ’1>] ® ’x2x3 . xn> (2_84)

We can use the base 2 notation in order to rewrite an integer, x, as:
r=2""1o, +2" 25y + ... + 2, + 22, (2.85)
This lets us simplify equation to:

} l|o> + exp (2; > |1>] & |was . .. ) (2.86)

We then repeat this process on all the remaining qubits which leaves us with the final
state:

! (5=) (53r2)
ﬁ[|o>+e \1>}®f{|o>+e e
(552) (552) (2.87)
®7[’0>+6 227 |1>}®7[|0>+6 P ‘1)}
We now have the quantum Fourier transform of the input state with the qubits in reverse
order.

2.6.7 Shor’s Algorithm

Shor’s algorithm allows us to perform prime factorisation, a problem which is near
impossible to do on a classical computer using any known method due to the large
amount of time needed. No known classical algorithm has been published can perform
prime factorisation in polynomial time. The problem is so time-consuming for classical
computers that a large portion of public key cryptography is based on multiplying two
large prime numbers together as it is unlikely that anyone would be able to determine
these two numbers.
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In 1995 Peter Shor developed a quantum algorithm which can factor a number N
in O(logN) time and in 2001 IBM was able to implement this algorithm on a 7 qubit
quantum computer [9,35]. The algorithm is a polynomial time algorithm as the input size
is the length of the binary representation of N, and not the number N itself. While the
limitations of near term quantum computers prevent us from implementing the algorithm
on large numbers, the algorithm is still very interesting to study and could have major
implications on the way we perform cryptography in the future.

Shor’s algorithm starts by reducing the problem of finding factors of a number to
an order finding problem. This part of the algorithm can be done classically and is
usually done using Euclid’s algorithm. Fuclid’s algorithm is used to compute the greatest
common divisor of two integers. The quantum part of the algorithm uses the quantum
Fourier transform to find a period, and from there we are able to solve for factors of the
original number.

Euclid’s Algorithm:
Let a and b be integers where a > b and let r be the remainder when b divides a. If the
remainder is not 0 then, ged(a,b) = ged(b,r). This tells us that a number that divides
a and b must also divide r. If 7 = 0 then the gcd(a,b) = b. Euclid’s algorithm uses this
property repeatedly until a remainder of 0 is found.

We start by calculating the remainder of a =+ b, if the remainder is 0 then b is the ged
and the problem is solved. If the remainder is not 0 then we calculate b = r = r,,. This
process repeats n times until 7, = 0 telling us that we have found the gcd which is also
the greatest common divisor (ged) of a and b.

Going from Factoring to Order Finding

The aim of this algorithm is to factor a number, N. We assume that N is not even
and that we can find a non-trivial solution to the equation:

22 =1 mod N

2.88
(x+1)(x—1)=0mod N (2.88)

Therefore N must have a common factor with either (x — 1) or (z 4+ 1). We now need to

find a factor of N that is the greatest common divisor of either of these terms and N.

Using Euclid’s algorithm we can guarantee that if we can find (z + 1)(z — 1) = 0 mod
N then we can factor N. If we select a random number, y, between 1 and N — 1, then we
can check whether ged(y, N) = 1. If it is equal to 1 then we have found that y is coprime
with NV and if it is not equal to 1 then y is a factor of N. The order of y is the smallest
integer, r, such that:

y" =1mod N (2.89)

If y is even then we have found a solution to equation [2.88 If the probability of a random
coprime number having an even order is high, then the problem has been reduced from
factoring to finding the order of a number.
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Let N be a number which is a product of powers of an prime, N = pj*---p%. The
probability that a random number, z, is coprime to N does not satisfy 22 = —1 mod N
is:

51 (2.90)

From this we can say that if the order finding problem can be solved then a factor can
be found.

Order Finding

The implementation of Shor’s algorithm on a quantum computer requires two registers.
The control register, which consists of n qubits, and a work register, which contains
m = log, N qubits. Taking measurements of the control register gives a probability
distribution which peaks at #, where 7 is the order. The algorithm consists of 5 key
steps.

We begin by preparing the control and work registers in the ground state. We then
apply Hadamard gates to the control register and encode z onto the m!" qubit of the

work register:
1

[0)7]0)"™ — 2n/2 Z |2)[1) (2.91)

The next step is to implement the modular exponentiation function. To do this we
continually apply a unitary operation, U, which implements y* mod n on the work register
when the control register is in the state |z).

2" —1 2m—1

=0
r—12"—-1

WZZ 2msa:/r|x |us>

s=0 z=0

(2.92)

Here |u,) is the eigenstate of the operator U, U |us) = €*™/" |u,). We also have that

r—1
75 Do lus) = 1)

The next step is to apply the inverse quantum Fourier transform to the control register,
which does the following transform.

-12
VT ZZ ) ) - Zm ) (2.99)

s=0 z=0

After performing the inverse Fourier transform we take measurements on the control
register. This has probability peaks for states where p, = % The last step of the
algorithm is to use continued fractions in order to extract r from p;. The process of
doing so is explained in the appendix of ”Demonstration of Shor’s factoring algorithm

for N = 21 on IBM quantum processors” by Skosana and Tame, and laid out below [35].
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Given an integer, L, a 2L+1 bit rational number, ¢, is said to have a continued fraction
expansion if it can be written as:

1
gpz[ag,al,...,an]zao—l——l (294)
ay+ 71—
a2+m+i

an

Where n is a finite integer and a; € Z. If ¢ < 1 then a, = 0. The convergents of the
continued fraction expansion are the rationals:

ag, ag + —, ap + o .
0, &0 0 0 ao a12
If a rational number, > satisfies:
S
- —y|| < — 2.96

The 2 will appear as convergent in the continued fraction expansion of ¢. If ¢ is an
approximation of # accurate to 2L + 1 bits then we have:

S 1
1= =l < S5t (2.97)

For r < N < 2¥ we have QQL% < # Since the inequality holds for the approximation,
©, there is a classical algorithm that can compute the convergents of ¢ and produce
integers 1/, s’ such that ged(r’,s') =1 [3].

Running Shor’s algorithm guarantees us that we can find a factor of an integer, N.
It has been implemented on near term quantum computers but due to the noise nature
of those devices and the probabilistic nature of the algorithm it is still hard to physi-
cally realise this algorithm on large numbers. The largest number which has been run
through Shor’s algorithm on a physical quantum computer is 21 [35]. The algorithm does
however demonstrate that quantum computers are capable of solving certain problems
that classical computers cannot and has lead many researchers to look for other quan-
tum algorithms which can perform tasks previously thought to be unsolvable due to time
constraints using classical algorithms.
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2.7 Quantum Machine Learning

Quantum machine learning is a large field in scope and can be approached from many
different angles. One can look for new algorithms which quantum computing has given
us access to and try to use them to learn functions which are hard to learn on a classical
computer [36},37]. We can also look for ways that quantum computers can speed up the
run times of classical machine learning algorithms [19,138-43|. Lastly, we can look at the
hardware implementations of quantum computing and see whether they lend themselves
to a specific type of machine learning or how the hardware of the machine can affect the
algorithms which run on it [44].

Quantum algorithms that implement supervised machine learning are often referred to
as quantum models within literature |25,45]. Quantum models are made up of a model
class that needs a quantum computer to be evaluated, and an optimization method.
On near term quantum computers quantum models usually consist of three parts, data
encoding, a parameterised circuit block, and a measurement. The data encoding maps
classical input data to a quantum state and is usually represented as follows, = — |p(x)).
The methods performing this mapping and the choices of mappings will be explored
in more detail in section2.11] The parameterised circuit block contains variables which
are controlled by an optimization algorithm. The measurement of one or many qubits
after the circuit which implements the quantum model has been run is the output of the
model. Due to the noisy nature of most quantum model implementations they are often
performed multiple times and a statistical analysis of the results is used as the output of
the model [25,46].

Most current methods of quantum machine learning fall under the C(Q) segment of figure
[[.1l The data fed into the learning algorithms is classical and the computation is per-
formed using a mix of different quantum and classical algorithms. Quantum algorithms
often perform linear algebra operations and are used to solve linear systems of equations
used in least-squares linear regression and the least-squares version of the support vector
machines [38]. There are also algorithms which use Grover’s search algorithm to perform
machine learning tasks which translate into unstructured search tasks [47]. Quantum
annealing is used to find the local minima and maxima of functions, something which is
used for optimisation in many parts of machine learning [48-50].

Most quantum machine learning algorithms are currently implemented in python using
libraries such as PennyLane and Qiskit [34,/51,52]. These libraries make it easy for people
with coding backgrounds to implement code on quantum computers. They also provide
tool which allow one to simulate a quantum computer on a classical computer which
allows for certain quantum algorithms to be tested without using a physical quantum
computer. This is very useful as quantum computers are expensive to build, noisy and
most people don’t have easy access to a quantum computer. The calculations performed
in this thesis were run on a simulated quantum computer using the PennyLane library.

It is important to ask what improvements quantum computing can offer to classical
machine learning and it is a question which garners a lot of attention due to the im-
plications of the answer. However, one could also argue that at this point in time it is
more important to figure out how to implement the methods of classical computing on
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NISQ computers. Implementing algorithms which are already well understood on classi-
cal computers can allow us to better understand the nature of quantum computers and
could help us to find quantum advantages further down the road.

2.8 Parameterised Quantum Circuits

Parameterised circuits, also known as adaptable quantum circuits, variational circuits,
or quantum neural networks have become a go to for testing near term quantum com-
puters. Due to their structure, we can test a quantum model, such as a quantum support
vector machine, while still using a classical computer to perform the optimization. This
is beneficial as it allows us to test what current quantum computers are capable of doing
while also probing for new things that they can allow us to do and exploring their prop-
erties. Parameterised circuits also allow us to test multiple forms of machine learning on
near term quantum computers and can allow us to find which methods are more suited
to quantum machine learning [53-62].

A parameterised circuit consists of 3 parts, the preparation of an initial state, a quan-
tum circuit parametrised by free variables, also called free parameters, and the measure-
ment. Data and the free parameters are encoded into the qubit from an initial state. The
initial state of a qubit is usually one which is simple to prepare and in most practical
implementations it is set to |0). The quantum circuit then runs and a measurement is
taken. In this thesis we focus on supervised machine learning which uses labelled data
points. The data points take the form, (x,y), where @ is a vector and y is the label.
When training a circuit we use a set of training data points which are used to build the
model. One or more test data sets are also used in order to evaluate the model.

The results of the measurement are fed into a classical optimisation algorithm which
adjusts the free parameters. The qubits are then set back to the initial state before the
data is then encoded again and the free parameters are updated. The process repeats until
circuit meets its designated number of runs or until some other condition is met, such as
the threshold of a loss function being reached. The general structure of a parameterised
quantum circuit can be seen in the diagram below.

45



Quantum circuit

0) 4 H
sw| | U(0)
0) 4 H

L output

RPN

update Classical Computer

Loss function

Figure 2.19: A diagram showing the layout of a parameterised quantum circuit.

The circuit begins by setting all qubits to the ground state. Classical data is then
mapped into aa quantum state using the desired map. This process is known as quantum
encoding and is something which will be focused on in this thesis. The qubits are then
acted upon by a unitary operator which has free parameters that have been set by the
classical optimisation algorithm. It is also common for the initial value of the free variables
to be randomised before the first pass to the classical optimisation algorithm. This
unitary operation transforms the initial state and leaves us with an output state which
can be measured. These parameters are altered with each run of the circuit in order
to change the output state of the circuit. The tuning of the free parameters is done by
a classical computer which updates the parameters of the quantum circuit. A chosen
classical optimisation is used in order to see how close the guess of the quantum part of
the circuit is to the test data.

Once the classical optimisation algorithm has reached its endpoint we are left with a
quantum circuit that models a function based on the data set it was trained on. We are
then able to feed a data point, @ into the circuit and run it. The measurement of the
circuit will give us an output.

Although the general structure of a parameterised circuit remains the same the specific
structure of the circuit can vary and can have a large effect on the learning process.
There are many proposed ansatz for the structure of a circuit all with their own pros
and cons. There are three main architectures which are used in practice, the layered
gate architecture ansatz, the alternating operator ansatz and the tensor network ansatz
[63-67].

In the layered gate architecture ansatz a sequence of gates forms a layer and these layers
can be repeated if needed in order to form a deeper circuit. These layers are usually broken
up into the encoding and unitary blocks as described above. The alternating operator
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ansatz works in a similar fashion to the layered gate ansatz but the blocks which make up
the circuit are defined by a time evolving Hamiltonian. Lastly the tensor network ansatz
is defined by a tensor network which is then compiled into a quantum circuit.

The structure of the parameterised circuit allows us to implement many types of ma-
chine learning algorithms, but it also some drawbacks. The first is the use of the circuit
ansatz because we cannot guarantee that the circuit ansatz used will provide the optimal
results for the given data set. Due to the nature of machine learning we cannot guar-
antee that we know anything about the structure of the data set before any learning is
performed on it and we therefore need to pick a circuit ansatz which is optimal for the
data set but also general enough to apply the results to other unseen data sets.

Another problem that parameterised circuits face is that of barren plateaus during
training [68-70]. This refers to a problem in the optimisation of variational circuits. For
a wide class of variational circuits, the probability that the gradient of the optimisation is
large enough to move the training algorithm forward is exponentially small as a function
of the number of qubits. This can cause the optimisation algorithm to not know which
direction to travel in in order to optimise the circuit, and causes the optimisation to get
stuck. This can lead to large wastes in computational power and the circuit learning
incorrect or not meaningful functions.

The last big problem with parameterised circuits deals with the number of parameters
needed to learn from data. To train a circuit that can express any quantum model would
require parameters for all O(22") degrees of freedom, where n is the number of qubits in
the quantum model we wish to learn [25]. For any practical uses this becomes intractable.
There are still however models which can be learned by variational circuits, we just cannot
guarantee that they are the optimal solution.

We will now go through two examples of parameterised circuits to see how the work
in practice. The first example shows us how a quantum model can be created and
implemented in order to learn functions in a variational circuit. The second example
shows us how a support vector machine can be implemented on a quantum computer.
Both of these examples will give us insights into how the embedding of classical data can
have a large effect on the learning process. It has also been shown that the training of
variational quantum eigensolvers is NP-hard [71].

2.9 Practical Examples of PQCs

2.9.1 Quantum Models as a Partial Fourier Series

The first example comes from a paper written by Schuld, Sweke and Meyer [57]. In
this paper quantum models are expressed in terms of a Fourier series and a parameterised
quantum circuit is used in order to learn a function.

A univariate quantum model can be defined as the expectation value of an arbitrary
observable with respect to a state prepared by a parameterised quantum circuit.

folx) = (0] U' (2, 0)MU (2, 8) |0) (2.98)
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|0) represents the initial state that we begin in and U(x, €) is a quantum circuit which
takes in data and has tunable parameters, 8. The univariate data, x, is data that consists
of observations on only a single characteristic or attribute, x € R. A univariate quantum
model is a quantum model which is built using only univariate data. M is an arbitrary
measurement operator.

The circuit in this example is comprised of 2 blocks, a data encoding block and a
trainable circuit block. The circuit can also have multiple layers each containing a data
encoding block, S(x), and trainable circuit block, W (#), seen in figure below. The
circuit was able to run in series or parallel, if there are multiple qubits used the circuit
was run in parallel. If the number of layers, L, is greater than 1 then the circuit is in
series. When the circuit is in series only one qubit is used. The layers or number of qubits
used in parallel is set before running the circuit, a maximum of 5 qubits or 5 layers was
used in the paper.

— layer 1 layer 2 layer L

o T =

S 8 S il
2| 8@)| | &||S(=) || S(2) 2
o I R

oy L L A

Figure 2.20: A diagram showing the general structure of the circuits used in this paper.

The encoding block is always the same an composed of gates of the form e~ . The
H is a Hamiltonian which generates the time evolution which encodes the data. In this
paper a Pauli rotation was used as the Hamiltonian as researchers wanted to analyse the
effects that Pauli encoding could have on learned models. The trainable circuit blocks
are viewed as arbitrary unitary operations so that no extra assumptions had to be made
about them so that the researchers could focus on analysing the effects of the chosen
encoding method.

We can now examine the path of a qubit through this circuit. The qubit first starts in
a |0) state and first goes into the parameterised block where it is acted upon by a unitary
function. The qubit then enters the encoding block and is acted upon by the Hamiltonian
and finally it is measured. The data is then fed into a classical computer which makes
adjustments to the free parameters within the parameterised blocks, W. These changes
are dictated by a classical optimisation algorithm. A new qubit is then prepared into
the 0 state and goes through the updated parameterised block and the process repeated
until the classical loss function has reached its tolerance or the entire process repeated
the maximum number of times. In this paper a mean squared error loss function was
used. The quantum computer is noisy so measurements are taken multiple times and
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a statistical analysis performed before passing the data to the classical loss function in
order to minimise the effect of noise.

Now that we have laid out the general structure of the circuit it is useful to examine
the circuit in more detail and analyse what is happening. The goal of this circuit is to be
able to express a function learned from this circuit as a truncated Fourier series. We will
use this to demonstrate how the encoding method affects the frequencies which make up

the Fourier series. .
f(z) = Z cne™ (2.99)

neQ

Here, Q) are the integer valued frequencies which we can use to build our Fourier series.
The eigenvalue decomposition of the generator Hamiltonian can always be found. We can
express the Hamiltonian, H, in terms of a diagonal operator, 32, containing the eigenvalues
of H on its diagonal.

H=VxV (2.100)

It was stated that the parameterised blocks which are on either side of the encoding
block are arbitrary. This means that we can absorb the operators, V and VT, into W
without loss of generality. The encoding block can now always be expressed in terms of
the diagonal matrix of eigenvalues.

S(x) =e " (2.101)

Using this the researchers were able to determine that the frequency spectrum of the
Fourier series is directly determined by the eigenvalues of the Hamiltonian. The largest
frequency which is accessible is termed the degree of the spectrum. The coefficient were
determined by the arbitrary gates in the parameterised blocks.

When looking at circuits with one layer it was found that the circuit could almost
perfectly, but only, learn sine functions. An image of the results is presented in figure
2.21] It was also found that when more circuit layers were added the circuit was able
to learn more complicated functions. These multiple layers could be added in series or
parallel but the results remained similar. The number of layers seems to correspond
directly to the the number of terms in the Fourier series of the learned function. A proof
of why a single layer circuit can only learn a sine function and in depth discussion of
these results will be discussed further on.
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Figure 2.21: The main results from this paper. We can see that as the number of layers,
r, is increased the circuit is able to more accurately approximate the function. This trend
occurred in both the sequential and parallel versions of the circuit with the sequential
circuits appearing on the left hand side of the image and the parallel circuits appearing
on the right.

2.9.2 Supervised Learning with Quantum Enhanced Feature
Spaces

This section will go through the methods and results of Supervised Learning with
Enhanced Feature Spaces by Havlicek et al [56]. The main goals of this paper were to
implement a quantum analogy to a support vector machine and the other was to create
a quantum circuit which could be used as a kernel estimator. These experiments were
performed on a superconducting processor and therefore are representative of what we
can do with the quantum computers we currently have.

In this work the support vector machine was used as a classifier. The data given to the
support vector machine was labelled and a test set was used to asses the model generated.
The job of the model was to learn from the data in order to be able to sort new data
points into one of these two groups. The first experiment used a variational circuit in
order to construct the hyperplane of the SVM and used that hyperplane to classify the
data. The second experiment used a quantum computer in order to estimate the kernel
matrix of all the data entries.
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The authors of this paper also noted that the only time this method can yield a quantum
advantage is when the kernels used cannot be calculated classically. The kernels in this
paper could be calculate classically but the purpose of the paper was not to search for a
robust quantum advantage, but rather to show that these methods could work on a real
quantum computer.

The circuit used for the quantum variable classifier in this paper closely resembles the
ciruit used in the previous example. The qubits start in a zero state |0)" and the data is
encoded using a unitary gate. The circuit then goes through a variable unitary gate and
finally a measurement is taken in the Z-basis. The results of the measurements is turned
into a bit string and then mapped to a label. The circuit is also run multiple times for
each data point.

The algorithms for the training phase and classification phase are given in pseudo code
in the paper and shown below.

Algorithm 1 Quantum variational classification: the training phase

1: Input Labeled training samples T'= {Z € Q C R"} x {y € C'}, Optimization routine,
2: Parameters Number of measurement shots R, and initial parameter .
3: Calibrate the quantum Hardware to generate short depth trial circuits.
4: Set initial values of the variational parameters 6 = fy for the short-depth circuit W ( ﬂ)
5: while Optimization (e.g. SPSA) of Remp(f) has not converged do
6: fori=1 to |T| do
7 Set the counter ry = 0 for every y € C.
8: for shot =1 to R do
9: Use Ua(z;) to prepare initial feature-map state | ®(Z;))(®(Z:) |
10: Apply discriminator circuit W(67) to the initial feature-map state .
11: Apply |C| - outcome measurement { My, },ec
12: Record measurement outcome label y by setting r, =1, +1
13: end for
14: Construct empirical distribution p,(7;) =, R *.
15: Evaluate Pr ((z;) # ys|m(T) = ys) with p,(Z;) and y;
16: Add contribution Pr (m(£:) # yi|m(Z) = y:) to cost function Remp(f)-
17: end for
18: Use optimization routine to propose new 6 with information from Remp (67)

19: end while _
20: return the final parameter 0* and value of the cost function Remp(07)

Figure 2.22: The algorithm used for the training phase of the quantum variational clas-
sifier as laid out by the researchers [56]

In Algorithm 1 laid out in figure 2.22) T represents the training data, with @ being
the data vector and y being the label. Initial parameter HB refers to the variables in the
parameterised circuit block of the circuit, W(@B). Remp(%) refers to the empirical risk
which is given by the equation:

Ren(8) = 11 S Pr(n(z) # m(7) (2.102)

Where m(Z) is the output of the model and m(Z) is the label of the test data. Us(;) is
the unitary operation which is used to map the data into the desired feature space.
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Algorithm 2 Quantum variational classification: the classification phase

: Input An unlabeled sample from the test set s € S, optimal parameters 6" for the discriminator circuit.
: Parameters Number of measurement shots R

: Calibrate the quantum Hardware to generate short depth trial circuits.

: Set the counter r, = 0 for every y € C.

: for shot =1 to R do

Use Us(z) to prepare initial feature-map state | ®(5))(®(5) |

Apply optimal discriminator circuit W(@j‘) to the initial feature-map state .
Apply |C| - outcome measurement {My }yccr

Record measurement outcome label y by setting r, — 1, +1

: end for

: Construct empirical distribution py,(5) = ry R™".

: Set label = argmax, {,(5)}

: return label

===

Figure 2.23: The algorithm used for the classification phase of the quantum variational
classifier as laid out by the researchers [56].

For this paper artificial data was generated which could be fully separated by the chosen
feature map. When using a single layer circuit the cost function converges quickly, but
not to a low value. When the number of layers was increased to 4 however the cost
function converged at a slower rate but to a better value, indicating a better fit.

A quantum computer is also used to calculate a kernel matrix of all the data points.
The resultant matrix is then fed to a classical computer which performs the classification.
The idea is to use Hilbert space as a feature space, which is only possible because one
can evaluate inner products in Hilbert space on a quantum computer. We hope that the
high dimensionality of the feature space results in the creation of a hyperplane which
might not exist in a lower dimensional feature space. Once this matrix is obtained it is
straightforward to use an SVM algorithm to find the hyperplane which separates the data
points optimally. Calculating the kernel matrix can be very time consuming and resource
intensive, especially with large data sets. The entries of the kernel matrix computed by
the quantum computer were the transition amplitudes of the input vectors, [(¢(Z)|p(2))].
In the training of the circuit O(T?) amplitudes have to be calculated.

There can be no quantum advantage for this method unless the kernel is difficult to
calculate classically, but this paper proves that the calculation of a kernel matrix can be
performed on a current day quantum computer and allows us to search for new kernels
which might provide a quantum advantage.

Significance of Repeat Encodings

Both of these examples take a slightly different approach to repeat encodings but
both find experimentally that they increase the accuracy of the function learned by a
variational circuit but the reason as to why this happens is not clear. These papers do
however tell us that the process of encoding plays a more crucial role in quantum machine
learning than we initially thought. In section [2.12| we will look at explanations of why the
repetition of encoding in these two examples resulted in the degree of the Fourier series
increasing.
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2.10 Viewing Supervised Quantum Machine Learn-
ing Models as Kernel Methods

Now that we have a practical understanding of how quantum machine learning working
in practice we can look at it through a different lens in order to further our theoretical
understanding. In this section we will go through the argument presented by Schuld that
supervised quantum machine learning models are kernel methods [25]. We will start by
defining some terms before getting into the argument.

If we represent quantum states as vectors in C??, then the corresponding density matrix
is given by the outer product of a vector with itself. The density matrix corresponding
to a state vector, [1)), is:

p =) (¥ (2.103)

The density matrix contains all the observable information of [¢)). It is useful to make
probability distributions, {px} over multiple quantum states as mixed states:

p=>_ prltn) (Wl (2.104)

Definition 2.10.1 (Data encoding feature map). Given an n qubit quantum system with
states [1). Let F be the space of complex valued 2™ x 2™ dimension matrices equipped with
the Hilbert-Schmidt inner product (p, o), = tr{p'c} for p,c € F. The data encoding
feature map is the transformation:

o:x = F
P(x) = |p(x)) (¢(z)| = p(x)

and can be implemented by a data encoding quantum circuit U(x).

(2.105)

Definition 2.10.2 (Quantum kernel). Let ¢ be a data encoding feature map over a
domain y. A quantum kernel is the inner product between two data encoding feature
vectors p(z) and p(x') with z, 2’ € x

k(a,a") = tr(p(z'), p(x)] = [ {p(a")|(2)) |* (2.106)
Quantum kernels are positive semi-definite.

Quantum kernels can also be visualised and implemented with an alternate formulation
which can be helpful when doing practical examples.

Op:— Fy CHROH”
bo = |0()) @ [¢"(2))
Where |¢*(x)) is the quantum state created by applying the complex conjugate of the
encoding unitary matrix and F, is the space of tensor products of a data encoding Dirac

vector with its complex conjugate. The inner product in this feature space is the absolute
square of the inner product in the Hilbert space of the quantum states.

(Wle)z, = (Yl (2.108)

(2.107)
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What all of this tells us is that the encoding block of a quantum circuit can simply be
viewed as a feature map which maps classical data into a Hilbert space, which can be
viewed as a feature space. The rest of the circuit then performs linear algebra operations
on the data in this new space and we are then able to learn from the data. This is exactly
the same logic which is employed by classical kernel methods.

From all this we can also say that each encoding method of quantum computing cor-
responds to a specific kernel and we can use this knowledge in order to say how different
methods of encoding affect the circuit and the functions which can be learnt from the
circuit. We are also able to use our knowledge of kernel methods to see how we can use
this way of looking at supervised learning to search for quantum speed up.

Non-linearity in quantum kernels is thought to be a factor in what leads to speed-up
over classical algorithms, as if the mapping is simple enough a classical computer also
can perform it and give us access to the same space. If we are able to find spaces which
can not be reached by classical algorithms, as was done by Liu et al, there is a chance
that that space can yield a quantum advantage [36]. The data set used in this paper was
artificially constructed to demonstrate ideal conditions. When using real world data sets
we cannot guarantee that any patterns which give a quantum advantage are present in
the data set before we process it and therefore the problem of finding practical examples
of quantum speed-up is very hard.

Using the knowledge that each method of quantum encoding directly corresponds to
a kernel we can now look at the kernels linked to the most popular encoding methods.
We can use this information to see how the method of encoding can bias the results of
a quantum circuit and use it to help explain the experimental results obtained in the
practical examples.

2.11 Quantum Encoding

Quantum computers need qubits in order to run, however most data we have is classical.
This means that we need ways to convert classical information into qubits, this process is
known as quantum encoding or quantum embedding. There are several ways to perform
quantum encoding and each has its own pros and cons. Usually the methods of quantum
encoding used is dependant on the problem being solved and the architecture of the
quantum computer. The conversion of classical bits to qubits is done through mapping
the classical data into quantum states which are then used as qubits.

2.11.1 Basis encoding

Basis encoding is in some sense the most straightforward way of mapping classical bits
to qubits and because of this it is also one of the most popular methods of encoding. In
basis encoding each bit of classical information is represented by a quantum subsystem.
Given classical data in the form of a binary string, the quantum state will be a bitwise
translation of the string. For example the 3 bit string 101 would be represented by the 3
qubit state [101).
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Given a classical data set, x, with M entries composed of N-bit binary strings, ™. The
data set can be represented in superpositions of the computational basis state as:

= JLM Z:l |z™) (2.109)

Where 2™ is an N-bit binary string. Using basis encoding for N bits there are 2V possible
basis states. The data encoding feature map of basis encoding is:

O x = |ig) (ig] (2.110)
And the quantum kernel it gives is:

k(x,2') = | {ig]i) |* = Spur (2.111)

2.11.2 Amplitude Encoding

Amplitude encoding requires that the data inputs are normalised. It associates each input
with a quantum state whose amplitudes in the computational basis are the elements of
the input vector. Given an N dimensional data point, x, it can be represented by the
amplitudes of an n qubit quantum state as:

V) = > ili) (2.112)

With N = 2". The normalisation condition that must be followed is, 3, |z;|> = 1. The
feature map for amplitude encoding is given by:

¢:x — |x) (x| = me (2.113)

i,j=1
And the quantum kernel is given by:
k(x,x') = [ {(x'|x) [ = x'x|? (2.114)

The main advantage of amplitude encoding is that it requires log(/N M) qubits to encode
a data set of M inputs with N features and is often associated with Grover’s quantum
search algorithm. We can also perform repeated amplitude encoding which has a map
and kernel which look quite similar to that of amplitude encoding.

2.11.3 Hamiltonian Encoding

Instead of explicitly encoding data into quantum states, Hamiltonian encoding tries to
do so implicitly. Instead of directly preparing a quantum state we instead prepare an
evolution applied to a state. To do this we create a Hamiltonian which evolves a given
state. The Hamiltonian encodes a matrix that contains the data we wish to use. This
can be done by creating a matrix which has the feature vectors as rows. We start with an
initial quantum state [¢) and we use a Hamiltonian to evolve to a final state [¢)') which
now contains all the relevant information.

[¥) = e y) (2.115)

This process can be done in polynomial time [20].
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We start by considering a Hamiltonian, H, that can be decomposed into the sum of
elementary Hamiltonians, H; which are easy to simulate. We cannot use the factorisation
rule for scalar exponentials unless the Hamiltonians commute, so instead we use the first
order Suzuki-Trotter formula.

e 2n ikt = e it - O (¢2) (2.116)

This states that for small time steps, 0t the factorisation rule is approximately valid and
we can write,

. . _t
R R (2.117)
This means that with small enough time steps the error becomes negligible. We also have
to repeat the process many times the smaller the time step.

Rotational encoding is a type of Hamiltonian encoding. In rotational encoding a fixed
Hamiltonian is evolved and the data is used to parameterise the time via which the
Hamiltonian is evolved. Using what we have defined we are now able to examine how
rotational embedding affects the RKHS of a quantum circuit and therefore what functions
can be learnt from it. Every kernel has an associated RKHS and circuits can be used to
define kernels. We can therefore associate a quantum circuit with a RKHS and use that
to try and understand the functions which a given circuit can learn.

2.12 The Fourier Spectrum of PQCs That Use Ro-
tational Embedding

The papers explored in section both found that repeating a rotation encoding gate
in a parameterised quantum circuit had an effect of the functions which could be learned
by the circuit. In this section we will begin by looking at how using a rotational encoding
gate affects the RKHS. Following that, we will show that using a single rotational encoding
gate allows a circuit to only learn a sine function. Finally, we will examine ways in which
family of functions learned by a PQC using rotational encoding can be extended.

2.12.1 How Rotational Embedding Affects the RKHS

Start by considering a quantum embedding implemented by the Pauli-X rotation:

-~ () ) e

The data encoding feature map is then given by:

¢:x— p(x) (2.119)
where
o) = cos? (%) —icos (%) sin (%)
0= (o) n ) (2120

The quantum kernel is then given by:

ex(3)en(5) 0 (5)m (3)

k(x,2') =

(2.121)




This feature map can also be represented using the form in equation as

)= e (5) s (2)10) o s (5) 55 2) )

COS’2 (2) (2.122)
1 COS sin .

| —icos 6 sm 6

sin (

Mli'?\_/

We wish to extract the eigenvalues and eigenfunctions of this matrix in order to see
how the functions which make up the RKHS are affected. In turn, this will allow us to
understand how learning process can be biased by this encoding method. To do so we
need to introduce the integral operator defined by:

(K f)(x) = / Ko, o) (2 u(d) (2.123)

Where p is a marginal distribution. A marginal distribution is used here because often
when training circuits the full data set is divided into a training set and one or multiple
test sets. By using a marginal distribution we can use the integral operator on any subset
created from the full data set. Mercer’s Theorem ensures that there exists a spectral
decomposition of K with eigenvalues, 7, and eigenfunctions, ¢;. Models will be biased
towards learning functions that correspond to the eigenfunctions. Functions which have
features which are not able to be recreated using the eigenfunctions will lose these features
in the model that is generated. However, if a function, or a close enough approximation
of the function, can be reconstructed by linear combinations of eigenfunctions then the
model can learn the function more accurately.

If M is a Hermitian operator, then the RKHS consists of all functions f € F which can
be written as:

f(z) =Tr[p(x)M] (2.124)

The action of the integral operator on a function f is:
(Kf)(z)= /k(x, y) f(y)u(dy)
— [ Tre@MTr(ely)ote)utdy)
= [ 70101 0 e(@)(el) © ola))] uldy
=1 |01 @ 0) [ (0(0) @ (o)t

(2.125)

To analyse the integral operator we need the matrix elements of a linear map, T.
T(M)y; = /SO(SU)z'jSD(x)kzMZkM(dx)

(2.126)
:/Sp(x)ijsﬁ*(x)llekﬂ(dx)
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We now apply a vectorisation which converts the matrix into a column vector:

Vee(T(M)) = / Vee(ip () Vee(p(x)) T u(dzx) Vec(M)
= A, Vec(M)

(2.127)

What we are left with after the vectorisation is a column vector, Vec(M), and a vector
which correspond to the linear map used to perform the encoding as well as the transpose
of this matrix. We then label the matrix that would result from perform the multiplication
of the two encoding vectors as A,. We calculate A, by using the quantum kernel given
by equation which corresponds to rotational encoding with a Pauli-X gate.

cost (3
1 [ —icos(%)sin (Z
A= %/0 icos %2))Sin ((%2)) 8
sin” (£)
(C082 (£> 1COS <£> sin (z) — 1 COS <E> sin <§> sin? <§>) dx
2 2 2 2 2 2
cos* (%) icos® (£)sin (£) —icos® (%)sin (%)  cos? (¥)sin® (
1 /7r —icos® (£)sin (%)  cos? (%3 sin® (£)  —cos? (£)sin® (£) —icos g%) sin®
)y icos® (£)sin (%) —cos? (%)sin® (£) cos? (£)sin® (%)  icos (%) sin®(
cos? (%) sin? (%) 1cos (%) sin® (%) —1COS (%) sin® (%) sin? (%)
3 0 0 1
1o 1 —10
8l o0 -1 1 0
1 0 0 3

This produces the eigenvalues %, }l, i and 0. and produces the matrices:

10 10
(o) (o 5.

0 01 (2.128)
m=(5a) m=(1)
The eigenvectors can be used to obtain the eigenfunctions via equation [2.124]
filx) =1, fo(z) = cos? (£) — sin® (£) = cos(z) (2.129)
fs(z) = 2cos (£) sin (%) =sin(z), fo(z)= '

The eigenfucntions of the RKHS are sine and cosine functions. This means that all the
functions which are contained in this space can be made by shifting and scaling a sine or
cosine function. Cosine functions can be expressed as shifted sine functions therefore we
can say that functions in the RKHS are parametrised by:

r — acos(x +b) + ¢ (2.130)

This can be more clearly demonstrated and visualised by looking at how this concept
works in an actual circuit. By going back to the previous examples of parametrised
circuits we can show that single layer circuits are only able to learn sine functions.
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2.12.2 Single Layer Circuits on One Qubit

Going back to the example of quantum models as a partial Fourier series we can now
show that single layer qubit circuits can only have expectation values with a sinusoidal
form.

Consider circuits U = Up...U; where each gate is either fixed or parameterised. Pa-
rameterised gates have the form:

Uy = e-i%Ha) (2.131)

Where H, is the generator and a Hermitian, unitary matrix with the property H? = I
and 6 € (—m, ]

We now take the exponential definition of the gate:

_ 00 (—Z)%(%‘i)%(Hd)% . 0 (_Z')2k+1(%d)2k+l(Hd)2k+1
2 2k 2 (2k + 1)!
k=0 k=0 (2.132)
Gd)Qk] 0 (—Z k(e_d (2k+1)Hd

— (—1)*"(% 3)
=2 ot 2k 1 1)

We now apply the circuit to the state p and then measure a Hermitian operator M. The
expectation value can then be written as:

(M) = tr(MUp...Uy...U, pU; ..UL..UL) (2.133)

We can simplify this expression by analysing the expectation value as a function of a
single parameter, 6;. We can also simplify the notation by absorbing all gates before Uy
into the density operator and all gates after U; into the measurement operator.

p="Us1..UspUl..US_,

L (2.134)
M = U}, ULMUp...Uysps

We are able to do this because unitary transformations preserve the Hermitian properties
of the operators. We now also drop the d indexes and replace them with the parameter
value 0. The expectation value now becomes:

(M)g = tr(MUypU))

o (o) () (2 - () )

— cos? (g) tr(Mp) + isin <g> cos (g) tr(M|p, H]) + sin’ (g) tr(MHpH)

(2.135)
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When we examine the terms of the last line we see that; tr(Mp) is the expectation value
when 6 =0
(M) = tr(Mp)

The trace in the second term can be written as the difference between 2 expectation
values:

(M) — (M) =z = tr(MUspU}L) — tr(MU-—zpU )
_ % (tr(M (I — iH)p(I + iH)) — tr(M(I + iH)p(I — iH)))
= —itr(MHp) + itr(MpH)
= itr(M|p, H])
Where in the second line we have used Uiz = \%(I F iH). Finally we note that

tr(M HpH) is the expectation value obtained from evaluating the circuit at = 7

Putting all of this together allows us to write the expectation value as:

(M) = cos? (g) (M} + sin (g) cos (g) ()5 — (012 +sin? (g) (M),

)1, ) 1
_ cos(0) sin(6)

((M)o + (M)-)
(2.136)

DO | —

= S5 (Mo — (M) + =57 ()5 = (M) ¢ ) +

At this point we employ the trig substitution, a cos(z)+bsin(z) = va? 4 b?sin(z + arctan ($)).
Let:

A= ne - oo+ (015 - 00’
B = arctan 2 <(M)0 — (M), (M) — <M>,Tﬂ) (2.137)

1
C = 5 (= Asin(0 + B) + C + (M),)
Using these substitutions we are able to write the expectation value as:

(M) = Asin(0+ B) + C (2.138)

This shows that single qubit gates can only produce sine functions, or in the context
of machine learning, we have shown that single qubit gates will only be able to learn sine
functions. This is very limiting as only being able to learn sine functions gives us a very
small family of functions which the quantum models can work with. We therefore need
ways around it.

As was mentioned in section [2.9] increasing the number of times the encoding block of
a circuit was repeated also increased the complexity of the functions it was able to learn.
We will now look at how the frequency spectrum of the Fourier series can be extended
in a parametrized circuit in order to give the quantum model access to a larger family of
functions.
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2.12.3 Extending the Fourier Spectrum

Following the paper mentioned in section [2.9.1) we can now examine circuits with mul-
tiple layers and see they are able to express more complex functions than single layer
circuits. We start by considering single qubit Pauli rotations in parallel as seen in figure
[2.21] This gives us an encoding gate of:

S(z)=e27 ... ®e 2%

— e—ixH

(2.139)

Where o are the Pauli matrices with equations given by equation These rotations
are occurring in parallel on different qubits and therefore the rotation gates commute
with each other. This allows us to diagonalise the matrix, H, and rewrite the encoding

matrix as: . .
S(z) = Ve 3V @ .. @ Vie 3%V

— Vel )y (2.140)
= Ve VT

The matrix, >, will have r + 1 unique entries along the diagonal which are the eigen-
values and can be written as:

by :diag()\l,)\g,--- ,)\Qr) (2141)

Where the eigenvalues are given by:

P r—p r
A= (2o —p— L 2.142
= (5-"50) =r-5 pen) (2.14)

The frequency spectrum for a single layer parallel circuit is determined by the differences
of the eigenvalues and is given by:

Qo ={ e, = Ajy | k1,51 €{1,...,2"}}
:{(p—%)—(p'—%)|p,p/€{0,...,r}} (2.143)

={p—7p"|pp €{0,....7}}
={-r,—(r—1),...,0,...,7— 1,1}

We have now successfully increased the degree of the Fourier series from 1 to r by
increasing the number of parallel encodings which are performed. This tells us that with
enough qubits we can approximate the Fourier series of any function. We can also perform
the encoding in series on a single qubit L times and it turns out that the spectrum of
frequencies which the model has access to is the same as a circuit with L qubits in parallel.
This allows us to use the same method on near term quantum computers which do not
posses many qubits.

Using this method we are able to approximate any function which can be decomposed
into a Fourier series given enough resources. However it is not the most resource efficient
method. In the next section we will look at an circuit which gives us access to 3"
frequencies of the Fourier spectrum with just n qubits.
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2.12.4 Exponentially Extending the Fourier Spectrum

We will now examine an encoding method proposed in ”Exponential data encoding for
quantum supervised learning” by Shin, Teo and Jeong which exponentially increases the
number of Fourier frequencies we can access with n qubits [72].

We start with the unitary operation:

U,g=Wo (e}) S(z)W, (6)) (2.144)

Where S(Z) is the encoding block and W;(6;) is the parameterised block. This unitary
operation is placed into a circuit where it acts upon the ground state and a measurement
is made in the Z-basis at the end of the circuit. The trainable parameters are labelled 6

and the data points are labelled Z. The encoding gate, S(Z) given by:

M N
S(CB) _ ® ® e—iﬂmnme/Q

m=1 n=1

M
=R Y ke e (k|

m=1k,,€{0,1}N

(2.145)

S(x) is a diagonal encoding unitary in the N qubit basis, |k,,) = |k). The eigenvalues of
ZnNzl /an% are given by A, . A function, f, expressible by this quantum model is given
by:

f(@) = (0

Ul;(,ZUm;e‘ 0>

M
= ® Z o (Vom =g, Jrm <km ‘DIWJZW2D1 k;n> (2.146)
m=1 k, k!, €{0,1}V
= Z Z . Z nnl77127.“,7”\46_1"'”C
n1€Q no€lo nar €EQur
where
Dy = 3" 1K) (K [W3] 0) (' (2.147)
o

The Fourier frequency spectrum is composed of the set of all possible integral differences
between the eigenvalues and is labelled, €2,,. As with previous examples of parametrized
quantum circuits the circuit can be layered to increase the complexity and by repeating
the layers enough times the Fourier series of any function can be learned to an arbitrary
accuracy. Sometimes this Fourier approximation has to be rescaled in amplitude and
period to accurately reflect the function which is being approximated.

We will now look at what happens to the frequency spectrum if we make f,,, positive
in equation [2.145] We can write the eigenvalues as:

N

:I:ﬁmn

n=
N

— km

=D a

n=1

(2.148)
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This means that there are 2V eigenvalues if there are degenerate eigenvalues. We can
therefore write the frequency spectrum as:

Qo = { My = iy, | s Ky, € {0, 1} (2.149)

The frequency spectrum can contain at most 4V — 2V + 1 frequencies. If B, = 1
then there are 2V + 1 frequencies and the degree of the Fourier series would be equal to
the number of qubits, N. The spectrum can however be extended by making sure that
the (,,, values satisfy the recurrence relation:

n—1
Brom =2 Py + 1 (2.150)
j=1

Solving this gives us B,,, = 3"~ 1. This also tells us that the degree of the Fourier series,
d, is related to the number of qubits by:

N = log,(2d + 1) (2.151)

2.13 Chapter Conclusion

This brings the literature review section of this thesis to a close. We have gone over
support vector machines and kernel methods, as well as looked at Fourier and wavelet
analysis. We also looked at the basic notation needed for quantum mechanics and the
postulates from which the properties of quantum mechanics are derived. We then looked
at how that led to the invention of quantum computing and the basic structure of a
quantum computer. We demonstrated that in theory a quantum computer can out per-
form a classical computer in certain tasks. From there we moved to quantum machine
learning and gave a brief overview of where the field is currently. We then looked at
parameterised quantum circuits and examined how different methods of encoding could
affect the functions which they could learn.

Given all of this information we are now ready to discuss whether using kernels is a
good place to search for quantum advantage. Following that discussion we will layout
the methodology for how to create a quantum circuit which can approximate a wavelet
kernel. We will then go implement this circuit and examine the results.
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Chapter 3

Using Kernels to Find Quantum
Advantage

3.1 Quantum Advantage

We briefly described quantum speedup in section Here we will go over the defi-
nitions again and give some examples so that we can examine the advantages and dis-
advantages of quantum computers in the context of kernel methods. We will then argue
that quantum kernel methods should not be used in order to search for new quantum
advantages but that kernel methods should still exploit and adapt quantum advantages
when they are found elsewhere to improve the performance of quantum kernel methods.

We will break quantum advantage into 4 categories [18]. The terms speed-up and
advantage are also used interchangeably in this thesis. The first category is provable
quantum speed up. Algorithms in this category prove that there is no existing classical
algorithm which can solve the problem more efficiently. An example of provable quantum
speedup is Grover’s search algorithm. There is an intricacy to this definition, it claims
the best possible classical algorithm which is not the same as the best known classical
algorithm. To claim that an algorithm is the best possible algorithm the upper and lower
bounds of the problem itself need to be thoroughly looked at and in the case of many
problems in computer science the best possible algorithm is unknown. Many problems
involving a provable quantum advantage also require the use of an oracle to get the
solution.

We therefore create a category for speed-ups over the best known classical algorithms
and term it a strong quantum speedup. An example of strong quantum speed up is
Shor’s algorithm. A problem that occurs is that in the field of quantum computing is
that some papers claim to have provided a quantum advantage but do not specify the
type of quantum advantage which was achieved explicitly [73,[74]. However, as research
continues this problem seems to be addressed more frequently.

The next category of quantum speedup is limited quantum speedup. This category
refers to algorithms where the quantum advantage is obtained through quantum effects
which are not replicable on classical computers. These algorithms usually use the same
or a similar algorithmic approach as their classical counterparts and usually rely on
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the quantum properties of the computer to gain an advantage. These algorithms are
much more dependant on the architecture being used to find their advantages than the
algorithms mentioned in the two previous categories. Examples of algorithms which
fall into limited quantum speedup include adiabatic quantum optimization, quantum
annealing or simulated quantum annealing [48,75-78].

Lastly we have potential quantum speedup. This refers to when we directly compare
a classical algorithm to a quantum algorithm and see how the quantum algorithm pro-
vides a speedup. This is usually done to try and show how quantum computers could
improve computing performance for more common use cases and works towards quan-
tum supremacy by ensuring that algorithms which are currently performed on classical
computers are able to run on quantum computers as well [79,80].

3.2 Advantages Offered by Quantum Kernels

In kernel methods of machine learning the function of the kernel is to evaluate the
inner product in a feature space. Usually the spaces which we map the data to allow us
to identify features within the data which can be hard to extract in the original space. As
was explained in section [2.10] quantum models themselves can also be viewed as kernel
methods and using this we are able to study quantum models in a different light.

By examining the kernel function and the space which it maps to we can try to un-
derstand the features which are accentuated within that feature space and what sorts of
data sets would benefit from being processed in that space. We can also do this without
necessarily having to run any data sets through a machine learning model which can save
computational resources, especially when processing large amounts of data.

In the context of quantum computing the question then becomes: how do we know
whether a kernel provides quantum advantage? As mentioned previously, quantum ker-
nels can provide a quantum advantage classical kernels when there is non-linearity. The
non-linearity can manifest when the mapping requires a quantum property such a su-
perposition to be performed. If the mapping is linear then a classical computer could
map us into the same space with some overhead. The factors which result in quantum
advantage are still being actively researched and we will likely find more contributing
factors as more research is done.

An example of a quantum kernel which offers this speed up can be seen in Liu et al [36].
The kernel used in this paper uses a kernel based on the discrete logarithm problem in
order to classify data using supervised machine learning. The discrete logarithm problem
is computationally intractable [81]. This means that it can be solved on a classical
computer, however there is no known classical polynomial time algorithm for the discrete
logarithm problem. This means that when large enough numbers are used it becomes
impossible to solve within a reasonable time frame. The discrete logarithm problem can
be adapted solved using a modified version of Shor’s algorithm [82].
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The data sets used in the paper are classical and constructed, so that ideal conditions
for the kernel could be met. The researchers were able to construct a quantum classifier
which could correctly classify the data and showed that a classical computer could not
classify the data inverse-polynomially better than random guessing. This paper shows
that finding quantum rigorous quantum speed-up is possible and give us a way to compare
the classical methods to quantum kernels.

The tactic of the paper by Liu et al. was to start with a problem which had a quantum
solution that offered a strong quantum speedup. They then analysed the mathematics
behind the problem in order to identify properties about the space which the problem
is mapped to before it is solved. Using this information they were able to construct a
data set which had patterns that were identifiable in this space, but that could not be
mapped to using a known classical feature map. They were then able to build a classifier
based on a kernel which mapped them to this space where the data was exploitable and
classify the data better than a classical computer would be able to. This general tactic
could possibly be used in the future if we are able to find new spaces which are hard to
map to using a quantum computer and are also able to show us underlying properties in
data that aren’t visible in other spaces.

Quantum kernels can also offer an advantage over classical methods when the data itself
is quantum [45]. This speed-up has to make assumptions about the data as real world
quantum data is rare and experiments are hard to perform due to the noisy nature of
NISQ computers. When simulations and experiments are performed that involve quantum
data or particles the data is usually converted to classical data before it is processed and
interpreted. This happens because most researchers are using classical computers when
processing data and because there is no way to easily and reliably store quantum data at
this point [83,84]. Some hope that quantum computers will be able to manipulate and
interpret this data before it is mapped into a classical space which could affect the results
of the data [85]. However, more research needs to be done in this field before anything
concrete can be said.

3.3 The Downsides of Searching for Quantum Ad-
vantage in Kernel Methods

Although there are possible speed-ups provided through the use of kernel methods in
quantum computing this does not mean that quantum kernel methods should be used
to search for new quantum advantages. A quantum kernel might yield a speed up if it
facilitates the efficient evaluation of inner products in some feature space, which cannot
be efficiently evaluated using a classical computer.

Quantum kernel methods are a form of machine learning and in machine learning you
often do not know anything about the underlying structures of the data. We generally
employ machine learning methods to try and uncover these underlying structures so that
we can build more robust models and understand the structures. If one were to try and
search for a kernel which mapped us to a space which gave a quantum advantage using
quantum kernel methods they would have to essentially try generating random kernels
and applying them to a data set to see whether the algorithm was able to find patterns
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in the data when it is mapped to the new space. The problem with this approach is that
it is not an efficient method of searching.

The algorithm would just be taking shots in the dark over and over again and is not
guaranteed to ever produce what we are looking for. Even if a kernel was found that
gave us a quantum advantage, we would not be able to guarantee that a data set had the
features with which the advantage could manifest. The only way to guarantee that the
data set contained these features would be to artificially construct them and to artificially
construct them we would need to know what the kernel was in the first place.

In most examples of quantum speed-up in kernel methods the quantum advantage
has come from another area of quantum computing and then been adapted to offer its
advantage in the area of machine learning. The discrete logarithm kernel was adapted
from Shor’s algorithm as it is arguably the most prominent example of quantum advantage
[36,82]. In most examples of quantum advantage in kernel methods the advantage is
demonstrated using synthetic data sets and is usually used as proof of concept [56,62.73].
The methods of quantum kernels are usually hard to generalise to larger families of data
sets. There has also been work done which shows that by preparing data correctly classical
models can be competitive with quantum models [45].

A better path towards finding quantum advantages would be to create well defined
problems where a quantum algorithm can be compared to classical algorithms to estab-
lish what, if any, quantum advantage the quantum algorithm can offer. If a quantum
advantage is found we can then look for ways to adapt the algorithm into machine learn-
ing and kernel methods to utilise its speed-up. If a quantum algorithm is found to not
have a quantum advantage this, while not as exciting, still gives us useful information
and could help us better determine in the future which properties give rise to quantum
advantage and which do not.
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Chapter 4

Approximating a Wavelet Kernel on
a Quantum Computer

In this chapter we will follow the methods laid out in a tutorial on how to approximate
clasical kernel using a quantum computer, which is available on PennyLane [86]. We will
be using it in order to approximate a wavelet kernel. This kernel comes from the paper
by Zhang et al. where the wavelet kernel was used in a classical support vector machine
to approximate an arbitrary non-linear function [87].

As outlined in section [2.4] wavelet analysis is a useful tool with many applications in
modern computing, including noise reduction and compression. The quantum wavelet
transform is not something that has been researched thoroughly and very little informa-
tion is available about the topic. There have been quantum circuits created which can
implement a Haar and Daubechies wavelet transform [88,89], but they have not been
tested on near term quantum computers.

As has been shown in section [2.12] the functions which can be learnt by parameterised
quantum circuits using rotational embedding can be described using a Fourier series. The
frequency values that make up the Fourier series are given by the eigenvalues obtained by
treating the embedding method as a kernel following the method used in section [2.12, We
also showed in section that wavelet analysis can be viewed as an extension of Fourier
analysis. It is therefore interesting to examine whether we can use quantum kernels to
begin implementing a form of wavelet anlaysis on NISQ quantum computers.

We will be focusing on using a quantum computer to recreate the mother wavelet
function. The methodology laid out in the tutorial [86] was released in March 2022
making it quite a recent development. We have adapted the code and method used in the
tutorial in order to approximate a wavelet kernel. This kernel had not been successfully
approximated using this method previously.

4.1 Wavelet Kernel

The wavelet kernel is a shift invariant kernel defined by:

k(z,y) = Qh (x;y) (4.1)
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Where d is the number of dimensions, in our case d = 1. The mother wavelet function,
h, we will use is:

h(z) = cos(1.75as)e(_%’”2) (4.2)

Here the factor of 1.75 inside of the cosine function is used to adjust the frequency of the
function. This value is chosen because it makes the period of the function in the region
of interest .

4.2 Method

We will now go over the method used to approximate the wavelet kernel. The method
will be kept as general as possible so that it can also be used to approximate other kernels.
This method was implemented in python using the numpy and PennyLane libraries but
the logic of the methods will be outlined, and the code used will be attached as an
appendix.

Algorithm 1 Approximating a kernel

Choose a kernel, k(x).

Adapt k(x) such that, £(0) = 1 and k(x) > 0.

Periodically extend k(x).

Find the Fourier Spectrum.

Determine number of coefficients needed to accurately approximate the kernel.
Construct quantum circuit.

Create test amplitudes.

Predict the Fourier spectrum from test amplitude.

Optimise amplitudes to match Fourier coefficients using Newton’s method
Send test amplitudes to quantum circuit.

: Compare Fourier coefficients of the classical kernel to the approximated coefficients.
. Scale and shift the approximated kernel to match k().

ol e

Algorithm 1 gives a very general outline of the process we will use to approximate the
wavelet kernel on a quantum computer. We will now go through each step of algorithm
1 and provide more detail.

4.2.1 Preparing the kernel function

To simplify the problem we will consider 1-dimensional data. Steps 1 and 2 of algorithm
1 deal with the selection of the kernel and making sure that the quantum circuit we will
use can approximate it. The kernel function can be any function as long as it meets
the requirements to be a kernel as laid out in section The quantum circuit we use
requires that the kernel function have k(x) > 0 for all values of x. It also requires that
k(0) = 1. The second requirement is because the kernels are used as similarity measures
and therefore need to be normalised. Finally, the kernel must be shift invariant i.e.

k(Xl,Xg) = k(Xl + (5, X9 + (5), ) eR (43)
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We will also take the kernel as a function of just one variable, x. This can be done
because of the shift invariant property. The kernel only cares about the difference between
the two data points fed into equation [£.3] Therefore, we relabel the difference between
these two variables, x for simplicity. In the case of the wavelet kernel given by equation
[1.2] the function meets the requirement of k£(0) = 1. However, the function is not positive
across its entire range, so we must first shift it until this condition is fulfilled. Once the
function is shifted it must then be scaled so that k(0) = 1.

Because we are performing the approximation computationally, we must choose a do-
main for the function and the number of data points in the domain. We have elected
to use 100 data points equally spaced between —m and w. This will be a high enough
resolution of x values to approxmiate the wavelet kernel in the domain we have specified.

After step 2 we periodically extend the kernel so that we can apply the Fourier series
to it. We have multiplied the x values inside the cosine part of the wavelet kernel so
that its features of interest to us appear from —m to m. We therefore set the period of
the extension to be 27w. To perform the periodic extension we simply repeat the values
of the kernel in each interval. For example, the output that occurs at k(w) would be
the same data point as k(—m) instead of its original value. We periodically extended the
kernel 8 times for a total of 9 periods. This number was chosen to hopefully make the
the extraction of the Fourier series more accurate.

4.2.2 Determining the Fourier Spectrum

After periodically extending the function we can now determine its Fourier spectrum
using steps 4 and 5. To do this we use the coefficients function from the PennyLane
gml.fourier library. This function computes the first 2d + 1 Fourier coefficients of a 27
periodic function, where d is the highest degree of the Fourier spectrum.

At this point we need to determine how many terms of the Fourier series will be needed
to effectively approximate the kernel we have chosen. The number of terms is also directly
related to the number qubits that are needed. If n qubits are used then we will have access
to 2" terms of the Fourier series [72]. In this thesis we will do the approximation using a
3 qubit and 5 qubit version of the circuit so that we can compare the results.

To determine how many coefficients are necessary to effectively approximate the kernel
we look at the magnitude of the coefficients. The higher the magnitude, the more the
frequency associated with that coefficient contributes to the Fourier series. A threshold
value should be chosen for the magnitude of the coefficients where the contributions can
be seen as negligible. Terms of the Fourier series should be included until the magnitude
of subsequent terms become 2-3 orders of magnitude smaller than the leading terms. It is
good to plot the Fourier spectrum to visually see where this point lies before performing
a closer inspection of the numbers. If there are extra computational resources available
it is advisable to have a threshold value which includes more terms of the Fourier series.
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4.2.3 Constructing the Quantum Circuit

The quantum circuit used to approximate the classical kernel follows the structure of
a parameterised quantum circuit as laid out in section 2.8 The circuit contains a data
encoding block and a parameterised circuit block. The structure of the circuit can be
seen in figure [£.1] The circuit ansatz is adapted from the circuit proposed by Shin et
al [72]. In this paper the circuit used was able to express 3" terms of the Fourier series,
where n is the number of qubits. The circuit used for this thesis, seen in figure is
able to express 2" terms of the Fourier series. Although the cirucit used in this thesis
can express fewer terms of the Fourier series per qubit, with the resources available we
are still able to create a circuit which approximates over 99% of the Fourier series.

The circuit was implemented using the the PennyLane library and a quantum computer
was simulated on a classical computer. The same methods and code that will be outlined
should also work on a real quantum computer as long as it can implement the circuit
needed.

G ()
|0) — 16x]
|0) — 8x
|0) ] Wa 4x Wa-r Classical kernel
|0) — 2x
10) — X

__/ \ / Oy

S(x)

Figure 4.1: Form of the quantum kernel used to produce most of the results in this
thesis. The parameterised block is pictured in green and labelled W, with its conjugate
transpose appearing before the measurement operation. The orange blocks between the
parameterised blocks are the encoding gates. The numbers appearing in front of the
x values are the 6; values described by equation [£.4] This circuit uses 5 qubits but the
number of qubits can be adjusted in the source code and the circuit is adapted accordingly.
Image from PennyLane [86].

To implement the data encoding gates, S(x), pictured in orange in figure , we apply
a Pauli Z rotation to each qubit. The rotation parameter is defined by x multiplied by
a constant, labelled #;, where i indicates the ¥ qubit. The 6; values need to be chosen
so that all the elements of the frequency spectrum are integer valued, this is required by
the Fourier series expansion of a function with period 27. The 6; values must equal:

; = 2" (4.4)

Which leaves us with the data values all being multiplied by powers of 2 as can be seen

in figure
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The W, gate is implemented using the MottonenStatePreparation function from Penny-
Lane. According to the PennyLane documentation [51] this function prepares an arbitrary
state via a series of controlled rotations. It is a form of amplitude encoding. The unitary
transformation associated with this template maps the state |0) into a state |a) via:

Un |0) = |a) = > a;15) (4.5)
J
The amplitudes, a;, are given by a = (a,, a1, - - , agn_1) and the amplitudes must satisfy

the normalisation condition.
The quantum circuit constructed then implements the feature map:

|7a) = S(2)Wa0) (4.6)
And the kernel is described by:

ka(w1, 22) = [ (0] W1SH(21) S (22) Wo [0) [

|
[ (01 WES (22 — 21) W, [0) (4.7)
= [ (0| WiS(z)W, |0) *

Where the shift invariant property of the kernel has been used to replace x; and x5 with
a single variable, x. The last step needed to construct the quantum circuit is to pick an
initial set of amplitudes and ensure that they are normalised. The initial amplitudes are

given by:
1

a; = - 1=0,...,2" (4.8)

1+
These amplitudes are chosen so that when they are run through the circuit they will
create the graph of + Tl This is chosen as a starting point because it fulfils the conditions

needed for this circuit of, £(0) = 1, and k(x) > 0 for all values of x. We also expect that
we will be able to adjust the value of the amplitudes from this point in order to get closer
to a kernel which we are trying to approximate.

4.2.4 Approximating the Fourier Spectrum

The next step is to optimise the amplitudes so that they better approximate the clas-
sical kernel we are looking for. Traditionally in a parametrised quantum circuit we would
use an iterative process and adjust the parameters of the circuit until the loss function
calculated using the quantum kernel approximated, and the classical kernel reached the
predetermined threshold, or till the run of runs in the algorithm was reached. This pro-
cess is not always transparent, so even when the model produced does well in testing
we do not know explicitly how it got to its result [90]. This is known as the black box
problem. We use a classical computer to optimise the amplitudes to avoid the black box
problem because we have more information about the parameterised variables and how
they were derived instead of leaving the process up to an optimisation algorithm.

In order to construct an analytical solution we introduce a new variable, p;, where p;
is the probability of measuring amplitude, a;.

|a]|2 Zpy =1 (4.9)
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By expanding the matrix product WS (z)W, we are able to get a formula for shift
invariant kernels which links the probabilities to the Fourier coefficients, given by the
entries of the matrix on the right hand side in equation [4.10]

M1 o
onq
P1 Zj:l PiPj-1
on_1
P2 | [ X5, pipi—2 (4.10)
Dan—1 Pan_1Po

This relation can be used in order to find the probabilities which produce the Fourier
coefficients of any stationary kernel. This set of Fourier coefficients is also called its
spectrum denoted, sg, s1, S2, ..., Son_1. If we subtract the spectrum of the kernel we want
to approximate from the the kernel produced by the test probabilities we can gauge how
far we are from the kernel we are trying to approximate.

We use a map, F,, which relates the probabilities to the difference between the proba-
bilities and the spectrum. This is used to gauge how far our current probabilities are from
the Fourier spectrum. We can then use this as an error norm and choose a method to
minimise it and get probabilities which are closer to the Fourier spectrum we are trying
to approximate. The purpose of this is not to solve the whole problem but rather to give
our quantum computer the best initial parameters that we can so that we can understand
the process that the quantum computer uses in order to approximate the kernel. The
error norms were calculated using the linalg.norm function from numpy.

2n 1
Do ;ﬁo p? — 50
P > i—1 Pipj-1— S1
F,:| P2 | — ijglpjpj_g — S9 (4.11)
Dan—1 Pan—1Po — Ssn—1

From this point the problem can be solved numerically and is done using Newton’s
method as the formula is quadratic and is therefore a convex function [91]. Newton’s
method was run with a maximum of 200 steps and a cut off tolerance of 1 x 1072°. In
the original tutorial the method was run for 100 steps and the tolerance was kept the
same. We doubled the maximum number of steps because we believed the wavelet kernel
might be harder for the model to learn and therefore wanted to allow it more steps to
do so. The threshold was set to 1 x 1072° because if the difference between the Fourier
coefficients and the probabilities were reduced to this magnitude they could be considered
close enough for most practical settings.

4.2.5 Running the Quantum Circuit

Once the amplitudes have been optimised we can run the quantum circuit again using
the new amplitudes. At this time we can compare the Fourier spectrums of the quantum
kernel once it has run on the quantum computer, the quantum kernel predicted by the
amplitudes, and the Fourier spectrum of the classical kernel we are trying to approximate.
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This is done so that we can compare the three Fourier series to each other and the values
of the Fourier series are close to each other then we can expect that the functions they
create will be close to each other. The method by which we evaluate this closeness is
explained in the next subsection.

4.2.6 Evaluate the Accuracy of the Approximation

The next step is to shift and rescale the kernels if they were shifted and scaled in the
second step of algorithm 1. The kernels should be shifted by a constant first and then
multiplied by a second constant to ensure that k(0) = 1. The approximated quantum
kernel can then be plotted alongside the classical kernel and the two can be compared in
order to see how well the classical kernel was approximated.

To evaluate how close the approximated kernel is to the wavelet kernel we will use a
mean squared error between the two functions:
MSE = - Y k hx):) 4.12
> (K(xs) = k);) (4.12)
Where k(x;) is the wavelet kernel and k(x); is the approximated kernel. By comparing
the two functions at each point we can have a measure of how close the two functions are
to each other.

This concludes the method section of this thesis. We will now move on to the results
chapter where we show the figures and plots generated by following this method using
the code provided in the appendix.

74



Chapter 5

Results

In what follows are the results obtained by implementing the method in chapter to
approximate the wavelet kernel defined in equation [£.2] The full code used to generate
the plots and figures in this section is included in appendix [A] We will display the results
obtained in each subsection of section and in the next chapter we will discuss these re-
sults and their implications. We will also compare the results obtained using this method
to the results obtained in the original tutorial on PennyLane [86] when approximating
a Gaussian kernel. This is done to see whether the results of the approximation of the
wavelet kernel are in line with the results of the original tutorial.

5.1 Preparing the Wavelet Kernel

The kernel plotted between —m and 7 can be seen in figure 5.1} The kernel was shifted
upwards by a constant value of 0.289 and then scaled by a factor of #87. The constant
value to shift the kernel by was obtained by searching for the lowest value of the function,
1, between 7 and —m. The magnitude of this value was then added to equation 4.2l To
work out the scaling factor we took the maximum value of the kernel after the shift, m,
and then multiplied the whole function by its inverse. The shifted and scaled version of

the wavelet kernel is then given by the equation:

h(z) = (cos(L75)e"3) 4 1) x - (5.1)

m

The periodic extension of the kernel can be seen in figure[5.2] The kernel was repeated
8 times for a total of 9 periods.
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Figure 5.1: Wavelet kernel defined by equation .
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Figure 5.2: Periodic extension to the wavelet kernel

5.2 Determining the Fourier Spectrum

The first 32 terms of the Fourier spectrum of the periodically extended wavelet obtained
using the PennyLane Fourier module can be seen in figure[5.3, The 4th Fourier coefficient
is 0.071, the 5th is 0.012 and the 6th is 9.08 x 10~*. Of the first 32 terms of the Fourier
series the first 5 coefficients made up 99.864% of the spectrum. The circuit that used 3
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qubits approximated 8 terms of the Fourier series, while the 5 qubit circuit approximated
32 terms of the Fourier series.
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Figure 5.3: Fourier coefficients of the periodically extended wavelet kernel

5.3 Optimising the Amplitudes
Using 200 iterations of Newton’s method the amplitudes were optimised according to

equation [4.11| The error norms are plotted below alongside error norms for the approxi-
mation of a Gaussian kernel using the same method.
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Figure 5.4: The error norms from using Newton’s method in order to optimise the prob-
abilities being fed into the quantum computer to better approximate a quantum kernel.

The error norms of the wavelet kernel are much than the error norms of the Gaussian
kernel implying that the amplitudes of the Gaussian kernel were better approximated.

5.4 Comparing the Fourier Coefficients

After running the quantum circuit we are able to obtain the Fourier coefficients of the
approximated quantum kernel, the optimised amplitudes and the original wavelet kernel.
These are all plotted in figure
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Figure 5.5: The Fourier spectrums of the wavelet kernel as well as the predicted spectrums
and the spectrums from the quantum computer.

We then plotted the first 8 Fourier coefficients on a logarithmic scale, seen in figure
.6, for the 5 qubit circuit. We also put the values of the first 8 Fourier terms of the
wavelet kernel, the approximation and the difference between them into a table so that
they could be examined.
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Figure 5.6: The first 8 terms of Fourier spectrum of the wavelet kernel and the spectrum
from the quantum computer plotted with a logarithmic scale.
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Figure 5.7: The differences betwen the first eight terms of the Fourier series of the wavelet
kernel and the approximated Fourier spectrum.

5.5 Evaluate the Accuracy of the Approximation

The shifted and scaled wavelet kernel is plotted below with the kernel approximated by
the quantum computer. This is done to see whether the quantum computer was able to
approximate the key features of the wavelet kernel. The wavelet kernel is then multiplied
by 1.289 and shifted by -0.289 to return it to its original form. The approximated quantum
kernel is similarly scaled by 1.29089 and shifted by -0.289 in order to match the original
wavelet kernel. The results of this can be seen in figure [5.8a]
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Figure 5.8: Quantum kernel scaled up to match the wavelet kernel and shifted to match
the original wavelet kernel function

This concludes the results section of this thesis. We were able to follow the method laid
out in section and create the plots and figures presented. The method could possibly
be generate better reults by using a different optimisation method over Newton’s method,
but the results presented seem to allign with the goals laid out in the introduction in
section [1.4,. We will now move on to an in depth discussion of these results int he next
chapter.
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Chapter 6

Discussion

6.1 Analysing the Approximation of the Classical Wavelet
Kernel

6.1.1 Preparing the kernel

The wavelet kernel had to be shifted upwards because the kernel was negative in the
regions —2.692 < x < 0.898 and 0.898 < z < 2.692. The shifting of the kernel also
caused it to break the condition of k(0) = 1, which meant we had to scale it. This was
an anticipated problem as wavelets typically have a total area integral of 0 and therefore
have negative regions. The processes of shifting and scaling are reversible so we can
guarantee that no information is lost.

The periodic extension of the wavelet kernel also preserved these features. The periodic
extension also caused there to be smaller peaks in between the large peaks, however
changing some features of a function is almost unavoidable when turning an aperiodic
function into a periodic function. The periodic extension was successful in letting us
determine the Fourier series of the wavelet kernel.

6.1.2 Determining the Fourier Spectrum

From the first 32 Fourier coefficients determined by the PennyLane library we were able
to determine that the first 5 coefficients made up 99.9% of the Fourier spectrum. This
tells us that the first 5 terms of the Fourier series dominate and that they contain the
majority of the information needed to recreate the periodically extended wavelet kernel.

We elected to run two approximations, one using 3 qubits and one using 5 qubits.
The quantum computer run using 5 qubits gave us 32 terms of the Fourier series. The
quantum computer with 3 qubits gave the first 8 terms of the Fourier series. By having
two different approximations we can compare them and see whether investing more com-
putational resources creates a more accurate approximation. We expect that the 5 qubit
approximation would be closer to the wavelet kernel as it has more terms in its Fourier
series.
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6.1.3 Optimising the Amplitudes

1
The test amplitudes created which made a kernel that looked like — were able to be
x

optimised using equation [4.11] After running Newton’s method for 200 steps the error
norms reached a value of 1.47x 10~% in the 5 qubit circuit. This value is much higher than
the error norms attained in the demonstration when approximating a Gaussian kernel as
seen in figure m The 3 qubit quantum circuit reached an error norm of 1.47 x 1074,
a value very close to that of the 5 qubit circuit. This tells us that when approximating
a Gaussian kernel the algorithm was able to find amplitudes which corresponded more
closely to the value of the Fourier series than for the wavelet kernel.

The finding of optimal parameters was done using Newton’s method. Newton’s method
can break down when the initial guess is too far away from the root which you are trying
to find with it. This can cause the algorithm to continue indefinitely without getting
closer to the true solution. However, we have a convex optimisation problem therefore,
it is unlikely that this is the case.

It could be useful to try a different optimisation method to find the Fourier coefficients
and to compare them to the results achieved using Newton’s method. This would allow
us to more clearly whether the approximation of the wavelet kernel is only possible to this
degree of accuracy using this method. Without trying an different optimisation method
we must conclude that this method was not able to determine the Fourier coefficients of
the wavelet kernel as well as it could for a Gaussian kernel.

Although the error norms are much higher than that of the Gaussian kernel we can still
examine the Fourier coefficients that were found and see if they have been approximated
well enough to reconstruct the original wavelet kernel.

6.1.4 Comparing the Fourier Coefficients

Figure5.5|shows the Fourier coefficients determined from the PennyLane library as well
as the predicted Fourier coefficients and the final Fourier coefficients from the quantum
computer. In figure [5.5al showing the results of the 5 qubit circuit, all three sets of
coefficients seem to take on the same values and any differences in values are not visible
on this scale. The values also appear to be the same at this scale for the 3 qubit circuit.
We therefore look at figure which shows us the Fourier coefficients on a logarithmic
scale for the 5 qubit circuit.

In figure it appears that at this scale the first 5 Fourier coefficients still seem to
be close together. As we move to the 6'* Fourier coefficient and further we see that the
difference between the approximated Fourier series and the Fourier series of the wavelet
kernel seems to grow. When take the difference between the Fourier coefficients and the
approximate Fourier coefficients we see that the difference for between the terms is of the
order 10~ for the first four terms and 107> for the next four terms.

We have plotted the differences between the Fourier series and the approximated
Fourier series in figure .7, In figure [5.7a] which shows the 5 qubit circuit, the first
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three terms of the Fourier series are of the order 10~!. This means that the first three
terms have been approximated more accurately than the terms that follow. The fourth
and fifth term are of the order 102 and the fourth to eighth terms are of the order 1075.
This means that the difference between the approximated Fourier coefficients and the
Fourier coefficients of the wavelet kernel are not accurate past 6 terms of the Fourier
series. The difference between the terms of the two Fourier series beyond this points is
too large. The accuracy of the first four terms is not close to our original threshold.

In figure we have the 3 qubit circuit. The first four terms have a difference on the
order of 10~* and the terms of the Fourier series are on the order of 10~%. The difference
in terms is smaller than the difference in terms on the 5 qubit circuit. This implies that
the 3 qubit circuit was able to approximate the Fourier series of the wavelet kernel more
accurately than the 5 qubit quantum circuit.

The 6th term of the wavelet kernel’s Fourier series is —3.1107°. Both the 3 and 5 qubit
approximations approximated this value of the Fourier series as a positive number. This
seems to be caused by the implementation of equation [{.11} The MottonenStatePrepa-
ration requires normalised amplitudes to be fed into the function in order to implement
the W, gates. In the function probabilities_threshold_normalize all probabilities that are
below 1 x 10719 are set to zero. This removes all the negative Fourier coefficients and
coefficients which are very small, and as a consequence does not allow us to have negative
Fourier coefficients.

This could be the reason that the error norms for the wavelet kernel approximations are
higher. In order to rectify this problem we would likely need to choose a different gate for
the W, section of the circuit. This result also indicates that the family of functions which
can be realistically realised using this circuit is more restricted than initially thought.
Further testing would need to be done before any further conclusions are drawn from
this.

We must now ask if these results will produce an approximated wavelet kernel which
is acceptable. We discussed in section that the leading terms of the Fourier series
are the most dominant terms. In this case the leading terms of the Fourier series are
more accurately approximated and make up 99% of the series. Before we write the
approximation off completely, we must look at the function which the approximated
Fourier series produces and see how far off it is from the original wavelet kernel.

6.1.5 Comparing the Approximated Kernel to the Wavelet Ker-
nel

We begin by scaling and then shifting the wavelet kernel to return it from the form seen
in equation to its form in equation 1.2l We perform the same scaling and shifting to
the approximated wavelet kernel to both the 5 and 3 qubit circuits. At this point plotting
the two functions give us the image seen in figures and [.8b] At a glance it would

appear that the quantum computer was able to approximate the wavelet kernel.
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We must now compare the approximated wavelet kernel to the wavelet kernel at each
point to see how well the kernel was approximated. We do this by taking the mean
squared error of the two functions. A mean squared error of zero would indicate that the
two functions were identical at each point, so the closer to zero out mean squared error
the closer the functions are pointwise. Our approximation will also be close together as
there is no finite sampling noise and no device noises since we are using a simulated, ideal
quantum computer.

A mean squared error was calculated using the 100 values used to plot the wavelet kernel
and approximated kernel is figure [5.8a] The calculation gives a mean squared error of
1.67 x 1077 for the 5 qubit circuit. This number is six orders of magnitude smaller than
the minimum value of the wavelet kernel. This means that the approximated wavelet
kernel we have generated is accurate up to a scale of 1076, This is a scale which can offer
practical use cases.

The 3 qubit quantum circuit produced a mean squared error of 9.09 x 10~%. This is
an order of magnitude smaller than the result produced from the 5 qubit circuit and
indicates that it is a more accurate approximation.

We can also use the mean squared error test on the approximated Gaussian kernel for
comparison. Here we find that the mean squared error is 4.009 x 1078, This value is an
order of magnitude smaller than the mean squared error of the 5 qubit approximation of
the wavelet kernel and the same magnitude as the 3 qubit approximation.

The mean squared error result reinforces that approximating the leading terms of the
Fourier series are more important than approximating the later terms. We expected that
the 5 qubit circuit would perform better than the 3 qubit circuit because it had more terms
in its Fourier series and should therefore have been a more accurate approximation. It
appears that the circuits inability to accurately approximate the later terms of the Fourier
series is what caused the 3 qubit approximation to perform better than the 5 qubit one.
We expect that if the approximation of the Fourier series could be improved then the 5
qubit approximation would perform better than the 3 qubit one.

In the end, we were successfully able to approximate a wavelet kernel and show how
the demonstration on PennyLane could be adapted in order to include a larger family of
kernels. Improvements could possibly be made to the quantum circuit in the future to
remove the requirement of the kernel being positive at all values of x.

Now that we have successfully approximated the wavelet kernel we can move into the
conclusion of this thesis where we summarise the main results of this thesis. We suggest
ways that this method could be improved in the future, and how this could possibly lead
to an implementation of wavelet analysis on a quantum computer.
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Chapter 7

Conclusions

The first question this thesis aimed to tackle was, why it is so hard to find a quantum
advantage. We aimed to do so using the lens of kernel methods. We have shed light on
how quantum advantage is found within kernel methods in chapter [3| We also reviewed
different types of quantum advantage and provided a framework with which we can
compare different quantum algorithms and establish the type of quantum advantage which
it provides in section [3.1 We showed examples of quantum kernel methods providing
quantum speedups over classical algorithms and showed how it can arise from quantum
advantages in other problems in section [3.2]

In section we made the argument that quantum kernel methods should not be used
to search for new forms of provable quantum advantage as the method of search is too
inefficient. Using quantum kernel methods to search for provable quantum speed-ups has
too many unknown factors. The choice of possible kernels is large and the data which is
used to evaluate the kernels is not guaranteed to contain the properties which the kernel
can exploit. We argued that quantum advantage in quantum kernel methods should
be found by adapting other problems which have solutions with a quantum advantage
and using them to speed up kernel methods by mapping the data into a space where it
presents features which are not easily accessible classically.

Quantum computers are still in a relatively early stage of their development and as
more research is done we are able to learn more about what quantum advantage is, how
to characterise it and how to find new instances of it. Hopefully the discussions in this
thesis will be able to help future researchers better define the problem of finding quantum
advantage and allow them to more efficiently invest their resources.

The next question we looked at was how kernel methods are implemented on near term
quantum computers. In section we went over how parameterised quantum circuits
were used to perform machine learning on near term quantum computers. We then looked
at two papers which presented examples of parameterised quantum circuits which used
rotational embedding in section 2.9 We then made the argument in section that
supervised quantum models could be viewed as kernel methods. We showed that each
method of embedding classical information into a quantum data could be linked to a
specific kernel and therefore could be used as a way to implement kernel methods on near
term quantum computers.
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The last question this thesis dealt with was whether we could adapt a method used
for approximating a Gaussian kernel on a quantum computer to approximate a wavelet
kernel. We were able to successfully adapt the code used to approximate a Gaussian
kernel to approximate a wavelet kernel. The wavelet kernel had the first 32 terms of its
Fourier series approximated with a mean squared error of 1.7 x 1077, and was done using
a quantum computer with only 5 qubits. We were also able to use a 3 qubit circuit to
approximate the first 8 terms of the Fourier series and have approximate the kernel with
a mean squared error of 9.09 x 1078. The code was implemented in python using the
PennyLane library to program the quantum circuits.

Improvements could be made to the methods used to approximate the wavelet kernel.
A new circuit should be constructed and tested which uses different parameterised circuit
gates. This could possibly avoid the inability of the circuit presented in this thesis to
approximate negative Fourier coefficients. These results show that although the approx-
imation of functions on near term quantum computers is possible, the current methods
used restrict the family of functions more than initially thought. More research needs to
be done before we can draw any concrete conclusions about the full family of functions
which can be implemented on near term quantum computers.

7.1 Further implementation of Wavelet Analysis on
Quantum Computers

We have successfully shown that a quantum computer can be constructed which ap-
proximates a wavelet kernel. It is now natural to ask what we can do with this kernel
and how this could be used to perform wavelet analysis using a quantum computer. In
section we laid out how wavelet analysis works on classical computers, using this we
can ask what needs to happen to the wavelet kernel in order to perform the same tasks.
The two main equations used in wavelet analysis are equation and equation [2.22]
which are repeated again below.

Vian(t) = %‘I’ (t " b)
Wa(f)(a,b) = (f(t), Wan)(t))

Equation[2.21]tells us how the mother wavelet transforms and equation [2.22]tells us how
to work out the contribution from each wavelet when reconstructing or approximating a
function. We can take both these equations and see how they can be implemented using
a quantum computer.

7.1.1 Transforming the Mother Wavelet

We need to be able to scale the mother wavelet function and to move it along a domain
in order to perform the wavelet analysis. The most intuitive way to do this would be to
do this on a classical computer and just change the values of the function as we did in
section [5.5] This could be done fairly easily and the parameters could easily be adjusted
to create new wavelets with minimal computation. This is how the process is performed
on classical computers so we can be fairly certain that it will work.
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We can however try to find quantum methods which implement the same idea. For
example, we could possibly construct a time evolving Hamiltonian which scales as the
wavelet function as it evolves in time. The parameters of the Hamiltonian would have
to be adjusted to make sure that the wavelet kernel covered the correct time domain
and had peaks at the desired heights. For the circuit we have used in this thesis the
Hamiltonian would have to transform the values of the Fourier series in order to create
the desired wavelet which is not necessarily a trivial task.

Due to the design of the circuit and its encoding method which requires the function
to always be positive and have k£(0) = 1 it would likely be easier to scale the mother
wavelet on a classical computer at this time or design a new circuit which does not have
these constraints.

7.1.2 Performing the Inner Product

Performing an inner product is a linear algebra operation, something which quantum
computers are usually good at. In section we showed an example of a quantum
computer being used to measure fidelity between two states to measure the inner product.
The first set of unitary encoding gates is applied using the data point x;. The inverse
unitary gates are then applied with the data point x5 and then a measurement is made.
If 1 = x5 the gates should have no effect on the qubit in the end and all the result of
the qubit measurement would be the |0) state. If the values of z; and x5 are different
then the inverse unitary gates do not get all the qubits back to the ground state and the
measurement can be used to measure how close together they are. The closer to zero
that the final measurement is the closer the states are to each other.

We know that taking an inner product on a quantum computer is possible, the question
now becomes how do we encode an arbitrary function into a feature space where an inner
product can be taken between the wavelet kernel and the function. Usually the mapping
to a feature space is performed by the encoding gate of a quantum circuit. It should
be possible to use the encoding gate, S(x) described in section which uses Pauli Z
rotations to embed data points. Using the methods laid out by Havlicek et al [56]. we
could then take the inner product between the arbitrary function and the wavelet kernel.

More research needs to be done to implement wavelet analysis on NISQ quantum
computers. There are still many factors that need to be considered such as what the
best circuit ansatz would be for wavelet analysis and how a quantum wavelet analysis
compares to a classical wavelet analysis. Wavelet analysis is used frequently on modern
day classical computers so if we want quantum computers to be at least as good as the
classical computers we have today then we need them to be able to perform all such tasks
which we use classical computers for.

The approximation of the wavelet kernel on a quantum computer opens up many doors
for algorithms we can try and run using the wavelet kernel as the mother wavelet. We
disused the ways in which the wavelet kernel presented in this thesis could be adapted in
order to perform a wavelet analysis. The wavelet would have to be shifted and scaled in
order to become a basis for wavelet analysis and we thought that at this point in time the
best way to implement this on near term quantum computers would be to shift and scale
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the values of the kernel on a classical computer. It was also thought that a new circuit
anzats could be developed which placed less restrictions on the function of the wavelet
kernel.

We also discussed how inner products could be performed on a quantum computer
and how those could be used along with the wavelet kernel in order to perform the inner
products necessary for wavelet analysis described by equation 2.22] The findings and
discussions presented in this thesis should provide a good basis on how to start tackling
and implementing wavelet transforms on near term quantum computers. This would be
an important step in the evolution of quantum computers but more research and testing
needs to be done to fully implement and evaluate quantum wavelet transforms.

This thesis highlights the role of kernels and kernel methods in quantum machine learn-
ing. We hope that these discussions can be used to better understand the inner workings
of quantum machine learning algorithms so that they can be more effectively implemented
on near term machines and so that we can develop new methods or algorithms further
down the line. We also hope to be able to use this work as a starting block to begin
implementing a form of wavelet analysis on quantum computers.
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Appendix A

Source Code

Below is the code used in order to approximate the wavelet kernel on with a quantum
computer. Most of the code comes from the PennyLane tutorial and alterations have
been made. The code is written in python3, to run it you will need the numpy and
PennyLane packages installed

import pennylane as qgml

from pennylane import numpy as np

import matplotlib.pyplot as plt

import math

from pennylane.fourier import coefficients
import pennylane.fourier.visualize as vis
import scipy as scipy

np.random. seed(53173)

plt.rcParams['figure.dpi'] = 300

#return the function for a wavelet kernel shifted upwards to be positive
def wavelet_kernel(x):
return (math.cos(1.75%x)*math.exp(-0.5%x ** 2)
+0.28879029981267096) /1.2867461305590557

# makes array of = wvalues and then sends to mother wave function for y wvalues
def make_data(n_samples, lower=-np.pi, higher=np.pi):

x = np.linspace(lower, higher, n_samples)

y = np.array([wavelet_kernel(x_) for x_ in x])

return x,y

# create plot of wavelet function
X, Y_wavelet = make_data(100)

plt.plot (X, Y_wavelet,color='g')

plt.xlabel ("$x$")

plt.ylabel ("$k(x)$")

#plt.savefig("wavelet kernel.png"”,dpi=300)
plt.show();

print (max(Y_wavelet))
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#periodically extend the wavelet

def periodic_wavelet(x, L=np.pi):
# Send = to z_mod in the period around O
x_mod = np.mod(x+L, 2*L) - L
return wavelet_kernel(x_mod)

x_func = np.linspace(-30, 30, 961)
y_func = [periodic_wavelet(x) for x in x_func]

plt.plot(x_func, y_func,color="g")
plt.xlabel("$x$")

plt.ylabel("k(x)")

#plt.savefig("pertodic wavelet.png",dpi=300)
plt.show();

#fourter coefficients of the wavelet
def fourier_p(d):
return np.real(coefficients(periodic_wavelet, 1, d-1)[:d])

N = [0]
for n in range(2,10):
N.append(n)
F = fourier_p(n)
plt.plot(N, F, 'x', label='{}'.format(n))

plt.legend()

plt.xlabel("frequency $n$")
plt.ylabel("Fourier coefficient $c_n$")
plt.show();

plt.plot(range(8), fourier_p(8), 'x')
coeff= fourier_p(32)
plt.xlabel("frequency $n$")
plt.ylabel("Fourier coefficient $c_n$")
#plt.suptitle("Fourier spectrum of the wavelet kernel")
#plt.savefig("Fourier coeff wavelet.png",dpi=300)
plt.show();
total = 0
for i in range(8):
total = total + coeff[i]
totaldb = 0
for j in range(5):
totalb+=coeff [j]

percentage = (totalb/total)*100

print ("Percentage of Fourier spectrum contained in first 5 coefficients:",
percentage,"")
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thrfuantum circutrt construction”""
# apply a Paulil Z rotation to each wiire embedding the value x
def S(x, thetas, wires):
for (i, wire) in enumerate(wires):
gml .RZ(thetas[i] * x, wires = [wire])

# set thetas to get an interger wvalued spectrum
def make_thetas(n_wires):
return [2 *x i for i in range(n_wires-1, -1, -1)]

def W(features, wires):
gml.templates.state_preparations.MottonenStatePreparation(features, wires)

def ansatz(xl, x2, thetas, amplitudes, wires):
W(amplitudes, wires)
S(x1 - x2, thetas, wires)
gml.adjoint (W) (amplitudes, wires)

# Set the number of qubits

#use for different number of qubits

#n_wires = 2

n_wires = 3

dev = gml.device("default.qubit", wires = n_wires, shots = None)
@gml.qgnode (dev)

def QK_circuit(xl, x2, thetas, amplitudes):
ansatz(xl, x2, thetas, amplitudes, wires = range(n_wires))
return gml.probs(wires = range(n_wires))

def QK_2(x1, x2, thetas, amplitudes):
return QK_circuit(xl, x2, thetas, amplitudes) [0]

def QK(delta, thetas, amplitudes):
return QK_2(delta, O, thetas, amplitudes)

def QK_on_dataset(deltas, thetas, amplitudes):
y = np.array([QK(delta, thetas, amplitudes) for delta in deltas])
return y
thetas = make_thetas(n_wires)
test_features = np.asarray([1./(1+1i) for i in range(2 ** n_wires)])
test_amplitudes = test_features/ np.sqrt(np.sum(test_features ** 2))

Y_test = QK_on_dataset (X, thetas, test_amplitudes)

plt.plot(X, Y_test,color="g")
plt.xlabel("$x$")
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plt.ylabel("$k(x)$")
#plt.savefig("test amp.png",dpi=300)
plt.show();

#Predeict the fourier spectrum instead of just randomly searching for it
def predict_spectrum(probabilities):
d = len(probabilities)
spectrum = []
for s in range(d):
s_ =0
for j in range(s, d):
s_ += probabilities[j] * probabilities[j - s]

spectrum.append(s_)

# This is to make the output have the same format as
# the output of pennylane. fourier.coefficients
for s in range(1,d):

spectrum.append(spectrum[d - s])

return spectrum

def F(probabilities, spectrum):
d = len(probabilities)
return predict_spectrum(probabilities) [:d] - spectrum[:d]

def J_F(probabilities):
d = len(probabilities)
J = np.zeros(shape=(d,d))
for i in range(d):
for j in range(d):
if (4+ 3 <d):
J[i]1[j] += probabilities[i + j]
if(i - j <= 0):
J[i]1[j] += probabilities[j - i]
return J

def make_initial_probabilities(d):
probabilities = np.ones(d)
deg = np.array(range(l, d + 1))
probabilities = probabilities / deg
return probabilities

probabilities = make_initial_probabilities(2 ** n_wires)

spectrum = fourier_p(2 ** n_wires)
d = 2 %k n_wires
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max_steps = 200
tol = 1.e-20
errors= np.zeros(200)

for step in range(max_steps):
inc = np.linalg.solve(J_F(probabilities), -F(probabilities, spectrum))
errors[step]=np.linalg.norm(F(probabilities,spectrum))
probabilities = probabilities + inc
if (step+l) % 10 == 0:
print ("Error norm at step {0:3}: {1}".format(step + 1,
np.linalg.norm(F(probabilities,
spectrum))))
if np.linalg.norm(F(probabilities, spectrum)) < tol:
print("Tolerance trespassed! This is the end.")
break

from matplotlib.ticker import FuncFormatter

plt.yscale('log')
plt.plot(errors,color="g")
plt.xlabel('step')

plt.ylabel ('Error norm')
#plt.savefig("error norms.png",dpt=300)

plt.plot(range(d), probabilities, 'x')
plt.xlabel("array entry $j$")
plt.ylabel("probabilities $p_j$")
plt.show();

def probabilities_threshold_normalize(probabilities, thresh = 1.e-10):
d = len(probabilities)
p_t = probabilities.copy()
for i in range(d):
if np.abs(probabilities[i] < thresh):
p_tl[i] = 0.0

p_t = p_t / np.sum(p_t)
return p_t

probabilities = probabilities_threshold_normalize(probabilities)
amplitudes = np.sqrt(probabilities)

plt.plot(range(d), probabilities, '+', label = "probability $p_j = la_jl 28")
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plt.plot(range(d), amplitudes, 'x', label = "amplitude $a_j$")
plt.xlabel("array entry $j$")

plt.legend()

#plt.savefig("test amp.png”, dpi=1200)

plt.show();

plt.plot(range(d), fourier_p(d)[:d], '+', label = "Wavelet kernel")
plt.plot(range(d), predict_spectrum(probabilities)[:d], 'x', label = "QK predicted")
plt.xlabel("frequency $n$")

plt.ylabel("Fourier coefficient $c_n$")

#plt.suptitle("Fourier spectrum of the wavelet kernel and predicted spectrum")
plt.legend()

#plt.savefig("predicted spectrum.png”,dpi=1200)

plt.show();

def fourier_q(d, thetas, amplitudes):
return np.real(coefficients(lambda x: QK(x, thetas, amplitudes), 1, d-1))

plt.plot(range(d), fourier_p(d)[:d], '+', label = "Wavelet kernel")
plt.plot(range(d), predict_spectrum(probabilities)[:d], 'x', label="QK predicted")
plt.plot(range(d), fourier_q(d, thetas, amplitudes)[:d], '.', label = "QK computer")
plt.xlabel("frequency $n$")

plt.ylabel("Fourier coefficient $c_n$")

#plt.suptitle("Fourier spectrums of the wavelet kernel")

plt.legend()

#plt.savefig("qgk spectrum.png”,dpt=300)

plt.show();

print ("Fourier Coefficients \n",fourier_p(8)[:8])
print ("Approximated Coefficients \n", fourier_q(8, thetas, amplitudes)[:8])

Fourier7 = fourier_p(8) [:8]
QWavelet7 = fourier_q(8, thetas, amplitudes)[:8]

differences = np.abs(QWavelet7-Fourier?7)
plt.yscale('log')

plt.xlabel("frequency $n$")

plt.ylabel ("Fourier coefficient $c_n$")

plt.plot(range(8) ,Fourier7, '+', label = "Wavelet kernel")
plt.plot(range(8),QWavelet?7,'."', label = "QK computer",color="g")
plt.legend()

#plt.savefig("first 7 fourier.png”,dpi=300)
#plt.plot(range(7),differences)

print("Differences \n",differences)
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QK_on_dataset (X, thetas, amplitudes)

Y_learned =
= [periodic_wavelet(x_) for x_ in X]

Y_truth

plt.plot(X, (Y_learned), '-.', label = "Quantum Kernel",color="k")
plt.plot(X, Y_truth, '--', label = "Wavelet kernel",color="g")
plt.xlabel ("$x$")

plt.ylabel ("$k(x)$")

plt.legend()

#plt.savefig("unscaled gk.png",dpt=300)

plt.show();

print (max(Y_truth))

print (max(Y_learned))

#shifts and scales
#Shift wavelet kernel back down

Y_truth = [periodic_wavelet(x_) for x_ in X]

Y_truth = [((periodic_wavelet(x_))*(1.28879029981267096))
-0.28879029981267096 for x_ in X]

Y_learned = (Y_learned*1.29089)-0.28879029981267096

print(max(Y_truth))
print (max(Y_learned))

plt.plot(X, (Y_learned), '-.', label = "Quantum Kernel", color="k")
plt.plot(X, Y_truth, '--', label = "Wavelet kernel",color="g")
plt.xlabel("$x$")

plt.ylabel("$k(x)$")

plt.legend()

#plt.savefig("scaled gk.png",dpi=300)

plt.show();

sum=0

for i in range(100):
diff = Y_truth[i]-Y_learned[i]
sum+=(diff) **2

MSE = sum*(1/100)
print (MSE)

plt.ylabel("Difference in Fourier coefficients")

plt.xlabel ("Fourier coefficients term")
plt.yscale('log')
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plt.scatter(range(8),differences,color="g")
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